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1 Graphical Abstract

Towards Lean 4 Formalization of the Free Energy Principle

Al-driven theorem sketching and verification for active inference and Bayesian mechanics

GNN-typed authoring inputs

Generated catalogue Pinned Lean 4 + Mathlib

* catalogue metadata - maturity
* novelty + typed relations

* 168 topics + 22 families
* regeneration-identical

* lake build FepSketches
* zero warnings ' zero sorry

* family-owned Lean bodies * YAML / Lean / docs projections —> * Mathlib KL + contraction lemmas
* joined by stable topic ID * reviewed dispositions: formalized, * reused, not restated
* conditional, structural
Optional full mode Fail-closed manuscript
* Hermes + OpenGauss credentials * placeholder + reference audits * source-digest-bound
* full-run receipt, validated * render-acceptance receipt ¢ claim-ready vs the live roster
* separate, optional contract * sources hever auto-edited +— * independent validator

* historical reports stay historical

* stale evidence blocks render

* no green build invents evidence

A green build proves the sketch compiles — reviewed semantic dispositions (formalized, conditional, structural)
are evidence in their own right; compilation never promotes a weaker row.

Figure 1: Graphical abstract: the fep_lean verification pipeline. Maintained GNN-typed authoring inputs join by stable topic ID into a 168-topic, 22-family
catalogue with reviewed semantic dispositions; a pinned Lean 4 and Mathlib compile of FepSketches with zero warnings and zero sorry binds a source-digest-
bound, claim-ready native evidence receipt; a dashed optional full mode adds Hermes and OpenGauss evidence behind its own independently validated receipt;
a fail-closed manuscript projection consumes both. A green build proves a sketch compiles and never promotes a reviewed semantic disposition.
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2 Abstract: Auditing Free Energy Principle Formalisms in Lean 4

The Free Energy Principle (FEP) connects variational inference, active inference, information geometry, Bayesian mechanics, and thermodynamics, but informal
presentations often leave types, finiteness conditions, and the distance between a motivating concept and its proved surrogate implicit. We present an open,
version-pinned Lean 4 package for auditing that distance. Its catalogue contains 168 stable topics across 5 areas, generated from a single typed join of
maintained metadata, semantic review records, and canonical Lean bodies. Every topic exposes a primary theorem, its assumptions, a non-vacuity review, an
acceptance probe, and a semantic disposition. Compilation maturity and scientific adequacy are therefore reported as different axes.

The formal kernel uses Lean 4.34.1 on leanprover/leand4:v4.34.1 with Mathlib v4.34.1. In particular, the variational-bound and KL rows use Mathlib’s
native InformationTheory.k1lDiv definition and chain rule, and the fixed-point row assumes a globally quantified contraction and includes a concrete halving-
map witness. The current semantic audit classifies 149 of 168 rows as directly formalized at their deliberately narrowed scopes. The schema still distinguishes
proxy and gap dispositions, so a later weaker row cannot be promoted by compilation alone. The generated coverage audit records theorem, definition, import,
assumption, and non-vacuity coverage for every topic.

Verification evidence is fail-closed. Native compilation claims are populated only from a source-digest-bound receipt covering all 168 topics with zero warnings
and zero sorry; the rendered native rate is 168/168 (100.0%) and the evidence kind is native-lean. Hermes/OpenGauss results are a separate, optional
full-run contract and enter the manuscript only when an independently validated full receipt is claim-ready (false). Catalogue generation by itself cannot satisty
either evidence contract. Manuscript rendering likewise validates every variable before writing to a separate build directory, so unknown placeholders and stale
theorem identifiers block publication.

This work does not prove the empirical FEP, the existence of Markov blankets for generic dynamics, or the equivalence of the catalogue’s many motivating
formalisms. It contributes a reproducible formal-review substrate with 149 directly formalized rows and explicit conditional/structural proxies; a manifested
kernel spanning Bayesian inversion, variational and active inference, finite policy trees, temporal and causal structure, native finite blankets, path and exact
two-state continuous-time thermodynamics, categorical and scalar exponential-family geometry, collective inference, finite risk, and learning; 138 checked
cross-topic witnesses, separated into 20 derivational relations and 118 non-implicational pairings; a warning-free acceptance target; and an explicit separation
between locally satisfied capability contracts and stronger empirical or system-level claims.

An extended mathematical supplement organizes the formal results by carrier, topology, representation and evidence, following the result-family discipline of a
pinned mathematics research corpus. Portable methods expose the exact contracts and authored associations; offline visualizations make support, identifiability
and decision-alignment obstructions inspectable. These additions provide a mathematical transfer methodology without promoting semantic classifications or
treating numerical illustrations as proof.

Keywords: Free Energy Principle; Active Inference; Lean 4; Mathlib4; formal verification; variational inference; Bayesian mechanics; information geometry;
theorem maturity; reproducible research.



3 Introduction

3.1 The Verification Gap in Mathematical Physics

The Free Energy Principle (FEP) offers a proposed unifying account of perception, action, and learning [Friston, 2010]. Strong readings associate the persistence
of self-organizing systems with minimization of a variational free-energy functional; narrower readings concern explicitly specified generative models and
particular dynamics. Over the past two decades, the FEP has generated a rich theoretical ecosystem spanning Active Inference [Parr et al., 2022], Information
Geometry [Amari, 2016], and Bayesian Mechanics [Da Costa et al., 2024]. Yet the mathematical foundations of this ecosystem—drawing simultaneously on
measure theory, stochastic differential equations, differential geometry, and category theory—remain difficult to parse, verify, and extend. A working researcher
reconstructing a derivation from a flagship paper must typically cross-reference textbooks in four distinct subfields, reconcile inconsistent notation, and silently
patch over assumptions the author judged too obvious to state.

This difficulty is not merely pedagogical. Recent critiques [Biehl et al., 2021, Aguilera et al., 2022, Andrews, 2021] raise substantive concerns about the
mathematical status of key FEP claims: the uniqueness of Markov blanket decompositions, the conditions under which steady-state densities exist, and the
extent to which variational bounds apply beyond specific model classes. Such debates expose a verification gap in mathematical physics: informal review does
not provide a mechanically replayable check of every inference. In a literature where results are repeatedly reused, an unstated hypothesis can propagate into
later derivations. Formal verification provides a precise checksum: an accepted theorem is derivable from the stated definitions, hypotheses, imported lemmas,
and Lean’s trusted kernel. That certificate does not establish that the definitions model the world correctly, that the hypotheses hold empirically, or that a
narrowed theorem captures the motivating scientific claim. A catalogue of theorem statements, semantic audits, and reproducible compiler evidence lets later
work inspect those three questions separately. When the free energy [ is claimed to upper-bound surprise, the argument hinges on a chain of measure-theoretic
manipulations:

Flg,p] =KL[g(¢) | m) [ p(¢ | s,m)] —logp(s | m) > —logp(s | m), (D

The inequality in eq. 1 holds because Kullback—Leibler divergence is non-negative by Gibbs’ inequality. Each of those symbols—q, p, KL, logp(s | m)—
carries type-theoretic weight: ¢ is a probability measure absolutely continuous with respect to p, KL is the Radon—Nikodym-derivative integral f log 3—2 dq,
and log p(s | m) is a real-valued random variable. In a journal proof these conditions are implicit; in a theorem prover they must be declared, and the compiler
rejects the proof if they are not.

3.2 Why Formal Verification of FEP Matters for Cognitive Science

The stakes are concrete. Active Inference is now used to model cortical processing, motor control, psychiatric conditions, and the behavior of multi-agent
biological systems. When a clinical claim rests on the “free energy minimization” rationale, the underlying inequality should be correct by construction rather
than by editorial consensus. Three specific benefits follow from machine-checked FEP mathematics:

1. Unambiguous statements. Each theorem forces explicit declaration of the measurable space, the dominating measure, and the policy type, eliminating
the category errors that [Andrews, 2021] identify as pervasive in the literature.

2. Compositional reasoning at scale. Once a lemma (for example, KL non-negativity) is kernel-checked, downstream proofs may reuse its statement
without replaying its implementation, while still inheriting its exact hypotheses. A community library of FEP theorems would give each new manuscript
a springboard rather than a restart.

3. Automated differentiation of hype from theorem. When Lean refuses to close a goal, the author sees precisely which hypothesis is missing. This
provides a principled interface between informal intuition and formally defensible claim.

3.3 Interactive Theorem Provers as Resolution Mechanism

Interactive Theorem Provers (ITPs) such as Lean 4 [de Moura and Ullrich, 2021] address this challenge directly. Lean 4’s dependent type system implements the
Calculus of Inductive Constructions, so accepted theorems are checked against the kernel. A theorem proven in Lean produces a proof object—a certificate that
an independent verifier can re-check. Its community library, Mathlib4 [The mathlib Community, 2020], covers topology, measure theory, algebra, geometry, and
many other areas. Notable successes include the Lean 4 formalization of the polynomial Freiman—Ruzsa proof [Tao, 2023] and the Liquid Tensor Experiment
[Scholze and Commelin, 2022]. Stochastic process foundations—critical for FEP path integrals—remain uneven in Mathlib4 at large; the shipped catalogue
rows are nonetheless sorry-free under this project’s maturity policy, while broader SDE and continuous-time stochastic infrastructure remains aspirational
where the pinned revision does not supply a reviewed interface (see sec. 5.17.7).

Lean 4 was selected for project-specific, reproducible reasons rather than a mutable cross-prover ranking:

Table 1: Prover-selection requirements, the evidence each one is checked against at the pinned Lean/Mathlib revision, and the consequence for this project.

Requirement Evidence at the pinned Lean/Mathlib revision Project consequence

Measure-valued Measure, Radon—Nikodym derivatives, finite measures, and Markov kernels State probability claims at their native

probability measure-theoretic level

Information theory InformationTheory.klDiv plus self, zero-characterization, Gibbs, and kernel Reuse native KL results in fep-002 and
chain-rule lemmas fep-014

Executable proof Lean elaborator, kernel, and tactics available through the pinned Lake workspace Produce replayable per-topic and

tooling aggregate compiler evidence

Research-tool Lean source is text, compiler results are structured, and local tooling can isolate Keep optional LLM commentary

integration invocations outside the acceptance boundary

This is a fitness claim for the present catalogue, not a claim that Lean dominates Coq, Isabelle/HOL, Agda, or another prover for every physical theory.



3.4 Origins and Context: FEP and Lean 4 / Mathlib4 Maturity

The FEP was introduced by Karl Friston in a sequence of papers between 2005 and 2010 [Friston, 2005, Friston et al., 2006, Friston, 2010], extending
Helmholtz-machine and predictive-coding ideas. Active-Inference accounts subsequently developed perception—action formulations [Friston et al., 2017], while
recent Bayesian-mechanics work developed path-integral and non-equilibrium-statistical-mechanics connections under explicit modeling assumptions [Da Costa
et al., 2024, Friston et al., 2023]. The core variational objective is often written as

F =E,[logq(s) —logp(o, s)] ()

eq. 2 is the negative evidence lower bound under the usual variational-Bayes construction. Connections to Helmholtz free energy require a specified energy map,
normalization, and units; sec. 6.4.2 states one such bridge and separates it from the current Lean result.

Lean 4 reached a comparable inflection point in parallel. Lean 4.0.0 was released in 2023, Mathlib4 completed its migration from Lean 3 in the same year,
and the pinned toolchain used in this work (leanprover/lean4:v4.34.1, Mathlib4 v4.34.1) includes mature measure theory and a native Kullback—Leibler
divergence API. The catalogue imports Mathlib.InformationTheory.KullbackLeibler.Basic and .ChainRule directly. This matters methodologically:
library availability is established from the pinned source and compiled declarations, not inferred from secondary roadmap commentary.

3.5 LLM-ITP Integration: Beyond Problem Solving

The integration of Large Language Models with ITPs has produced strong results in parallel. Systems such as LeanDojo and ReProver [Yang et al., 2024],
LEGO-Prover [Xin et al., 2024b], DeepSeek-Prover [Xin et al., 2024a], and the more recent DeepSeek-Prover-V2 [Xin et al., 2025] demonstrate that LLMs
can effectively navigate proof search spaces, while AlphaProof [AlphaProof team, Google DeepMind, 2024] solved International Mathematical Olympiad
problems at a silver-medal level. Lean Copilot [Song et al., 2025] brings LLM-assisted tactic suggestion directly into the developer workflow. The pinned
Lean 4 4.34.1 toolchain (lean/lean-toolchain) and Mathlib4 v4.34.1 supply automation including grind (SMT-style), positivity, and related tactics,
expanding the proof capabilities available to our pipeline.

Our work targets the axiomatization of a physical theory in a proof assistant: turning informal FEP statements into well-typed Lean specifications. Related
formalization efforts exist nearby (e.g., categorical ontology definitions or classical simulation boundaries; see [Namjoshi, 2026]); this catalogue is a systematic,
template-integrated slice focused on FEP-facing rows. The task demands domain knowledge spanning neuroscience, statistical mechanics, and measure theory—
material that must be translated from informal mathematical physics into formal specifications, not merely retrieved from Mathlib4.

3.6 The FEP Lean Pipeline

The package has three intentionally separate evidence modes. Catalogue mode produces deterministic offline projections—including the coverage report and
formalism atlas—and carries no verification claim. Native mode compiles selected canonical topic bodies with the pinned Lean/Mathlib workspace, can write a
digest-bound topic receipt, and has a separate declaration/axiom audit for reviewed formal witnesses. Full mode additionally requires Hermes and OpenGauss
capabilities and produces a report bundle whose hashes, source digests, topic roster, and verification provenance are independently checked. A success bit from
one mode is never reused as evidence for another.

This separation is central to the research design. The Lean kernel, not an LLM, decides whether a topic body type-checks. The semantic audit then asks a
different question: whether the proved statement reaches the topic-facing scientific claim. Finally, receipt validation asks whether a reported run corresponds to
the current source. The manuscript renderer consumes only those typed projections and refuses unresolved variables. The current rendered native compilation
rate is 168/168 (100.0%); the evidence kind is native-lean, and full-run claim readiness is false.

3.7 Research Contributions
This manuscript makes five principal contributions:

¢ (C1) A distributable formalism catalogue. The fep_lean package exposes 168 stable topics through one import namespace. Static metadata, semantic
review, Lean bodies, YAML, and the appendix follow an explicit generation graph rather than competing as sources of truth.

¢ (C2) A semantic maturity audit. Each topic records a primary theorem, assumption review, non-vacuity argument, and acceptance probe. The audit
distinguishes direct formalization from conditional, structural, and scope-limited proxies; mathlib_status: real means a body is intended to compile,
not that the motivating scientific claim is complete.

¢ (C3) Deeper and compositional formal statements. The variational and KL rows use Mathlib’s native KL definition, identity law, zero characterization,
and Markov-kernel chain rule. The manifested foundations now span measure and finite Bayesian inversion, variational duality, controlled and temporal
inference, causal interventions, generalized predictive coding, finite path thermodynamics, categorical and optimization geometry, collective inference,
concentration, and model evidence in addition to the original finite active-inference kernel. Manifested composition leaves prove 138 cross-topic witnesses
rather than inferring them from shared imports; the graph distinguishes 20 derivations or identifications from 118 checked pairings, and composed.lean
is only their import aggregate.

* (C4) Evidence-separated verification. Native Lean and full Hermes/OpenGauss evidence have different receipt schemas and claim predicates. Both
bind evidence to the current source, while catalogue-only output is ineligible by construction.

¢ (C5) Publication contract audits and visualization. Generated breadth/depth coverage, an offline accessible formalism atlas, declaration/axiom check-
ing, theorem-reference checking, placeholder validation, and source-to-build rendering make drift visible before publication.

The machine-facing evidence for C1-C3 is the generated catalogue and appendix (sec. 6; sec. 16). The methodological evidence for C4—C5 is described in
sec. 5.20 and sec. 5.21. At this rendered snapshot, native evidence is native-lean with rate 168/168 (100.0%); full-run claim readiness is false.

What this contribution is, and is not. This is not a proof that the FEP is empirically true or that its many formulations are mutually equivalent. Lean establishes
exactly the propositions stated under exactly their hypotheses. The high direct-formalization count reflects disciplined narrowing to exact local contracts, not



an end-to-end theorem of self-organization. The contribution is therefore a formal review instrument upstream of empirical and dynamical validation, not a
substitute for either.

3.8 Paper Organization
The remainder of this paper is organized as follows.
sec. 4 reviews FEP and Active Inference background, the relevant Lean 4 / Mathlib4 capabilities, and adjacent ITP efforts.

sec. 5 details the Lean 4 / Mathlib4 methodology and pipeline architecture. Six deep-dive subsections (sec. 5.16—sec. 5.21) cover Lean 4 fundamentals, Mathlib4
coverage, the sorry maturity taxonomy, the Hermes Al agent, native lake env lean compilation, and the orchestration DAG.

sec. 6 presents results for the 168-topic catalogue across the 5 theoretical areas—FEP foundations, Active Inference, Information Geometry, Bayesian Mechanics,
and Thermodynamics—and then isolates the reusable finite kernel in sec. 6.10. The first 10 expansion families of 7 topics each are synthesized in sec. 7;
sec. 8 adds finite-sample risk, finite policy trees, native blanket transfer, exponential-family dual geometry, and exact two-state continuous time. The injected
compile_rate metrics (from manuscript_vars.yaml) are reported alongside Hermes and native verification statistics in sec. 6.5.

sec. 10 examines Mathlib4 coverage gaps, the execution-integrity standard, and implications for the FEP debate. sec. 12 concludes with an engineering-outcomes
analysis and future directions.

sec. 14 orients readers to the catalogue, anchors, and injection path. sec. 16 is the unified per-topic catalogue: each stable topic juxtaposes the full Lean body
with typeset statement signatures and deterministic section/equation anchors for cross-references.

3.9 Notation

The following notation is used throughout this paper:

Table 2: Notation used throughout the paper, with the section in which each symbol is first used.

Symbol Definition First use
Flgq, p] Variational free energy functional sec.4.1.2,eq. 4
G(m) Expected free energy under policy 7 sec. 4.1.6, eq. 14
KL[q|p] Kullback-Leibler divergence from ¢ to p sec. 4.1.2,eq. 4
Hq] Shannon entropy of distribution ¢ sec. 4.1.6
E,[] Expectation under distribution ¢ sec. 4.1.2,eq. 4
OF,P Sample space, sigma-algebra, and probability measure sec. 5.16
q<p Absolute continuity (g is abs. continuous w.r.t. p) sec. 5.16
Z—Z Radon-Nikodym derivative sec. 5.17
SOTTY Lean 4 tactic admitting a goal without proof sec. 5.18
A% Gradient operator (on statistical manifold or R™) sec. 4.1.6
r Solenoidal flow operator sec. 4.1.6
Q=-Q" Skew-symmetric (solenoidal) matrix sec. 4.1.6, eq. 71
F.U,T,S Helmholtz free energy, internal energy, temperature, sec. 6.4

entropy

3.10 Mathematical location and transfer

The mathematical supplement (Section sec. 15) asks where these results sit within probability, topology, information geometry, statistics, control and thermo-
dynamics. Its unit of comparison is a typed result contract: carrier, hypotheses, invariant, qualified witness, boundary and evidence. A pinned research corpus
[OpenAl, 2026a] supplies a useful result-family presentation, while each association remains accountable to the maintained FEP sources. The portable methods
and visual explorer support that analysis from the installed package as well as a checkout. The aim is to identify which mathematical transfers commute, which
require new assumptions, and which fail through explicit countermodels.
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4 Background and Related Work

4.1 The Free Energy Principle and Its Mathematical Structure

A strong reading of the Free Energy Principle (FEP) holds that a bounded dynamical system that persists over time can be interpreted, under suitable assumptions,
as performing approximate Bayesian inference [Friston et al., 2006]. This proposal, developed by Karl Friston [Friston, 2010] and extended into a physics-
of -self-organization program [Friston, 2019], has been applied from single-cell homeostasis to human cognition through Active Inference [Friston et al., 2017,
Parr et al., 2022]. Behind the strongest claim lie at least two mathematical obligations: a specified variational free-energy functional and a theorem connecting
the selected system dynamics to a gradient flow or related descent on that functional. Neither persistence nor the name “free energy” supplies that connection
automatically.

4.1.1 Variational Free Energy as an Evidence Lower Bound (ELBO)

The machine learning literature [Blei et al., 2017] introduces the same quantity under the name evidence lower bound (ELBO). For a latent variable z, observation
x, generative model p(z, 2), and variational posterior ¢(z),

ELBO(q) = E,,)[logp(z, z) —logq(2)] = logp(z) — KL[q(2) | p(z | =)]. 3)

In eq. 3, after identifying z <+ 1, © <> s, and matching the joint, posterior, support, and integrability assumptions, the associated variational free energy is the
negative ELBO. This correspondence is central, but it is not automatic: Mathlib4 results about KL divergence and expectations become reusable only after their
typed measures, codomains, and finiteness hypotheses have been connected to the chosen FEP model.

4.1.2 Formal Definition: Variational Free Energy

The variational free energy F for an agent with recognition density ¢(1) | m), generative model p(s, 1 | m), and sensory observations s is defined as:

Flg,p] = KLg(¢|m)|p(¥|s,m)] — logp(s |m) @

>0 log-evidence

Because KL divergence is non-negative by Gibbs’ inequality, this immediately yields the variational bound:

Flg,p] > —logp(s | m) = surprise ®)

Equivalently, the free energy admits an energy-entropy decomposition:

Flg,p] = E[—logp(s,® | m)] — Hg(v | m)] (6)

energy entropy

These dual decompositions—(1) as KL plus log-evidence and (3) as energy minus entropy—are the starting point for all subsequent formalisms in this paper.
In Mathlib4 parlance, eq. 6 is a statement about f (fun ¥ = -Real.log (p (s,®))) O(q) together with MeasureTheory.entropy g; the mere act of
writing this expression forces declaration of a measurable space v and an integrability hypothesis, neither of which typically appears in journal papers.

4.1.2.1 Three Equivalent Decompositions of Variational Free Energy Before proceeding to Active Inference, it is worth exhibiting three forms of F
that are algebraically equivalent when the displayed densities, posterior, support, and integrability conditions exist, since each form motivates a different slice
of the Lean 4 catalogue. Let o denote observations (written s elsewhere), s the hidden (latent) states (written 1) elsewhere), p(o, s) the generative model, and
q(s) the recognition density.

(1) Surprise bound (posterior-tracking form). Starting from Bayes’ rule p(s | 0) = p(o, s)/p(0) and adding and subtracting log ¢(s) inside an expectation
under ¢,

Flg] = —logp(o) + KUg(s)|p(s|o)] > —logp(o). (7)

This is the “free energy bounds surprise” identity: the first term is the (negative log) model evidence—the Shannon surprise — log p(0) that the agent cannot
change by rearranging beliefs—and the second is a non-negative KL gap that vanishes iff ¢ = p(- | o).

(2) Energy—entropy form. Multiplying out the logarithm gives
Flg] = By [—logp(o,s)] + Eylloga(s)] = U, — Hlgl, (8)

where U, := [ [—1logp(o, s)] is the (cross-)energy under the joint generative model and H [q] := —[[log g(s)] is the Shannon entropy of the recognition
density. This is the form most directly connected to statistical-mechanical free energy (Helmholtz F' = U — T'S, with T' = 1 in natural units).

(3) ELBO form. Because F[q] = [, [log ¢(s) — logp(0, 5)], one has
Flg] = —ELBO(q),  ELBO(q) = E,[logp(o,s) —logq(s)]. ©)
This identity is what licenses the direct reuse of the machine-learning ELBO apparatus: variational Bayes, amortized inference, and the reparameterization trick

all minimize —ELBO, which is exactly F'.
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Why F' is useful to minimize. eq. 7 exhibits F' as surprise plus a nonnegative KL gap. With the generative model fixed and the recognition family rich
enough to contain the posterior, minimizing over ¢ attains the exact posterior. Model-parameter learning is more delicate because the posterior and KL term
generally change with those parameters; evidence maximization follows directly only after optimizing the variational family exactly, or under a separately
justified coordinate-ascent argument. A single gradient step therefore cannot be described unconditionally as both exact perception and evidence accumulation.
The maintained finite kernel proves the posterior-attainment statement and its support-qualified uniqueness, while parameter-learning and marginal-likelihood
optimization remain distinct obligations.

4.1.3 Predictive Coding as Precision-Weighted Prediction Error

The FEP additionally predicts a specific microscopic form for belief updates. Assuming a generative model whose likelihood is a nonlinear Gaussian p(z |
s) = N(x; g(s), X.) with precision II, = Egl, a point-mass or Laplace recognition density concentrated at y, and differentiable g, the gradient of F' with
respect to the mean takes the canonical precision-weighted prediction-error form

p‘ = T35 = (ap,g(.u))-rns € — H.s (lu - .qurior)v =T — g(iu)v (10)

where ¢ is the sensory prediction error, 11 is the prior precision on g, and fi,,;,, is the prior expectation. Here II, - £ is the precision-weighted prediction error:
each component of the error is rescaled by how confident the model is about that channel, so that more reliable sensory dimensions drive belief updates more
aggressively. The first term on the right drives y to reduce sensory prediction error; the second term anchors i to its prior.

This equation ties three separate strands of the catalogue together. (i) It is a gradient flow on F' and therefore shares the contraction structure formalized for
quadratic descents in fep-032 (fep032_quadraticEnergy_descent, fep032_quadraticUpdate_fixed, fep032_quadraticUpdate_tendsto). (ii) Under
the Laplace approximation introduced next, the energy U, reduces to a sum of quadratics in € weighted by the precisions I1; this is exactly the quadratic-
minimum structure formalized in fep-016 (fep016_quadratic_min, fep016_quadratic_at_mode, fep016_precision_weighted). (iii) Message passing
across hierarchical layers of a predictive-coding network [Friston et al., 2018] propagates the same form recursively, which is the structural content of fep-045
(fep045_bernoulli_posterior_closed, fep045_posterior_mass_one) and the monotone-composition lemmas in fep-048 (fep048_halfUpdate_cont
racts, fep048_halfUpdate_unique_fixed_point). A reader who wants to know where in the Lean 4 catalogue the “prediction error” half of the FEP lives
should therefore look at the intersection of these four rows.

4.1.4 The Laplace Approximation and the Quadratic Form of I

The FEP in its most widely used form does not carry a fully nonparametric g; it typically employs the Laplace assumption—that g is Gaussian, fully parame-
terized by its mean p and covariance X
q(s) = N(s; p, X). (11)

When F is the negative log posterior and H (1) := 0> F /Oudu' is positive definite at the mode, the local Laplace covariance is

-1

¥ = Hp(p*)™' = [-V?logp(p,0)l,.] - (12)

Thus X" is the inverse observed information at the MAP estimate. Substituting this local Gaussian approximation back into eq. 8 gives an entropy log-determinant
and a second-order energy expansion. In common Gaussian observation models this yields a precision-weighted quadratic in the prediction errors,

FLaplace(ru’) ~ % THE € + % (/’L - Mprior)THs (IU’ - :U’prior) - %]Og det<HE Hs) =+ COHSL (13)

plus terms that vanish at p*. Precision-weighted quadratic objectives are common in Laplace and predictive-coding implementations, but fep-016 formalizes
only their scalar algebraic substrate: square nonnegativity, the value zero at x = p, nonnegativity after multiplication by a nonnegative precision, symmetry,
and expansion of (z — )2, It does not prove uniqueness when the precision may be zero, derive the quadratic from a likelihood or Hessian, or assemble the
matrix expression in eq. 13. The catalogue keeps this scaffolding separate from claims about the full /' functional.

4.1.5 The Active Inference Perception—Action Loop

Active Inference extends the FEP by positing that agents minimize not only present free energy but expected free energy under each available policy 7:

G(m) = [Eq(o‘ﬂ)[— log p(0)] — Eqo,5/m) [logq(s | o,m) —logq(s | m)] (14)

pragmatic cost epistemic value

where o are predicted observations, s are hidden states, and p is a normalized preferred-outcome law. The second term is the mutual information I, (s;o|m)
and therefore rewards information gain by lowering G the first is preference cross-entropy and rewards policies that predict preferred outcomes. This sign
convention is one among several used in the literature [Millidge et al., 2021]. The maintained finite kernel fixes it explicitly and derives the equivalent risk—
ambiguity form under full-support hypotheses. Policies are then selected by a softmax:

P(m) o exp(—7 - G(m)), (15)

eq. 15 uses precision parameter v > 0. Formalizing this loop in Lean 4 requires a Fin n — Action policy type, a measurable space of observations, and a
summation over the (finite) policy set—all of which are available in Algebra.BigOperators.Group.Finset and Data.Fin.
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4.1.6 The Theoretical Landscape

The FEP ecosystem is heavily stratified mathematically, progressing from foundational variational calculus to cutting-edge stochastic physics. Each stratum is
anchored by a distinguished mathematical object, and each object demands a different slice of Mathlib4:

1. Foundational Variational Bounds (eq. 4-eq. 6): Built upon Kullback—Leibler (KL) divergence and the Evidence Lower Bound (ELBO) originating
in machine learning. Variational free energy F serves as a tractable upper bound on surprise under the associated variational construction [Friston et al.,
2007, 2008], and generalized free energy extends the objective to accommodate model uncertainty [Parr and Friston, 2019]. A Boltzmann—Gibbs density
p*(T") o exp[—F(I")] becomes a bridge to statistical mechanics only after an energy map, units, normalization, and temperature convention are fixed;
an equilibrium law and a Bayesian posterior are not identical merely because both can be written in exponential form.

2. Active Inference (EFE and policy objectives; eq. 14): Introduces temporal policies in which organisms take physical action to minimize Expected
Free Energy [Friston et al., 2015], decomposed into epistemic and pragmatic terms [Sajid et al., 2021]. The relationship between VFE and EFE,
and the hypotheses needed to move among published EFE decompositions, are nontrivial [Millidge et al., 2021]. Champion et al. [Champion et al.,
2026] compare four formulations and give conditions for a unifying likelihood mapping. Topic fep-021 fixes an extended-nonnegative-real convention,
G = C = 1IG, while the maintained finite carrier derives real-valued pragmatic-minus-epistemic and risk-plus-ambiguity identities and stage-updated
open-loop EFE. The controlled expansion adds finite soft-control recursions and one exact two-stage observation-dependent feedback witness; the later
policy-tree family defines observation-contingent trees at arbitrary finite depth, finite Bellman optima, open-loop embedding and dominance, and a treewise
EFE decomposition [Friston et al., 2020]. The collective expansion adds explicitly independent product-agent and fixed-consensus laws. None establishes
equivalence to every published EFE formulation, infinite-horizon or continuous-belief planning, or emergent collective agency. Central informal object:
a policy selector 7 = argmin,. E[G(7)].

3. Information Geometry (sec. 6.3.5, sec. 5.17): Models belief updates as traversal of statistical manifolds governed by the Fisher Information Metric and
natural gradients [Amari, 1983, 2016]. The space of probability distributions becomes a Riemannian manifold whose geometry encodes local statistical
distinguishability. The Fisher Information Metric is defined as

Ologp(xz | 0) Ologp(x | 0)
9:5(0) = Epaj) 90 ' 067 '

16)

Given eq. 16, natural gradient descent replaces VF by g~V F. Under the regularity, nondegeneracy, and transformation assumptions that make the statistical
manifold and inverse metric well-defined, this vector field is coordinate-covariant and represents metric steepest descent. The catalogue constructs the complete
one-parameter Bernoulli instance and a finite categorical score carrier with explicit full-rank and null directions. It proves simplex-tangent Fisher positivity,
pullback, scalar Cramér—Rao, invertible-chart natural-gradient equivariance, mirror and affine Bregman identities, and replicator equivalence. The later full-
support scalar exponential family adds log-partition gradient/Hessian, centered score, Fisher—variance equality, KL-Bregman duality, and interval-local mean-
coordinate injection. It does not yet define arbitrary smooth atlases, affine connections, curvature, or general geodesic existence.

4. Bayesian Mechanics (sec. 6.3.6): Develops inference-related dynamics using Fokker—Planck equations, non-equilibrium steady states (NESS), and
decompositions with skew components [Parr et al., 2018, Friston et al., 2021]. Sakthivadivel [Sakthivadivel, 2023] frames this as “a physics of and by
beliefs,” while Friston et al. [Friston et al., 2023] develop a path-integral treatment of particular kinds. The catalogue formalizes measure and finite
Bayesian inversion, filtering and smoothing, hierarchy and model averaging, finite blanket and intervention laws, and finite stationary currents. It does not
derive the general stochastic-analytic Fokker—Planck construction or causal identification from observational data.

5. Thermodynamic Foundations: Relates FEP language to thermodynamic potentials, finite path-law fluctuation and Jarzynski identities [Jarzynski, 1997],
Landauer’s principle [Landauer, 1961], and nonequilibrium thermodynamics [Prigogine and Nicolis, 1977, Pavliotis, 2014]. The standard Helmholtz
relation = —kgT log Z and the variational identity F,,, = KL(¢|p(- | 0)) — logp(o) live in different modeling layers. Identifying them requires
an explicit Boltzmann generative model, units, normalization, and temperature scaling; the present catalogue proves scoped finite identities but does not
prove that physical identification.

4.1.7 The Formalization Gap

This project addresses a narrower, directly inspectable verification gap: familiar FEP labels often sit several definitions and hypotheses away from the Lean
propositions that can currently be stated against the pinned library. It does not claim priority over every earlier formal-methods treatment. The table below
reports the present catalogue’s scope, rather than attempting an unbounded census of prior work or numerical software.

Table 3: The verification gap: each topic-facing concept against the formal object the catalogue currently states in Lean, and that object’s semantic disposition.

Topic-facing concept Current formal object Semantic disposition

Variational free-energy bound (fep-002) Surprisal plus native R>=000 KL; bound and formalized at this narrowed abstraction
posterior self-case

KL laws (fep-014) Native KL self/zero laws and composition-product formalized
chain rule

EFE convention (fep-021) Explicit ENNReal formalized at that convention

pragmatic-cost-minus-epistemic-value convention
with monotonicity and balance

Four-block partition (fep-005) Pairwise-disjoint finite fibers with unique state formalized at partition scope
membership; no blanket independence claim

Nonequilibrium current (fep-025) Transition-induced antisymmetric current, formalized in finite state space
stationarity conservation, and a nonzero three-cycle
witness
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Topic-facing concept Current formal object Semantic disposition

Fisher metric (fep-004/fep-038) Positive-definite finite weighted metric and an exact ~ formalized at finite/Bernoulli scope
Bernoulli statistical-family specialization

Finite softmax (fep-028) Support-aware full finite probability vector with formalized
exact zero off-support and global normalization

Conjugate update (fep-045) Exact normalized Bernoulli posterior closure and formalized at binary scope

parameter update under positive binary evidence

Current semantic status of representative catalogue rows. The generated coverage report is authoritative for all 168 rows.

4.2 Interactive Theorem Proving: Lean 4 and Mathlib

Lean 4 is a functional programming language and interactive theorem prover (ITP) based on dependent type theory [de Moura and Ullrich, 2021]. Machine-
checked projects such as CompCert [Leroy, 2009], the perfectoid-spaces development [Buzzard et al., 2020], the Liquid Tensor Experiment [Scholze and
Commelin, 2022], and the polynomial Freiman—Ruzsa proof [Tao, 2023] illustrate different scales and styles of formal verification. This work targets Mathlib4
[The mathlib Community, 2020] through the pinned leanprover/lean4:v4.34.1 toolchain and Mathlib v4.34.1 revision recorded in lean/lean-toolchain
and lean/lakefile.lean; it does not rely on mutable upstream declaration counts.

4.2.1 Type Theory Foundations and Tactic Mode

Lean 4 rests on the Calculus of Inductive Constructions (CIC), a dependent type theory in which propositions and types are the same kind of object. A proof
of proposition P is a term of type P; consequently, the kernel that type-checks terms is the same kernel that verifies proofs. Writing a proof in Lean is therefore
identical to writing a program whose type is the statement of the theorem. Users rarely write proof terms directly; instead, they invoke tactics—metaprograms
that incrementally build the term. A proof in tactic mode takes the following shape:

theorem kl_nonneg {a : Typex} [MeasurableSpace a] (u v : Measure a)
: 0 < InformationTheory.klDiv p v := by
exact zero_le _

Here by enters tactic mode and zero_1le discharges non-negativity because Mathlib’s native divergence takes values in the nonnegative extended reals. The type,
rather than an informal convention, rules out a negative result. This style is introduced in depth in sec. 5.16.

4.2.2 Why Lean 4 for Physical Theories?
Lean 4 offers four properties critical for formalizing the FEP:

1. Dependent types with universe polymorphism: Types can depend on values, enabling precise encoding of parameterized families of probability
measures, finite policy spaces, and transition kernels across the universes used by Mathlib.

2. Mathlib4’s measure-theoretic and information-theoretic stack: The pinned library provides Bochner integration, Radon—-Nikodym derivatives (M
easureTheory.Measure.rnDeriv), sigma-algebra constructions, finite and probability measures, Markov kernels, and InformationTheory.klDiv :
Measure o — Measure o — R>=000. It also supplies self-divergence, a zero characterization for finite measures, Gibbs’ inequality, and a composition-
product chain rule. The extended codomain preserves infinite divergence; any real-valued FEP identity still needs explicit finiteness before applying
.toReal.

3. Advanced proof automation: The pinned Lean 4 leanprover/lean4:v4.34.1 toolchain and Mathlib4 v4.34. 1 supply automation including the grind
tactic (SMT-style), positivity, and related solvers. These capabilities expand the range of FEP theorems that can be verified without manual proof
construction; newer releases add further improvements.

4. Available LLM-ITP tooling: LeanDojo [Yang et al., 2024], Lean Copilot [Song et al., 2025], and LEGO-Prover [Xin et al., 2024b] provide relevant
examples of Lean-facing proof-search or assistance. Their existence motivates the optional review stage; it supplies no correctness evidence for this
catalogue.

Modern physical theories, however, often outpace formalized repositories. The catalogue and maintained foundations now cover finite Markov dynamics, a
one-parameter smooth statistical instance, arbitrary finite-dimensional score geometry, native posterior kernels, generic conditional-independence laws, and a
concrete finite blanket factorization with typed dynamics. Full continuous Bayesian mechanics still requires stochastic processes, Fokker—Planck evolution,
smooth manifold structure, and system-specific blanket-existence arguments. Rows are therefore narrowed to the strongest exact theorem supported by their
objects instead of adding local axioms solely to obtain a green compiler result.

4.2.3 Lean 4 Release Cadence and Tactic Evolution

Lean 4 has maintained a rapid release cadence. The repository pins leanprover /lean4:v4.34.1 in lean/lean-toolchain; later releases add further automa-
tion and ergonomics beyond what this paper’s lemmas rely on.

This evolution shapes maintenance, but tactic availability is not the semantic maturity criterion. A row can be warning-free and sorry-free while proving only
a weak proxy. Upgrades therefore require both a native compile and a renewed semantic review of the theorem’s relation to its advertised FEP claim.
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4.2.4 Prior Formalization Work in Adjacent Domains

A range of prior efforts have formalized parts of cognitive science, statistical mechanics, or information theory in interactive theorem provers. None targets the
FEP directly, but each offers methodological lessons:

Table 4: Prior formalization work in adjacent domains, with the prover, domain and scope of each project and its methodological relevance here.

Project System Domain Scope Relevance to FEP

Hammers for Helmholtz Lean 3 Real analysis / Foundational Provides the measure-theoretic backbone reused in
[Avigad et al., 2017] measure theory Mathlib4

Information-theoretic Isabelle/HOL Classical information Shannon entropy, Complementary to KL-based FEP work
inequalities [Mehta et al., theory mutual information

2021]

Formalized statistical Isabelle/HOL Classical Partition functions, Thermodynamic catalogue rows build on analogous
mechanics [Paulson, thermodynamics entropy ideas

2022]

LeanDojo [Yang et al., Lean 4 Proof search Retrieval- Demonstrates tractability of LLM <« Lean

2024] benchmarks augmented LLM interfaces

Mathlib information Lean 4 Measure-theoretic Native KL Direct library substrate for fep-002 and fep-014
theory [The mathlib information theory divergence and

Community, 2020] chain rules

Categorical ontology / Lean 4 Foundations Definitions of Adjacent formalization of physical theories
classical simulation classical / quantum

[Namjoshi, 2026] systems

The landscape shows that adjacent domains have proven tractable. We have not conducted the systematic, date-bounded search needed to establish whether this
is the first catalogue-scale FEP formalization, so we make no priority claim. The inspectable contribution is the particular versioned catalogue, semantic audit,
and receipt boundary reported here.

4.3 The LLM-ITP Bridge

Recent systems illustrate several ways to connect language models with interactive theorem provers:

Table 5: Systems bridging language models and interactive theorem provers, by year, approach, reported benchmark and key innovation.

System Year Approach Benchmark Key innovation

LeanDojo [Yang et al., 2024 Retrieval-augmented LeanDojo Benchmark Grounded tactic suggestion via premise
2024] retrieval

Baldur [First et al., 2023 Whole-proof generation miniF2F End-to-end proof generation + repair
2023]

LEGO-Prover [Xin 2024 Modular growing libraries miniF2F Reusable lemma construction

et al., 2024b]

DeepSeek-Prover 2024 RL from proof feedback miniF2F RLPAF — reinforcement learning from
[Xin et al., 2024a] proof assistant feedback
AlphaGeometry 2024 Neuro-symbolic IMO Geometry Synthetic data + symbolic deduction
[Trinh et al., 2024]

AlphaProof 2024 Gemini + AlphaZero IMO 2024 Silver-medal level problem solving
[AlphaProof team,

Google DeepMind,

2024]

Lean Copilot [Song 2025 Editor integration N/A Real-time tactic suggestion in VSCode
et al., 2025]

DeepSeek-Prover-V2 2025 RL + subgoal miniF2F, ProofNet Reinforcement learning for structured proof
[Xin et al., 2025] decomposition planning

These systems largely begin with already formalized targets and concentrate on proof search. Translating a physical theory adds an earlier modeling burden:
choosing definitions, types, scope, and assumptions for concepts such as Markov blankets, solenoidal flows, and Expected Free Energy decompositions. The
maintained kernel in this work emphasizes that translation and review problem. The optional Hermes path can explain or refine candidate Lean, but it supplies
no correctness or authorship claim without subsequent compilation and a claim-ready full receipt.

4.3.1 The Axiomatization vs. Problem-Solving Distinction
The distinction between proof search and theory axiomatization is worth making precise:

¢ Proof search (LeanDojo, DeepSeek-Prover): given a well-typed theorem statement, find a proof term. The statement already exists in a formal language;
the challenge is navigating the proof space.
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* Theory axiomatization (this work): given an informal mathematical theory (published in journals, written in natural language with embedded LaTeX),
produce well-typed theorem statements, definitions, and structural lemmas. The challenge is translation from informal to formal, not proof search.

This distinction explains why the pipeline reports statement design, proof completion, and semantic adequacy separately. Every shipped body is sorry-free at
its reviewed scope, but proving a narrowed proposition does not validate the modeling choice that produced it. The contribution is therefore both executable
mathematics and an auditable translation process, rather than a benchmark whose only outcome is proof-completion rate.

4.4 The FEP Debate and the Case for Formalization
The mathematical status of the FEP has been actively debated in the literature, along three principal lines of critique:

1. Blanket conditions. The partition of states into internal, external, sensory, and active components is not always well-defined for arbitrary dynamical
systems ([Biehl et al., 2021]). Specifically, Biehl et al. demonstrate that “various definitions of the ‘Markov blanket’ proposed in different works are not
equivalent” and that crucial vector-field rewritings are not generally correct absent previously unstated assumptions. The canonical Markov-blanket claim
is that the state space admits a factorization X = W x B x H (external, blanket, internal) such that the blanket b = (s, a) renders external and internal
states conditionally independent,

p(,n|b) = p(¥|b)p(n|b) (conditional independence given the blanket). 1

eq. 17 is a statistical condition about a specific family of joint densities, and whether a given dynamical system satisfies it depends on the system’s
drift, diffusion, and steady-state structure—properties that are not determined by the choice of state-space partition alone. The blanket partition sits at
the intersection of two very different objects: an algebraic/set-theoretic decomposition of the state space, and a probabilistic conditional-independence
statement about its dynamics. Conflating the two is precisely the locus of Biehl et al.’s critique. Accordingly, fep-005 formalizes only the algebraic side:
a four-part disjoint cover with unique membership. The maintained FEP.MarkovBlanket foundation adds a separate normalized finite joint of the form
P(b)P(i | b)P(e | b), proves positive-mass conditional factorization and zero internal-external mutual information, and constructs a nontrivial transition
whose allowed dependencies are encoded in its types. These results settle a concrete finite instance; they neither derive the blanket from fep-005’s arbitrary
labels nor prove that generic stochastic dynamics admit or preserve such a structure.

2. Particular partitions. The broader applicability of the “particular physics” framework has been questioned, with arguments that certain assumptions
about steady-state densities are unduly restrictive ([Aguilera et al., 2022]). Concretely, the “particular-physics” construction assumes that a stochastic
system with dynamics dz = f(x)dt + o dW, admits a non-equilibrium steady-state (NESS) density p*(z) such that the probability current decomposes
as

J(z) = —=(D+Q(z)) VF(z),  F(x):=—logp*(x), (18)

with D symmetric positive-semidefinite (the dissipative component), Q(z) antisymmetric, i.e. Q(z)" = —Q(z) (the solenoidal component), and the
steady-state divergence condition V - J(2) = 0. Establishing these conditions simultaneously requires both algebraic hypotheses and analytic/stochastic
results about the density and current. fep-025 now proves a finite continuity-equation instance instead: forward-minus-reverse edge current is antisym-
metric and globally conserved, a normalized transition with a stationary mass vector has zero node divergence, and a directed three-cycle has nonzero
current despite stationarity. This separates finite stationarity from detailed balance, but it does not construct (), a stationary density on a continuous
space, or the SDE/PDE decomposition above.

3. Math and territorialism (a deliberate nod to the classic “map and territory” distinction and to the “territorialism” of notational regionalisms across fields).
It has been argued that FEP derivations sometimes conflate distinct mathematical objects—using the same notation for different quantities in different
contexts ([Andrews, 2021]). Lean’s type system makes many such conflations visible: for example, a Measure R cannot be passed where an R-valued
function is required without an explicit bridge. It cannot prevent a modeler from choosing an inadequate definition or assigning the same underlying type
to semantically different quantities.

These debates motivate the present work: formal verification in Lean 4 does not adjudicate the underlying semantic disagreements. It makes statement-level
hypotheses and proof dependencies inspectable, while the separate semantic audit records whether those formal objects reach the motivating claim.

4.5 Recent Developments (2024-2026)

Recent FEP work includes path-integral and geometric treatments of Bayesian mechanics [Sakthivadivel, 2023, Friston et al., 2023] and a comparison and
unification of Expected Free Energy formulations [Champion et al., 2026]. Translating such claims into Lean requires more than proof search: the modeler
must choose probability spaces, codomains, finiteness conditions, stochastic-process interfaces, and a semantic acceptance target. This catalogue makes those
choices reviewable one row at a time. Compiler acceptance answers derivability of the stated proposition; the disposition and assumption review answer the
separate question of how far that proposition reaches toward its topic label.
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5 Methodology and System Architecture

The project is organized around one methodological rule: a claim is no stronger than the evidence object that supports it. Catalogue generation, native Lean
compilation, and a live Hermes/OpenGauss run are therefore separate modes with separate acceptance predicates. A deterministic catalogue build can establish
source consistency; a native receipt can establish warning-free, sorry-free typechecking against a pinned toolchain; only a validated full-run receipt can support
claims about model output, provider latency, or persisted sessions.

Readers new to Lean should begin with sec. 5.16. The detailed components in sec. 5.17—sec. 5.21 cover the library substrate, semantic maturity, optional LLM
stage, native compiler bridge, and execution pipeline.

5.1 System Architecture Overview

The architecture has three source layers and three evidence layers.

Table 6: The three source layers and three evidence layers, with the canonical input, derived output and evidentiary reach of each.

Layer Canonical input Derived output What it can establish

Authorship

Native verification

Full pipeline

roster/family metadata, maturity and
novelty review, authored relations,
family-owned topic bodies, and
manifested formal resources

exact topic roster plus generated
catalogue/formal modules and
pinned Lake workspace

live credentials, Hermes result,
OpenGauss session state, native

checkout/wheel topics.yaml; topic
aggregate; foundation,
composition-leaf, and
import-aggregate Lean; coverage,
atlas, and numerical dashboard
native topic receipt plus formalism
declaration/axiom receipt

hashed report bundle and
independently validated full receipt

roster, source parity, declared
semantic scope, maintained
dependency structure, and witnessed
composition

compiler exit status, warnings,
sorry/sorryAx, declaration
resolution, toolchain and source
digests

only the observed LLM/session/run
claims

verification

FEPPipeline itself has four stages: Load Catalogue, Environment Validation, Gauss Sessions, and Manuscript Artifacts. In catalogue mode the Gauss stage
is explicitly not_run. In full mode all selected topics must produce successful Hermes-backed results and clean Lean verification before the run is complete.
Reporter executes only after a complete pipeline result; incomplete runs do not receive a successful report directory.

5.2 The Command-Line Toolchain

The installed fep-lean command is the public interface:

uv run fep-lean catalogue

uv run fep-lean atlas --check

uv run fep-lean verify --fail-on-warnings --receipt output/native-verification. json
uv run python scripts/audit_formalisms.py --receipt output/formalism-audit. json

uv run fep-lean preflight

uv run fep-lean run

The first two commands are deterministic and offline: catalogue mode builds publication inputs, while the atlas command checks the coverage visualization. The
native compiler command writes an atomic, source-bound topic receipt that records the actual compiler output and resolved Mathlib revision; the formalism
audit separately resolves primary/evidence declarations, applies a versioned trusted-axiom policy, and inspects evidence axioms. preflight is a read-only
capability check. run is the credentialed Hermes/OpenGauss path and fails closed when required capabilities are absent. Topic and area filters are useful during
development, but a filtered native receipt is never publication-claim-ready for the full catalogue.

Maintenance scripts expose non-mutating drift checks:

uv run python scripts/_maint_build_topics_catalogue.py --check
uv tun python scripts/_maint_build_fep_all_lean.py --check

uv run python scripts/_maint_build_formal_modules.py --check
uv run python scripts/build_formalism_coverage.py --check

uv run fep-lean atlas --check

uv run python scripts/build_formal_kernel_dashboard.py --check
uv run python scripts/theorem_maturity_audit.py

uv run python docs/theorem_ref_audit.py

5.3 The Hermes Agent and LLM Integration

fep_lean.llm.hermes.HermesExplainer is an optional reviewer of a curated theorem body, not the owner of the formal kernel. It sends a system/user prompt
pair to an OpenAl-compatible endpoint, parses the explanation and refined Lean block, and records retries and model-chain advances. The prompt requires
preservation of imports, namespaces, tactic hints, and the absence of sorry in an already complete sketch.
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Provider/model rosters are runtime configuration rather than scientific results. They are authoritative only in a validated report bundle. With no OpenRouter or
Anthropic credential, full-mode preflight fails; an offline fixture result may exercise code paths in tests, but it is ineligible for publication claims.

See sec. 5.19 for the session protocol and the three distinct fallback mechanisms.

5.4 The Native Lean Compilation Engine

fep_lean.verification.lean_verifier.LeanVerifier writes each selected body to a temporary file in the pinned Lake workspace and invokes lake env
lean. Leading imports are preserved; a shared preamble is used only for a sketch that has no explicit imports. Results retain compiler output, separated warnings
and errors, sorry detection, duration, toolchain version, and an advisory failure class.

Native claim readiness is stricter than an exit code. The receipt must cover the exact ordered roster of 168 topics, every row must compile, warning and
sorry counts must both be zero, and the catalogue, canonical family-body sources, Lean toolchain, and Mathlib tag must match the live tree. Revalidation
independently recomputes those conditions rather than trusting a stored complete flag.

The complementary formalism audit imports FepSketches.composed, checks every reviewed primary plus semantic/formal witness, and runs #print axioms
over the evidence roster. Projection drift, unresolved names, warnings, timeouts, compiler failures, or sorryAx make that receipt incomplete. Standard logical
axioms reported by Mathlib are retained rather than hidden.

5.5 OpenGauss Workflow and State Integration

OpenGauss here refers to the Math, Inc. Lean-workflow tool, not the similarly named database product. GaussRunner persists project sessions in SQLite, records
the system/user/assistant turns, stores the refined sketch and structured compiler artifact, and closes each session with explicit Hermes and Lean outcomes. Raw
compiler diagnostics remain in the artifact rather than being presented as model dialogue.

The state store improves auditability but does not confer correctness. Full-report validation checks the selected topic roster, verification source, summary/mani-
fest agreement, current source and configuration digests, and hashes of required artifacts. A stale, partial, catalogue-only, or fixture-backed report cannot supply
manuscript metrics.

5.6 The Unified Execution Pipeline

The three supported execution contracts are intentionally non-interchangeable:

1. catalogue: validates sources and writes deterministic figures/manuscript data; it performs no verification.
2. verify: runs the native compiler without an LLM or session store and may emit a native receipt.
3. run: requires live credentials and state/toolchain capabilities, runs Hermes and native verification per topic, and emits a full report only on strict completion.

This separation removes the former ambiguity in which a catalogue-only complete flag could be read as empirical pipeline evidence. The manuscript renderer
selects a current, independently validated native receipt for compile claims and a claim-ready full report for Hermes/OpenGauss claims; otherwise it emits
explicit unavailable/false values.

5.7 Standard Reproducibility Workflow

For native formal results:

uv sync --locked --extra dev

uv tun python scripts/_maint_build_topics_catalogue.py --check

uv run python scripts/_maint_build_fep_all_lean.py --check

uv run python scripts/_maint_build_formal_modules.py --check

uv run python scripts/build_formalism_coverage.py --check

uv run fep-lean atlas --check

uv run python scripts/build_formal_kernel_dashboard.py --check

uv run python scripts/audit_formalisms.py --receipt output/formalism-audit.json
uv tun fep-lean verify --fail-on-warnings --receipt output/native-verification. json
uv run fep-lean catalogue

uv tun python scripts/render_manuscript.py --check

For a full live run, configure an accepted credential, run uv run fep-lean preflight, then uv run fep-lean run. The resulting report must pass the
receipt validator before its Hermes or timing fields can enter manuscript variables. Neither path mutates authored manuscript Markdown: rendering writes to
output/manuscript/ only after validating every placeholder across the full source set.

5.8 Area-Specific Methodological Constraints

The 5 areas are organizational lenses, not five independent foundations. Each row declares its actual imports, primary theorem, assumptions, non-vacuity
argument, acceptance probe, and semantic disposition in generated coverage. The following summaries state the present boundary rather than an aspirational
one.

5.8.1 FEP Methodology (41 topics)

The FEP area combines measurable variational integrands, native extended-real KL divergence, exact scalar Laplace kernels, finite quadratic optimization dy-
namics, variational duality, generalized predictive-coding corrections, and finite learning/model-evidence bounds. fep-001 and fep-002 prove KL-remainder
variational bounds; fep-015 supplies the measurable integrand contract; fep-016 exposes the exact Gaussian normalizer; and fep-032 compiles the closed-form
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gradient-descent iterate and its stable-step convergence. Later families add Gibbs duality, mean-field and importance-weighted bounds, precision-weighted
prediction-error dynamics, PAC-Bayes, posterior-concentration, mixture-regret, Bayes-factor laws, and finite-law Laplace squared/Brier-risk transfer on ex-
plicit carriers. The reusable finite active-inference model additionally derives posterior-form VFE, its evidence lower bound, exact-posterior attainment, and
uniqueness even for posteriors with zero-mass states. No theorem identifies all of these finite and measure-valued conventions without the bridges stated in their
composition leaves.

5.8.2 Active Inference Methodology (37 topics)

Active-Inference rows combine discounted pragmatic cost, an explicit ENNReal EFE sign convention, policy-indexed reachable laws, finite-horizon Bellman
and desirability recursions, native measure-KL information gain, normalized sum-product messages, support-aware softmax policies, and collective product-
agent and consensus laws. The maintained kernel proves pragmatic-minus-epistemic and risk-plus-ambiguity decompositions under explicit support, normalized
prior-weighted policy selection, action pushforward, chronological state rollout, recursively accumulated stage-dependent EFE, and a concrete two-stage Boolean
witness in which feedback strictly improves on open-loop control. The later policy-tree foundation proves arbitrary finite-depth observation-contingent recursion
on finite carriers, Bellman optimizer existence, open-loop embedding and dominance, treewise EFE decomposition, and the same strict Boolean witness. No
result claims infinite-horizon or continuous-belief optimality, equivalence with every EFE formulation, or emergent agency for a collective.

5.8.3 Information Geometry Methodology (21 topics)

This area uses native InformationTheory.k1lDiv, including self-zero, finite-measure separation, and the composition-product chain rule. It contains a finite
positive-definite weighted Fisher metric, the complete one-dimensional Bernoulli family, and a categorical score model with explicit full-rank and null-direction
witnesses. The maintained geometry modules prove Fisher Gram PSD and conditional PD on simplex tangents, pullback laws, scalar Cramér—Rao under
unbiasedness and score regularity, natural-gradient equivariance under an invertible chart, a mirror-descent three-point identity, an affine-projection Bregman
Pythagorean law, and replicator—natural-gradient equivalence. The scalar exponential-family foundation adds normalization/full support, log-partition gradient
and Hessian, centered score, Fisher—variance equality, KL-Bregman duality, and interval-local mean-coordinate injection. These sources do not define arbitrary
smooth manifolds, affine connections, curvature, or general geodesic existence.

5.8.4 Bayesian Mechanics Methodology (41 topics)

These rows include generic conditional-independence laws, reversible-kernel invariance, measure-theoretic and finite posterior reconstruction, transition—
observation filtering and smoothing, hierarchical and posterior-predictive kernel composition, Bernoulli sufficient statistics and conjugate closure, finite causal
interventions, and a nonzero stationary probability current. The maintained blanket and causal modules connect explicit finite carriers to exact conditional fac-
torization, zero conditional mutual information, typed blanket-respecting dynamics, intervention normalization, descendant change, and named non-descendant
invariance witnesses. The finite-to-native family further proves weighted-Dirac law/kernel embeddings, expectation and prediction transfer, native CondIndep-
Fun, measurable endpoint coarsening, and rowwise factorized-transition closure. These sources do not prove blanket existence, mixture-level preservation, or
causal identification for arbitrary systems, nor derive continuous Fokker—Planck dynamics.

5.8.5 Thermodynamics Methodology (28 topics)

Thermodynamic rows cover the equilibrium Helmholtz derivative identity, finite conserved currents, binary entropy optimality, normalized Gibbs weights,
Gaussian thermal entropy response and heat capacity, diagonal and edgewise entropy production, and a logical-erasure derivation of Landauer heat/work bounds
from explicit second-law premises. The path-space family additionally normalizes forward and reverse finite path laws, proves reversal and fluctuation identities,
states a finite Jarzynski equality with explicit work, inverse temperature, and normalization, and links reversible one-step dynamics to KL dissipation. The
exact Boolean continuous-time family adds stochastic kernels, the Chapman—Kolmogorov semigroup, both master equations, stationarity, detailed balance,
exponential relaxation, and quadratic Lyapunov decay for positive two-state rates. These finite laws do not constitute general constrained equilibrium statistical
mechanics, SDE/PDE theory, or a microscopic thermodynamic derivation of the FEP.

5.9 Catalogue Authorship Pipeline

The source graph is explicit:

config/catalogue_metadata.yaml stable titles/areas/library hints
config/theorem_maturity.yaml primary theorem + semantic review
config/formalism_novelty.yaml expansion deltas + required bridges
config/formalism_relations.yaml authored relations + capability history
src/fep_lean/catalogue/bodies/*.py family-owned canonical Lean bodies
src/fep_lean/catalogue/registry.py validated body manifest and merger
src/fep_lean/catalogue/latex.py theorem-signature projection
src/fep_lean/formal/%x/%.lean manifested foundations + composition leaves

\ |/

v

src/fep_lean/catalogue/generation.py
I I
v v
config/topics.yaml src/fep_lean/data/topics.yaml
|
+-—> lean/FepSketches/fep_all.lean
+-—> lean/FepSketches/{foundations,compositions,aggregate}.lean
+-—> docs/formalism-coverage.{md, json}
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+-—> docs/formalism-atlas.{svg,html}
+-—> docs/formal-kernel-dashboard. {svg,html}

The braces in this schematic mean the explicitly manifested formal-module set, not a literal filename or an inferred directory glob. scripts/_maint_bui
ld_formal_modules.py owns the exact source-to-workspace projection. The atlas displays authored scientific relations and module-import dependencies as
separate edge classes; the dashboard evaluates deterministic numerical witnesses but supplies no proof evidence.

Both YAML copies are byte-identical generated projections: one supports checkout workflows and one ships in the wheel. Strict loaders reject missing/extra
rows, order drift, unknown semantic values, theorem/signature count mismatches, and a primary theorem absent from the canonical body. The generator restores
its own provenance header, so formatting churn cannot silently create a second authoring source.

5.10 Verification Workflow and Cache Strategy

The project pins leanprover/lean4:v4.34.1 and Mathlib v4.34.1. lake exe cache get may populate dependency .olean files; no validation command
implicitly downloads or rebuilds them. Verification checks the existing workspace and returns a structured failure when the toolchain or cache is absent.

verify_batch is deliberately serialized (max_workers=1) to avoid races over temporary files and build artifacts. Warm-cache duration is environmental and
is therefore reported only from a receipt, never as a fixed value in prose. The aggregate/composed targets provide complementary whole-library checks that
catch namespace collisions, broken seams, and warning-producing declarations. The declaration/axiom probe then confirms that names cited as evidence resolve
through those exact modules.

5.11 execution-integrity Testing Policy

Tests pin observable contracts rather than publication constants. Catalogue tests exercise strict schema and source parity; native tests invoke the real Lean
subprocess where marked; SQLite tests use isolated real databases; HTTP behavior is tested through controlled local servers or is guarded by explicit live
credentials. Distribution tests build a wheel, install it into an isolated environment, import fep_lean, execute CLI help, load packaged data, and confirm that
obsolete top-level names such as catalogue are not exported.

External services remain external evidence. Offline fixture responses are useful for parser and failure-path tests, but cannot make a full report claim-ready.

5.12 Namespace Convention and Topic Isolation

Python code lives under one fep_lean namespace. Lean declarations use an inner stable topic namespace (FEP002, FEP014, and so on); the generated aggregate
adds an outer fep_fepNNN namespace so helper declarations from different self-contained sketches cannot collide. The coverage audit counts declarations and
imports from canonical bodies, while theorem-reference auditing ensures that manuscript identifiers resolve to actual declarations.

5.13 PYTHONPATH Isolation

The installable package no longer relies on path precedence among generic top-level names such as catalogue, pipeline, 1lm, or output. Checkout commands
run through uv, and installed commands import fep_lean. . The wheel includes its generated catalogue as package data, so loading the default catalogue does
not depend on locating the repository root.

5.14 Parallelism Model

Formal compilation is serialized. In full mode, optional single-worker prefetch may overlap the next Hermes request with current Lean verification, but it does
not reorder persisted topic results or permit multiple concurrent compiler processes. Receipt topic order remains the requested catalogue order, which makes
completeness and digest validation deterministic.

5.15 Detailed Methodology Sub-Sections

The following sub-sections give the necessary depth without changing these contracts: the Lean primer (sec. 5.16), pinned Mathlib surface (sec. 5.17), proof/se-
mantic maturity (sec. 5.18), optional Hermes stage (sec. 5.19), native receipt (sec. 5.20), and full pipeline (sec. 5.21).

20



5.16 Lean 4: A Primer for Active Inference Researchers
5.16.1 Why Formal Verification Matters for the FEP

The Free Energy Principle [Friston, 2010, Parr et al., 2022] rests on deep intersections of measure theory, stochastic calculus, differential geometry, and
information theory. Informal mathematical proofs in this space — written in natural language with V and 3 symbols — are powerful but can harbor subtle
errors: interchanging limits and expectations without justification, conflating almost-sure and sure convergence, or silently assuming absolute continuity of
measures. When the FEP community claims that “variational free energy upper-bounds surprise,” every step of the derivation must be airtight — yet in practice
verification depends on peer review by a small number of domain experts.

Lean 4 is an interactive theorem prover (ITP) that makes this bottleneck explicit. Every elaborated inference step is checked by Lean’s kernel against declared
axioms and definitions. Acceptance therefore certifies the exact formal statement under the recorded toolchain and trust base; it does not by itself certify that the
statement faithfully represents the intended scientific claim. That second obligation is why this project records a separate semantic disposition and assumption
review.

For Active Inference, this yields:

* Verifiable variational bounds. The claim ' > —log p(s|m) is checked all the way down to the axiom level.

* Dimension safety. Type-checking prevents integrating over the wrong measure space or mixing distributions over incompatible state spaces.
* Compositional scaling. Proven lemmas compose into larger theorems without re-verification.

* Reproducibility. A Lean proof file is itself a reproducible artifact, unlike a journal PDF.

Throughout this primer — and the full 168-topic catalogue — the pinned toolchain is Lean 4 leanprover/lean4:v4.34.1 with Mathlib4 v4.34.1. Every
lemma name, module path, and tactic behavior cited resolves against that exact pin; version drift is prevented by the lean/lean-toolchain and lean/lakef
ile.lean files in the repository.

5.16.2 Propositions as Types: The Curry-Howard Correspondence

Lean 4 is built on a deep correspondence between logic and computation called the Curry-Howard isomorphism. The slogan — propositions as types,
proofs as programs — captures the whole design: every mathematical proposition is reified as a type, every proof of that proposition is reified as a term (a
program) inhabiting that type, and the compiler’s type-checker is the proof-checker. Verifying “theorem 7 is correct” reduces mechanically to verifying “the
program t has type T”.

Table 7: The Curry-Howard correspondence: each logical connective and the Lean 4 type that represents it.

Logic Type Theory (Lean 4)

Proposition P Type P

Proof of P Term p : P (aprogram of type P)

P = Q Function type P — Q (a program that transforms proofs)

Va, P(x) Dependent function (x : «) — P x

PAQ Product type P X Q

PvVQ Disjunction Or P Q (proof-irrelevant; P e Q is the data-level analogue)
Modus ponens Function application f a : Qgivenf : P — Q,a : P

L (false) Empty type False

In Lean 4, proving a theorem is equivalent to constructing a program whose type is the proposition being proved. If the program type-checks, the theorem is
proven. This is fundamentally different from computer algebra systems (Mathematica, SymPy) which compute with symbols but cannot prove that a result holds
for all inputs universally. The Curry-Howard lens is also what justifies the FEP verifier treating lake env lean exit code 0 as proof: successful type-checking
of the proof term is, by construction, a checked proof of the stated theorem.

5.16.3 Universe Polymorphism and Dependent Types
Standard type systems distinguish Int, Float, String. Lean 4 supports dependent types where types can depend on values:

-- A vector of exactly n elements
def Vector (a : Type) (n : Nat) : Type := ...

-- A probability measure on a measurable space

structure ProbMeasure (o : Type) [MeasurableSpace a] where
M : Measure a
total : y Set.univ = 1

For Active Inference, dependent types naturally encode:

¢ Parameterized distributions. Distrib (S w) — distributions indexed by world-states.
¢ Transition kernels. (s : State) — Measure (Action s) — action distributions whose type depends on the current state.
« Finite policy spaces. Fin n — Action — a policy over exactly n time steps.

Lean also leans heavily on universe polymorphism (Type u, Type v). In measure theory this prevents Russell’s paradox by ensuring that the collection of all
measurable spaces lives strictly above any individual space. FEP researchers encounter this most often as {«v : Typex} in theorem signatures; the * simply
means the type can live in any universe.
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5.16.4 Tactics: How Proofs Are Constructed

Lean 4 proofs are written using tactics—commands that transform proof goals step by step. Key tactics used in FEP formalizations:

Table 8: Lean 4 tactics used in the catalogue bodies, with the goal transformation each performs and where it appears in the FEP formalizations.

Tactic What it does FEP usage

exact h Close goal exactly with term h Apply measure_union_le, measure_mono directly

Tw [h] Rewrite goal using equation h Substitute IsProbabilityMeasure.measure_univ

apply f Apply function/lemma f, leaving subgoals Apply Real.exp_le_exp.mpr for Gibbs
monotonicity

simp [h] Simplify using h and simp lemmas Reduce Finset.sum_div, Finset.card_range

intro x Introduce V/implication hypothesis into context Start proofs of V x, P xorP — Q goals

constructor Split a goal into its structural pieces Build And/Iff/structure goals (e.g., softmax
normalization A non-negativity)

linarith Linear arithmetic over ordered fields Derive bounds from KL >= 0 by rearranging

nlinarith [h;, h,] Nonlinear arithmetic with hints Prove quadratic contraction in gradient flow

positivity Prove @ < eor0 < e automatically Non-negativity of sum of squares, Real.sqrt

ring Prove equalities in commutative rings Algebraic identities in free energy decompositions

norm_num Evaluate numeric expressions Verify (2 : R) > 0 or specific constants

have h : P := ... Introduce intermediate lemma h : P Build step-by-step proofs for complex bounds

calc Chain transitivity steps a < b < ¢ derivations in energy bounds

SOTTY Admit goal without proof Mark aspirational proof steps (compile flag)

The catalogue’s 168 Lean bodies collectively exercise the major tactic families enumerated above. exact, simp, rw, linarith, positivity, and have dominate
by frequency, while nlinarith, ring, norm_num, intro, constructor, and calc appear in specific topic families — for example, calc anchors fep-021’s
energy-bound derivation, and constructor structures fep-028’s softmax lemma. The exhaustiveness claim is intentionally conservative: a small handful of
niche tactics (e.g. omega and decide) are used opportunistically rather than uniformly.

How lake env lean verification works in the pipeline.

LeanVerifier writes each sketch to its own temporary file under lean/FepSketches/, created by tempfile.mkstemp with the prefix _verify_<topic-
id>_ and the suffix . lean, and unlinked once the subprocess returns. Before the subprocess call, _wrap_lean_code prepends import Mathlib, the fixed open
MeasureTheory ProbabilityTheory Real Nat Finset Set line, and open scoped BigOperators — but only to a body that does not already begin with
import, and all 168 catalogue bodies do. For every row in config/topics.yaml the wrapper therefore returns the body unchanged, and the imports, the opens,
and the namespace FEP<NNN> .. end FEP<NNN> block, where <NNN> is the topic’s three-digit identifier, are the ones the body itself declares. With lean/ as
the working directory, the verifier then invokes lake env lean FepSketches/_verify_<topic-id>_<suffix>.lean. That file exists only for the duration
of the call, so the reproducible form of one topic’s verification is the entry point that creates it:

uv run fep-lean verify --topic fep-001

This executes inside the Lake build environment rooted at lean/, which provides access to the pre-compiled Mathlib4 v4.34.1 .olean files. Exit code 0
signals compilation success. The verifier captures stdout and stderr, sets compiles to True or False, detects a sorry tactic in the source text, and returns
the resulting VerifyResult; --receipt writes it into the typed native receipt, and native mode persists nothing in SQLite, whose session store belongs to full
OpenGauss mode (sec. 5.21.5). Elapsed time is hardware- and cache-dependent, so it is quoted only from the selected receipt rather than as a range: across the
168 results of native-3d5a6bclabch the per-topic minimum is 1.453 s, the median 2.354 s, the mean 2.297 s, and the maximum 3.36 s.

Namespace isolation. The namespace FEP<NNN> ... end FEP<NNN> wrapper prevents theorem-name collisions during the 168-topic aggregate
compilation: when sketches are concatenated into fep_all.lean for the batch build, identically named helpers (for example two topics both
declaring aux_lemma) live in disjoint namespaces and never clash. Every row in config/topics.yaml follows this pattern.

Mathlib4 module map for FEP topics:

Table 9: Mathlib4 modules each catalogue topic area draws on.

Topic Area Key Mathlib4 Modules

FEP / measure theory MeasureTheory.Measure.MeasureSpace, MeasureTheory.Measure.NullMeasurable
Probability Probability.Notation, MeasureTheory.Measure.ProbabilityMeasure

Special functions Analysis.SpecialFunctions.Log.Basic, Analysis.SpecialFunctions.Exp

Linear algebra LinearAlgebra.Matrix.Transpose, Analysis.InnerProductSpace.Basic

Finite sums Algebra.BigOperators.Group.Finset, Data.Finset.Basic

Metric spaces Topology.MetricSpace.Basic, Topology.MetricSpace.PseudoMetric

Real arithmetic Analysis.SpecialFunctions.Pow.Real, Mathlib.Tactic

5.16.5 From Informal Bound to Lean Statement: A Minimal Walk-Through
Before the full ELBO, consider the simplest FEP-flavoured informal claim and its literal translation into Lean.

Informal (textbook):
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Claim. For any two events A, B in the state space of an agent, the probability that the world is in A U B is at most the sum of the individual
probabilities: (A U B) < u(A) + wu(B). (This is the countable-subadditivity bound that underwrites the union step in most FEP surprise-
minimization arguments.)

Formalization, step by step:

. Name the space. Informal “state space” becomes {& : Typex} [MeasurableSpace a] — a type equipped with a o-algebra.
. Name the measure. Informal “probability” becomes (1 : Measure «) — a Mathlib4 Measure over that space.

. Name the events. Informal “events A, B” become (s t : Set «).

. State the inequality. 1 (s U t) < ps + p t.

. Discharge the proof. Invoke the Mathlib4 lemma measure_union_le via the exact tactic.

[ O B S R

Formal (Lean 4, Mathlib4 v4.34.1) — a primer illustration, not a catalogue row:

import Mathlib.MeasureTheory.Measure.MeasureSpace
open MeasureTheory
namespace PrimerUnionBound

theorem union_bound {a : Typex} [MeasurableSpace o]
(M : Measure a) (s t : Set a) :
M (sUt)sps+pt:=by
exact measure_union_le s t

end PrimerUnionBound

Every implicit assumption of the informal claim has been made explicit (the type, its o-algebra, and the two sets), and the inequality is discharged by a single
pre-verified Mathlib4 lemma. Three structural conventions carry over to every catalogue body: a namespace, so names cannot collide in the 168-topic aggregate
build; targeted imports rather than the whole of Mathlib4; and an open block that brings the needed names into scope without fully-qualified paths.

What the illustration does not carry over is scale. Catalogue rows state the FEP quantity itself rather than a Mathlib4 lemma restated under a new name. Row
fep-001, the variational free-energy bound, declares two definitions and three theorems over InformationTheory.klDiv:

import Mathlib.InformationTheory.KullbackLeibler.Basic
namespace FEP0OO1
variable {a : Typex} [MeasurableSpace «]

open MeasureTheory
open scoped ENNReal

/-- Native variational gap between an approximate and exact posterior law. -/
noncomputable def fep0O@1_variationalGap
(approximation posterior : Measure a) : ENNReal :=
InformationTheory.klDiv approximation posterior

/-- Surprisal plus the native KL variational gap. -/
noncomputable def fep0Oi_variationalUpperBound
(approximation posterior : Measure a) (surprisal : ENNReal) : ENNReal :=
surprisal + fepO01_variationalGap approximation posterior

/-- The KL remainder makes the variational quantity an upper bound. -/
theorem fep00l_variationalUpperBound_ge
(approximation posterior : Measure a) (surprisal : ENNReal) :
surprisal =
fep001_variationalUpperBound approximation posterior surprisal := by
exact le_add_right (le_refl _)

end FEPOO1

The row also proves fep001_variationalGap_eq_zero_iff — the gap vanishes exactly at the posterior for finite measures — and fep@01_variationalU
pperBound_eq_iff, its consequence at finite surprisal. The complete body, and every other row’s, is reproduced in the generated catalogue appendix.
5.16.6 Concrete Example: Informal vs Formal ELBO

Informal (journal paper):

Theorem. The Evidence Lower Bound maximizes model evidence: logp(s) > —F|q, p]. Proof. By definition, F' = KL[g||p(¢)|s)] — log p(s).
Since KL divergence is non-negative, the result follows immediately by rearranging terms. ll
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Formal kernel used by fep-002 (Lean 4 with Mathlib4 v4.34.1):

import Mathlib.InformationTheory.KullbackLeibler.Basic

namespace FEP002

variable {a : Typex} [MeasurableSpace o]
open MeasureTheory

open scoped ENNReal

noncomputable def fep002_variationalFreeEnergy
(q posterior : Measure a) (surprisal : ENNReal) : ENNReal :=
surprisal + InformationTheory.klDiv g posterior

theorem fep002_vfe_ge_surprisal
(q posterior : Measure a) (surprisal : ENNReal) :
surprisal < fepO@O2_variationalFreeEnergy q posterior surprisal := by
simp only [fep002_variationalFreeEnergy]
exact le_add_right (le_refl surprisal)
end FEP0O2

The topic-row version fixes the measurable space, both measures, the order of KL arguments, and the nonnegative extended-real codomain. Its inequality is
deliberately narrower than the informal theorem: it treats surprisal and posterior as inputs rather than constructing them from a joint model. The separate finite
GenerativeModel foundation closes that bridge for one normalized finite carrier by constructing evidence and posterior, proving Bayes reconstruction, and
deriving posterior-form VFE and its evidence bound. Keeping the two declarations separate makes the difference between a native measure-level remainder
theorem and a finite model theorem visible in their types.

Catalogue note. The 168 committed bodies in the family modules under src/fep_lean/catalogue/bodies/ carry targeted import Mathlib... lines. The
validated registry fixes their order and source identity. LeanVerifier._wrap_lean_code preserves a body with leading imports and supplies the shared
preamble only when imports are absent (sec. 5.20; Appendix B).

5.16.7 Reading Type Error Messages
When translating FEP physics into Lean, compilation errors typically fall into three categories:

1. Type mismatch. application type mismatch: expected 'Measure R', got 'R' — raised when passing a scalar prediction error into a function
expecting a full belief distribution.

2. Missing instance. failed to synthesize instance 'MeasurableSpace o' — Lean refuses to integrate over a space that has not been declared
measurable.

3. Unsolved goal. unsolved goals: + g << p — the theorem requires absolute continuity, but no proof or hypothesis supplies it.

LeanVerifier.classify_failure_kind maps these patterns (plus missing_import, renamed_identifier, timeout, and the killed class — SIGKILL-
style process death and out-of-memory kills, matched only after the timeout-specific patterns and kept distinct from the generic killed/OOM fallback) onto the
FailureKind enum carried inside every VerifyResult. These errors are not bugs in the pipeline; they are the compiler enforcing mathematical rigor.
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https://github.com/ActiveInferenceInstitute/fep_formal/blob/d5387742ebe7e1c6e4591e78d190479433e82897/src/fep_lean/verification/lean_verifier.py

5.17 Mathlib4 and Measure-Theoretic Probability
5.17.1 What Is Mathlib4? A Short Orientation

Mathlib4 [The mathlib Community, 2020] is Lean 4’s community mathematical library. This project treats the pinned source as the authority on available
definitions and theorem signatures. Lean leanprover/lean4:v4.34.1 and Mathlib v4.34.1 are fixed by the Lake workspace so a later upstream addition
cannot be cited as though it existed at the publication pin.

5.17.2 Core Measure Theory and Stochastic Foundations

The relevant substrate includes measurable spaces, extended-nonnegative-real-valued measures, probability-measure type classes, Radon—Nikodym derivatives,
kernels, integrals, and information-theoretic KL divergence. Preconditions are part of theorem types: finiteness, sigma-finiteness, measurability, and Markov-
kernel instances cannot be elided by prose.

At the pin, KL divergence is the native InformationTheory.klDiv : Measure o — Measure a — R>=000. The extended codomain preserves infinite
divergence. A conversion through . toReal would map infinity to zero unless finiteness is separately established, so the strengthened catalogue statements stay
in R>=000.

5.17.3 Key Mathlib4 Lemmas Referenced by the Catalogue

The generated coverage report derives the exact import surface. Representative direct dependencies include measure monotonicity and subadditivity, probability
mass of the universe, finite-sum order laws, real log/exp facts, metric inequalities, matrix transpose laws, and the following KL declarations:

e InformationTheory.klDiv_self;
e InformationTheory.klDiv_eq_zero_iff for finite measures;
e InformationTheory.klDiv_compProd_eqg_add for finite measures and Markov kernels.

The catalogue wraps these declarations in topic-local theorems rather than copying their proofs.

The project-local finite information layer goes further at its explicitly finite, full-support scope. It proves conditional entropy and conditional KL definitions,
a joint/channel KL chain rule, the resulting prior-marginal KL. bound, independent-product additivity, and the entropy identity and cardinality bound for
mutual information. These are finite-sum theorems over the shared generative carrier; they are not presented as generic measure-theoretic data-processing or
disintegration results.

5.17.4 Coverage Map and Dependency Graph

docs/formalism-coverage.md reports the area/disposition matrix, per-topic theorem and definition counts, exact imports, and open semantic obligations.
Shared imports are library-incidence edges, not proof dependencies among the independently namespaced topics.

5.17.4.1 Coverage by FEP Area FEP and Bayesian rows use the measure/probability stack; Active Inference relies heavily on finite sums and order;
Information Geometry combines native KL with elementary inner-product and metric facts; Thermodynamics uses real log/exp and ordered algebra. The
semantic audit shows where those library facts remain only substrates for the advertised domain concept.

5.17.4.2 FEP and Active Inference (41 + 37 topics across areas) Finite-policy existence, nonnegative aggregation, and basic probability normalization are
well supported. The maintained finite carrier now supplies a common probabilistic model, mutual-information epistemic value, both central expected-free-energy
decompositions, and support-explicit nonnegativity. The remaining scope boundary is equivalence to alternative measure-valued or generalized-coordinate EFE
formulations, not absence of a shared finite model.

5.17.4.3 Geometry, Mechanics, and Thermodynamics (21 + 41 + 28 topics) Native KL and posterior laws are direct, and the Bernoulli family has an
exact Fisher metric, natural gradient, Fisher—Rao distance, and Hellinger divergence. Finite categorical score geometry supplies tangent positivity, full-rank
and null witnesses, pullback, scalar Cramér—Rao, chart-equivariant natural gradients, mirror descent, Bregman projection, and replicator equivalence. The
later scalar exponential family adds full-support normalization, log-partition derivatives, Fisher—variance equality, KL-Bregman duality, and interval-local
mean-coordinate injection. Finite NESS current, path-law fluctuation identities, Jarzynski normalization, reversible KL dissipation, and an exact two-state
continuous-time semigroup/master equation are direct at their stated finite scopes. The remaining frontier is general smooth-manifold structure, generic CTMC
and continuous stochastic path measures, and PDE-level stationarity.

5.17.5 The Import Pattern Strategy

Each canonical topic body declares the narrow Mathlib modules it uses. Narrow imports make missing APIs and accidental dependencies visible and keep
generated coverage meaningful. LeanVerifier passes a body with leading imports through as an independent source unit.

5.17.6 A Worked Example: KL Divergence and the ELBO

For a generative model and variational posterior, the familiar ELBO identity is:

ELBO(q) = logp(o) —KL(q| p(- | 0))- (19)

Equivalently,
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F(q) = —ELBO(q) = —logp(o) +KL(q | p(- | 0)). (20)

fep-002 formalizes the algebraic KL remainder in the native extended codomain: surprisal plus k'1Div is at least surprisal, and equality holds at the posterior under
SigmaFinite. That row does not derive p (o) or the posterior from a joint measure. fep-014 separately proves KL nonnegativity, self-zero, zero characterization,
and the composition-product chain rule. The maintained finite model closes the corresponding discrete bridge by constructing predicted evidence and a posterior
from normalized kernels, then proving VFE attainment and a support-qualified equality characterization. This layered design avoids pretending that a library
theorem alone supplies the generative-model interpretation or that the finite real-valued result automatically lifts to arbitrary measures.

5.17.7 Gap Analysis: What Mathlib4 Does Not Yet Provide

At this pin, Mathlib exposes generic measure-KL data processing under a Markov kernel as InformationTheory.klDiv_comp_right_le. That upstream
theorem is not part of fep-014’s maintained theorem surface, and fep-063 remains the project’s support-qualified, strictly positive finite-channel theorem over
totalized real KL rather than an unconditional bridge to native extended KL. The project does provide native measure-KL information gain; finite entropy, KL,
and mutual information; both EFE decompositions on a shared policy-conditioned carrier; a complete Bernoulli Fisher—Rao instance; arbitrary finite-dimensional
Fisher score geometry; a scalar exponential family; and a normalized finite blanket factorization whose weighted-Dirac embedding satisfies native CondIndepFun.
The remaining gaps are a general finite-to-measure conditional-information equivalence, smooth manifold and connection theory, generic blanket existence or
invariance, and It6/Langevin and Fokker—Planck developments beyond the exact Boolean continuous-time chain. The coverage audit distinguishes these project
obligations from confirmed upstream-library limitations.
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5.18 The sorry Mechanism and Formalization Maturity
5.18.1 What sorry Does

Lean’s sorry closes an arbitrary proof goal by introducing an admitted placeholder. The file may still compile, but Lean emits a warning and the declaration
depends on a generated axiom. Compilation with sorry is therefore not proof completion.

theorem expected_free_energy_decomposition (m : Policy) :
EFE m = risk m + ambiguity m := by
sorry

The project scans source text and compiler diagnostics because an exit code alone cannot distinguish a complete declaration from one accepted with sorry.

5.18.2 Three Maturity Levels

mathlib_status records syntactic/proof completion of a row, with values real, partial, or aspirational. All 168 shipped rows are tagged real; no shipped
canonical body contains sorry. This field is intentionally not the semantic maturity verdict.

A second axis, semantic_disposition, records whether the primary theorem directly captures its narrowed claim or is a proxy/gap. The current generated
counts include 149 formalized, 13 conditional_proxy, and 6 structural_proxy rows. A row can therefore be mathlib_status: real without being
semantically direct; the schema and firewall preserve that distinction rather than promoting it from compilation.

5.18.2.1 Level 1 — real (Kernel-Complete at the Stated Scope) A real body has no admitted proof and is accepted by the pinned Lean/Mathlib
environment. Illustrated on the primer’s union bound rather than on a catalogue row, so that the shape is visible in ten lines:

import Mathlib.MeasureTheory.Measure.MeasureSpace

namespace PrimerUnionBound
open MeasureTheory

theorem union_bound {a : Typex} [MeasurableSpace «]
(M : Measure a) (s t : Set a) :
M (sUt)sps+pt:=
measure_union_le s t
end PrimerUnionBound

This proves exactly the measure union bound. The topic title may motivate an FEP interpretation, but the kernel does not transfer that interpretation into the
theorem type. Semantic review must do that separately.

5.18.2.2 Level 2—partial (Typed Statement With Admitted Subgoals) A partial row would contain one or more localized sorry terms. Such a row
can be useful on a research branch because Lean checks the surrounding types, but it is excluded from the shipped catalogue and from claim-ready evidence.
The preferred publication behavior is either to prove the missing lemma or to narrow the statement to an honest complete theorem and record the remaining
gap in the semantic audit.

5.18.2.3 Level 3—aspirational (Target Signature Only) Anaspirational row documents a desired signature whose proof is not present. The project
keeps such targets in prose or coverage-roadmap fields rather than in the verified catalogue. This prevents a compilable file containing an admitted axiom from
resembling a completed result.

5.18.3 The Zero-sorry Policy

The canonical catalogue, generated aggregate, native receipt, and publication variables all enforce zero sorry. A native receipt is claim-ready only when it
covers the exact ordered roster of 168 topics and independently reports zero warnings and zero admitted bodies. A filtered or stale receipt cannot satisfy the
full-catalogue predicate.

Zero sorry is necessary but not sufficient. The semantic audit additionally checks the exact primary theorem, assumption quality, non-vacuity rationale, and
acceptance probe. This blocks the common failure mode of replacing a difficult domain theorem with an easy tautology while retaining the stronger title.

5.18.4 The Compilation Gate: How Zero-Sorry Is Enforced
The enforcement layers are complementary:

1. FEPTopicCatalogue rejects malformed or incomplete generated rows and theorem/signature count drift.

2. LeanVerifier detects non-comment sorry, invokes the real pinned compiler, and retains warnings/errors in a structured result.

3. uv rtun fep-lean verify --fail-on-warnings --receipt output/native-verification. json requires clean per-topic results and atomically
writes a source-digest-bound receipt.

4. lake build FepSketches checks the topic aggregate and manifested maintained formal modules together, exposing namespace collisions, broken
dependencies, and declaration warnings.

5. scripts/_maint_build_fep_all_lean.py --check and scripts/_maint_build_formal_modules.py --check reject projection drift without
rewriting tracked files.

6. The receipt validator recomputes roster, counts, digests, toolchain, and claim readiness instead of trusting stored booleans.
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7. The formalism declaration/axiom audit, semantic audit, and theorem-reference audit reject unresolved evidence names, sorryAx, missing primary dec-
larations, and stale manuscript theorem names.

These checks distinguish proof completeness, compiler cleanliness, source freshness, and semantic fidelity rather than collapsing them into one “green” status.

5.18.4.1 V real (What It Does and Does Not Mean) For a canonical row, real means:

« the statement and proof term are accepted at the pinned toolchain;
* the body contains no sorry;

¢ imported declarations resolve; and

« the generated source/signature projections agree.

It does not mean that the topic title is proved at its broadest reading, that assumptions hold in a biological system, or that the theorem is empirically adequate.
For example, fep-028 directly proves finite softmax normalization, while fep-005 proves only properties of a supplied finite label assignment. Both are kernel-
complete; their semantic reach differs.

Formalization status distribution

real

Figure 2: Syntactic proof-status distribution across the 168 catalogue rows. This figure reports mathlib_status, not semantic disposition; the separate coverage
report supplies the semantic matrix.

The tally in fig. 2 is the machine-checked artifact of the compilation gate in sec. 5.18.4; the worked example below shows what moving one row across it involves.

5.18.5 Migration From partial to real: A Worked Example

The important migration is not merely “make the compiler green.” fep-014 previously used generic measure-set inequalities as a proxy for KL behavior.
Inspection of the pinned Mathlib source showed that native InformationTheory.k1lDiv, self-zero, finite-measure zero characterization, and the composition-
product chain rule were already available. The row was replaced with direct wrappers of those declarations and its semantic disposition was upgraded only after
the theorem type, assumptions, and non-vacuity were reviewed.

The workflow for such a migration is:

uv run python scripts/_maint_build_topics_catalogue.py
uv run python scripts/_maint_build_fep_all_lean.py

uv run fep-lean verify --topic fep-014 --fail-on-warnings
uv Tun python scripts/theorem_maturity_audit.py

uv run python scripts/build_formalism_coverage.py

This sequence updates the authoring graph, proves the focused row, and refreshes the semantic projection. A full receipt is generated only after the entire
catalogue passes.
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5.18.6 Maturity by FEP Area

Per-area mathlib_status is uniform in this release and therefore not very informative. The generated area-by-semantic_disposition matrix in docs/form
alism-coverage.md is the meaningful comparison: it distinguishes 149 direct rows from 13 conditional and 6 structural proxies. The fep-036 topic adds a finite
binomial PMF, an outcome-indexed Laplace estimator, exact shrinkage, and deterministic consistency transfer. The statistical-convergence module discharges
its asymptotic premise, the learning family separately proves finite concentration and model-evidence laws, and fep-121—fep-127 add finite-law Laplace
squared/Brier-risk and bad-event transfer. These results still do not supply posterior contraction, minimax or empirical calibration, or a marginal-likelihood
optimum for the estimator.

5.18.7 Why Aspirational Proofs Are Rejected

Shipping admitted targets would blur three distinct activities: specifying a desirable theorem, proving it, and showing it represents the scientific claim. The
project instead keeps the executable corpus axiom-free with respect to sorry, records stronger targets as explicit gaps, and permits narrow complete proxies
only when their reduced scope is visible in the catalogue and manuscript. This produces fewer headline theorems, but a much clearer evidentiary boundary.
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5.19 The Hermes AI Agent and LLLM-Assisted Formalization
5.19.1 Architecture Overview

fep_lean.llm.hermes.HermesExplainer reviews a curated TopicEntry. It does not own the catalogue, overwrite a canonical topic body, or establish a
theorem merely by returning text. Family modules under src/fep_lean/catalogue/bodies/ own those bodies and registry.py validates their ordered
union; config/topics.yaml is the generated projection. A live model response becomes relevant only after its extracted Lean block is compiled and its
complete run bundle passes independent receipt validation.

The client uses standard-library HTTP against an OpenAl-compatible endpoint. Configuration is resolved from explicit environment values, project settings,
and built-in defaults. The exact configured model and fallback roster are operational facts in config/settings.yaml and the validated run manifest; copying
them into the paper would create a second, rapidly stale owner.

5.19.2 Gauss Session Protocol
For each selected topic, GaussRunner performs the following state transition:

. create an SQLite session containing the topic id, area, workflow, and canonical body;
. retrieve an unexpired, toolchain-salted Hermes cache entry or make a live request;

. persist the system, user, assistant, and optional reasoning turns;

. reject an unsuccessful response or one without an extracted Lean block;

. compile the refined block with LeanVerifier;

. persist a structured artifact containing Hermes and compiler fields; and

. close the session with an explicit success or failure status.

NN R WD =

An exception cannot silently leave a successful session: the runner closes an active session with the exception information. Cache writes require both model
success and a nonempty extracted sketch, preventing a truncated response from poisoning later runs. Cache keys include the topic body, workflow stage, model,
exact rendered-message digest, and Lean/Mathlib salt, so a prompt change cannot inherit an older response accidentally. Persisted request/response turns use
contiguous indices and retain the exact prompt that generated the cached or live result.

_no—»  closed failed session

Hermes request or valid
canonical TopicEntry »  SOLite session N L + nonempty Lean block? no—»  not manuscript evidence
cache
yes——  lake enviean »  structured artfact » full receipt valid?

yes—s  full-un claims eligible

Figure 3: The Hermes topic run: a canonical topic entry reaches a Lean block only through a session and a compiler, and reaches a manuscript claim only
through a valid full receipt. Each diamond is a rejection point, not a retry.

5.19.3 FEP-Domain System Prompt

The system prompt asks for a short mathematical explanation and one refined Lean block. Its load-bearing constraints are concrete: copy the original imports,
preserve the FEPNNN namespace, retain explicit tactic hint lists, and never introduce sorry into a source that was already sorry-free. Workflow preambles may
request draft, prove, review, or verify behavior, but they do not weaken the compiler or receipt gates.

Prompt constraints reduce predictable damage; they do not certify semantic fidelity. A model may preserve a compiling theorem while changing its meaning,
or provide persuasive commentary for a weak proxy. In the two-pass review workflow, the initial candidate must compile cleanly with no warnings or sorry
before the prose-only review is requested; a review that returns a replacement Lean block is rejected rather than silently changing the compiled candidate. The
canonical theorem remains researcher-maintained, and the semantic audit remains independent of both model confidence and compiler success.

5.19.4 Hermes vs Native Lean: Compilation Diagnostics

Hermes success and Lean success are orthogonal. A well-formed explanation can accompany a non-compiling block; a compiling block can express a weak or
irrelevant theorem. Accordingly, the report schema records the model response, direct refined-sketch outcome, final compiler fields, and semantic disposition
separately. No aggregate rate is inferred from a catalogue-only run.

5.19.5 Compiler Output and the VerifyResult Dataclass

LeanVerifier.verify_sketch returns astructured VerifyResult: compiles, has_sorry, warnings, errors, stdout/stderr, duration, Lean version, skip reason,
and an advisory failure class. Its status projection distinguishes compiles_clean, compiles_with_sorry, compile_error, and skipped (...). The failure
classifier helps triage missing imports, renamed identifiers, tactic failures, arity/type mismatches, and timeouts, but it is not proof evidence itself.

The full workflow does not treat the canonical body as a hidden success fallback after Hermes failure. If Hermes is disabled, lacks credentials, returns no usable
candidate, or exhausts its model attempts, the topic fails full mode. Native verification of the canonical catalogue is available as a separate fep-lean verify
contract.

5.19.6 Token Usage and Cost Profile

Token, model, cache, retry, and latency fields are populated only from an independently validated full report. At render time the current full-claim predicate is
false. If it is false, model totals and timings are unavailable rather than borrowed from an old or catalogue-only directory. This policy is important because
provider latency, context accounting, and model availability are mutable external conditions.
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For a claim-ready run, summary. json remains the primary quantitative record: it contains per-topic model identity, token count, duration, cache status, same-
model retries, and chain-advance reason. The manuscript may summarize those values but never substitutes configuration defaults for observations.
5.19.7 Model Fallback Chain and Degradation

HermesExplainer builds an ordered chain from the configured primary and deduplicated configured/built-in fallbacks. A configurable cap can bound attempted
models. A successful response records the model actually used; failure records the last error rather than inventing content.

The client validates obvious key/endpoint mismatches and uses a bounded preflight probe. A fatal authentication/client error may disable Hermes for the
remainder of a run. Transport failures and rate limits are bounded rather than retried indefinitely. These are availability mechanisms, not mechanisms for
choosing the mathematically best answer.

5.19.8 Three Classes of Fallback

The implementation distinguishes mechanisms that are often conflated in LLM reports:

Table 10: The three classes of pipeline fallback, the field each records, and how each may and may not be read as evidence.

Mechanism Trigger What changes Recorded field Evidentiary interpretation
Same-model retry HTTP 429 or a transient network attempt only network_retries, bounded availability
transport failure aggregated as recovery on the same model
network_retry_count
Cross-model advance empty content, wall-clock provider model chain_advance_reason, the configured primary did
timeout, non-retriable HTTP model_used, aggregated as not supply the accepted
failure, transport failure, or model_fallback_count response
parse failure and
chain_advance_reasons
Hermes-refined Lean the returned refinement is no provider retry; this occurs ~ hermes_lean_compiles_ a failed refinement remains a
outcome compiled with lake env after the LLM stage count topic failure; no baseline
lean body is substituted
Native canonical verification  the curated catalogue is execution mode source-bound native receipt separate non-LLM evidence
compiled independently of contract
Hermes

HermesResult carries the per-call retry count and labeled chain-advance cause, and TopicRunResult.as_dict() propagates them into summary. json. The
manuscript renderer aggregates only a claim-ready full report. Native verification is deliberately not counted as Hermes success; keeping the two planes separate
prevents a curated canonical body from masking a failed live model experiment.
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5.20 Native Lean 4 Compilation and Execution-Integrity Verification

Native verification is a compiler operation, not a catalogue property. The rendered evidence kind is native-lean; claim readiness is true; the full-catalogue
rate is 168/168 (100.0%), with O warnings and 0 admitted proofs in the selected receipt. If no matching receipt exists, these fields render as unavailable rather
than borrowing a complete flag from catalogue mode.

5.20.1 Why Simulated Compilation Fails

A generated success value cannot establish that imports resolve, types unify, tactics close their goals, or the pinned Mathlib API contains a cited declaration.
The package therefore sends the exact canonical topic body to the pinned Lean binary and records compiler output. Tests may isolate subprocess behavior, but
publication evidence must come from an actual native receipt.

5.20.2 The lean_verifier.py Architecture

The compiler bridge lives in fep_lean.verification.lean_verifier. Its public contract is intentionally small: isolate a sketch, invoke Lean through Lake,
and return a structured VerifyResult. The source remains authoritative for implementation details.

5.20.2.1 Stage 1: Sketch Isolation and Temporary File Construction Each topic is written to its own temporary file inside the Lake workspace. Isolation
prevents declarations from one topic satisfying another topic accidentally and permits the temporary source to be removed after the result is captured.

5.20.2.2 Stage 2: Native Shell Invocation The verifier invokes the pinned workspace through:
lake env lean FepSketches/<temporary-file>.lean

Executable discovery respects explicit overrides and the toolchain named by lean/lean-toolchain; it does not silently download dependencies. Acquisition
belongs to the explicit setup command.

5.20.2.3 Stage 3: Output Parsing and VerifyResult VerifyResult separates process success, sorry detection, compiler warnings, compiler errors,
elapsed time, and an advisory failure category. Native claim readiness is stricter than process exit zero: every requested row must compile, no source may
contain sorry, and warnings must be absent.

Table 11: The dimensions VerifyResult keeps separate, and why none of them is collapsed into process exit status.

Result dimension Why it remains separate

compiles Lean accepted elaboration and checking

has_sorry The source admitted an unproved goal

warnings Lean accepted the file but reported a quality or migration issue
semantic disposition Human-reviewed relationship between theorem and topic claim

5.20.3 Aggressive Mathlib4 Caching

The local . lake tree is an untracked build cache. Verification refuses a visibly incomplete Mathlib workspace and instructs the operator to run the explicit setup
path. The cache changes latency, not theorem meaning, and it is never publication evidence.

5.20.4 Measured Compilation Headline

The only headline used here is receipt-derived: 168/168 (100.0%) for receipt native-3d5aébclabch. Its 168 results contain 168 compiler successes, 0
failures, O warnings, and O uses of sorry in O topics. mathlib_status: real is not substituted for any of these numbers.

5.20.5 Preflight: LeanVerifier.check_mathlib_built()

Preflight checks that the pinned Lake workspace and required Mathlib object files exist before a batch begins. It is intentionally read-only. A failed preflight
stops verification rather than producing one misleading import failure per topic.

5.20.6 Verbose Mode: FEP_LEAN_VERIFY_VERBOSE=1

Verbose mode increases diagnostic logging for local reproduction. The stable automation surface is the CLI JSON and optional native receipt; prose should not
depend on incidental log formatting.

5.20.7 Sequential Batching: verify_batch(max_workers=1)

The shared Lake workspace is verified sequentially. This favors reproducibility over throughput because concurrent compiler processes can contend over the
same build tree. Parallelism would require isolated workspaces and a separate evidence review.

5.20.8 Cache Timing: Cold vs Warm vs Cached

Compiler timing depends on hardware and cache state. This manuscript reports only the elapsed values present in the selected receipt: 385.831 seconds total
and 2.297 seconds per result. It does not promote local cold/warm observations into general performance claims.
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5.20.9 The Execution-Integrity Standard Applied
Execution integrity means that evidence is collected at the boundary where the claim is decided:

¢ Lean claims come from the Lean process and source scan;

* source identity comes from content digests;

e full-run claims come from reconciled and hashed report artifacts;
* semantic adequacy comes from maintained review records;

* manuscript values come from validated projections.

No one boundary can certify another.

5.20.10 Methodological Assumptions and Limits

Lean checks derivability in the imported formal system. It does not choose the uniquely correct formalization of an informal FEP statement, validate an empirical
model, establish physical realizability, or infer composition merely because separately namespaced bodies share imports. Composition is established only where
the maintained foundations or named leaf-composition witnesses state it explicitly; every other bridge remains a semantic or scientific obligation.

5.20.10.1 Formal Definition of Execution Integrity A native claim is accepted exactly when a schema-valid receipt identifies the canonical ordered roster,
reconciles every result row, reports complete warning-free and sorry-free compilation, and matches the current catalogue, family-body source manifest, Lean
toolchain, and Mathlib pin. A full claim additionally requires a valid full-mode report with artifact hashes and current source/configuration digests.

5.20.10.2 Per-Stage Success Criteria

Table 12: Per-stage acceptance criteria of the compilation pipeline, and what a failure at each boundary does and does not mean.

Boundary Acceptance criterion Failure meaning
Catalogue generation Typed sources join and generated projections are Authoring or drift error
current
Native Lean Selected compiler results satisfy the native receipt ~ Formal compilation evidence unavailable
Full pipeline Required capabilities and every selected full-mode  No Hermes/OpenGauss publication claim
row succeed
Manuscript rendering Every placeholder and theorem identifier resolves ~ Publication build blocked

5.20.10.3 Three Levels of Truth The project keeps three claims ordered but non-interchangeable:

1. Syntactic and kernel evidence: the stated Lean proposition compiles without warnings or admissions.
2. Semantic adequacy: the proposition matches the reviewed topic claim under explicit assumptions and has a non-vacuity argument where needed.
3. Scientific adequacy: the formal object captures the intended empirical or physical system.

The current work directly automates the first, maintains an explicit audit of the second, and does not claim the third.
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5.21 Pipeline Architecture and Execution Profile
5.21.1 The Central Execution and Orchestration DAG
The architecture is organized around evidence boundaries rather than one undifferentiated success flag:

maintained metadata + semantic review + Lean bodies

v
generated catalogue/package data

v v
native Lean receipt optional full run
| I
o ———— o ————— +
v

checked manuscript build

Catalogue generation is offline. Native verification requires the pinned Lean workspace. Full mode additionally requires the declared Hermes and OpenGauss
capabilities. Manuscript rendering consumes validated evidence but cannot create it.

5.21.2 Expression Lifecycle: YAML — Manuscript — Lake
The direction of ownership is fixed:

1. config/catalogue_metadata.yaml, config/theorem_maturity.yaml, config/formalism_novelty.yaml, and the family-owned fep_lean.cat
alogue.bodies modules are maintained inputs.

2. The catalogue generator joins metadata, semantic review, and bodies strictly by stable topic ID, validates every required novelty bridge against the
maintained composition leaves, and writes checkout and wheel data from identical bytes.

3. Native verification reads the generated catalogue, invokes Lean, and may write a digest-bound receipt.

4. Manuscript variables are projected from the catalogue plus validated receipts.

5. The renderer validates all placeholders before writing numbered chapters to a separate build directory.

Generated YAML, aggregate Lean, coverage reports, manuscript variables, and appendices are projections; hand edits to them are not a valid repair.

5.21.3 Sequence Diagram: Single Topic Execution

For native verification, one selected topic follows catalogue load — isolated temporary source — lake env lean — structured result. In full mode, Hermes
may propose or explain a sketch before native checking, but the kernel outcome remains decisive. A failed or unavailable provider cannot be converted into a
native or full success through baseline substitution.

5.21.4 Persistent State: Dual-Mode Storage

Offline catalogue mode needs no external state. Native receipts are standalone JSON artifacts. Full mode may persist session and model interaction state through
OpenGauss-compatible SQLite storage, while its publication contract is the independently validated report directory. The distinction lets readers verify compiler
evidence without trusting a database or provider.

5.21.4.1 Per-topic audit trail Canonical topic content lives in the generated package catalogue; semantic review lives in the maintained maturity source.
Native receipt rows add compiler status, warnings, admissions, elapsed time, and toolchain identity. Full report rows add provider and orchestration provenance.
The layers are linked by topic ID and digests, not by copied prose.

5.21.4.2 Run-level artifacts The report validator, rather than this manuscript, owns the exact artifact roster. It rejects missing required files, unsafe paths,
hash mismatches, disagreement among summary/run/verification manifests, incomplete topic rosters, and drift from the live source tree.

5.21.5 SQLite Storage Boundaries

The optional persistence layer separates sessions, dialogue turns, artifacts, logs, and cached provider responses. This separation exists so a compiler result is not
reconstructed from an LLM transcript and a cached provider response is not mistaken for a fresh run. The schema in fep_lean.gauss.client is canonical;
duplicating its columns here would invite drift.

5.21.6 Environment Variable Reference

Environment variables configure credentials, provider budgets, timeouts, and storage locations. The supported names and defaults belong to the configuration
and CLI documentation. Two principles matter for reproducibility:

¢ credentials enable full mode but do not alter native theorem truth;
 changing a timeout or model invalidates any claim that a previous full receipt describes the new configuration.

The package now uses the unambiguous fep_lean namespace, so correctness no longer depends on placing collision-prone top-level modules such as catalogue,
pipeline, or output first on PYTHONPATH.
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5.21.7 Representative Run Statistics

No unvalidated run is called representative. The renderer reports native evidence native-lean with 168/168 compiler successes, O warnings, and 0 admissions.
It reports full readiness as false; Hermes fields remain unavailable unless that predicate is true.

5.21.8 Execution Metrics: Representative Run

For receipt native-3d5a6bcla6c5, recorded native compiler time is 385.831 seconds in total and 2.297 seconds per result. Provider latency, if present in a
claim-ready full receipt, is reported independently. These observations are machine-specific and are not extrapolated into general performance bounds.

5.21.9 Reproducibility Checklist
From the project root:

. synchronize the locked Python environment with uv sync --locked --extra dev, whose test extras step 5 needs;

. explicitly prepare the pinned Lean workspace with uv run fep-lean setup when its cache is absent;

. regenerate and drift-check catalogue, aggregate Lean, semantic audit, and coverage projections;

run uv run fep-lean verify --fail-on-warnings --receipt output/native-verification. json for native evidence;
. generate manuscript variables, run the placeholder and theorem-reference audits, and render to output /manuscript/;

. run full mode only when its external capabilities and credentials are intentionally supplied, then validate its report before citing it.

<RV I N SR

Hermes wording may vary. A fixed Lean source under the pinned toolchain is reproducible; a native receipt additionally binds that result to the current catalogue
bytes.

A8



6 Formalisms, Model Specifications, and Results

The core artifact is a generated catalogue of 168 topic-scoped Lean bodies plus semantic review metadata, accompanied by reusable maintained foundations.
Canonical topic bodies live in the family modules under fep_lean.catalogue.bodies; generated YAML and the unified appendix are projections. Native
evidence is native-lean with rate 168/168 (100.0%). This section discusses mathematical scope; it does not infer full-pipeline evidence from catalogue
generation.

6.1 Foundational Dynamics: Free Energy Principle (41 topics)

A common variational identity writes free energy as surprisal plus a KL remainder:

Flq] = —logp(o) +KL[g| p(- | 0)]. (1)

The catalogue now represents the nonnegative-extended-real core of this identity directly. fep002_variationalFreeEnergy defines surprisal plus Inform
ationTheory.klDiv; fep@02_vfe_ge_surprisal proves the upper bound; and fep002_vfe_exact_at_posterior uses Mathlib’s self-divergence theorem
under SigmaFinite. This is a meaningful strengthening over a theorem that merely assumed an unnamed nonnegative scalar remainder.

The topic result is deliberately narrower than the displayed FEP equation: it does not construct the observation marginal, conditional posterior, or real logarithmic
evidence term from a joint generative model. The maintained finite kernel supplies exactly that discrete construction on normalized finite laws, proves Bayes
reconstruction, and shows that posterior-form VFE bounds outcome surprisal, with exact-posterior attainment and support-qualified uniqueness. A bridge from
this finite real carrier to the topic row’s general measure-valued ENNReal statement remains intentionally explicit rather than being inferred from matching
notation.

6.1.1 Core Mathematical Formalisms and Theoretical Definitions

The FEP-area rows provide heterogeneous substrates: measure operations and measurability, strict concavity of the logarithm, finite sums, quadratic bounds,
minima, conjugate updates, contraction fixed-point theory, and finite-law risk transfer for the outcome-indexed Laplace estimator. They should not be read as
one already-composed proof. The generated coverage report gives the exact primary theorem, disposition, assumptions, and imports for each row; the appendix
gives the statements and proofs.

The familiar Jensen route to an ELBO remains useful context:

logp(o) =logE [pé(();)s )] = Eao) [log P((;();;)

No catalogue theorem currently proves this whole chain with its integrability and almost-everywhere conditions. fep-035 now imports Mathlib’s strict-concavity
result for Real. log and proves the exact two-point strict Jensen inequality for distinct positive inputs and positive weights summing to one. That theorem is
a genuine finite convexity fact, but it is not the expectation-level Jensen step above. fep-002 supplies a native KL remainder identity at a narrower abstraction
boundary.

} = —Flg]. (22)

Likewise, the elementary quadratic update used as a local descent model is:

22 = (1—n)%2k <2 when |1 —n| < 1. (23)

fep-032 now proves more than the one-step inequality: for the centered scalar quadratic it derives the exact n-step displacement (1 — 1)"(x, — x*), proves
energy descent for 0 < 1 < 2, and proves convergence to the center for 0 < 1 < 2. FEPComposed.fep032_update_is_fep043_gradientStep identifies
that update with a gradient step on fep-043’s positive-curvature quadratic, whose unique minimizer, critical-point equivalence, and Hessian are independently
checked. fep-048 supplies the complementary general Banach-style contract and a concrete halving witness. None of these results establishes convergence for
an arbitrary variational objective.

Cross-topic composition is now an explicit proof surface. FEPComposed. fep002_vfe_compProd_chain_rule expands fep-002 variational free energy through
fep-014’s native KL chain rule; FEPComposed.fep024_regularizer_is_fep014_k1 pins the regularizer convention to the same divergence; and the quadratic
theorem above connects landscape, gradient, iteration, and convergence without copied definitions. These are among 20 declaration-backed seams. The finite
foundation additionally supplies a generative-model-to-evidence theorem on one discrete real-valued carrier; the stronger open target is a measure-valued bridge
for the full displayed FEP equation, not the absence of any constructed model.

The fep-121-fep-127 family closes a different finite boundary. On the same add-one estimator introduced by fep-036, it proves the exact error and bias
decompositions, absolute- and squared-error transfer, a normalized finite-law risk bound, the Bernoulli Brier excess-risk identity, a Laplace Brier-risk bound,
and bad-event containment. A nonzero-bias boundary and a nondegenerate sampling law keep those implications from being vacuous. These are finite sampling-
risk theorems, not posterior contraction, minimax optimality, empirical calibration, or marginal-likelihood optimization; the exact declarations and hypotheses
are tabulated in sec. 8.2.

The FEP rows therefore establish exact local facts, not the Free Energy Principle as a theorem of self-organization. Their scientific value lies in exposing which
bridges—generative model to posterior, posterior to KL objective, objective to dynamics, dynamics to steady state, and finite risk to asymptotic or empirical
guarantees—still require formal statements.
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6.2 Intermediate Dynamics: Active Inference (37 topics)

Transitioning into temporally extended behavior, Active Inference [Friston et al., 2017, 2016] introduces action policies and predicted consequences, including
motor-control accounts in which prediction errors drive action [Adams et al., 2013]. A common discrete formulation has an inner inference problem for
variational free energy and an outer policy problem for expected free energy [Da Costa et al., 2023]. The 37 catalogue rows map finite-sum, update, policy-
selection, controlled-kernel, finite-belief, policy-tree, collective, and consensus substrates for that formulation. The maintained kernel composes the central
objects in one GenerativeModel: policy-conditioned prediction, evidence and posterior, posterior-form VFE, one-stage and cumulative EFE, prior-weighted
policy selection, action pushforward, and open-loop rollout. Separate foundations add normalized controlled kernels, positive-evidence belief updates, reachable
finite-belief reduction, soft Bellman and desirability recursions, a prior-weighted control posterior, arbitrary finite-depth observation-contingent policy trees with
optimality and open-loop dominance, a strict feedback witness, and product-agent and consensus laws. The H1 terminal composition now connects a deliberately
selected finite synthetic model from posterior learning through one posterior-dependent decision to one emitted action and its exact transition. That certificate
is not a refinement proof for executable code, an infinite-horizon or continuous-belief theorem, a posterior over policy trees, or a theorem for arbitrary agents
or multiagent networks.

6.2.1 Generative Model, Variational Inference, and Policy Evaluation

Active Inference begins with the same generative model that underwrites the static FEP, but partitioned into observation and latent components with an explicit
decomposition into likelihood and prior:

p(o,8) = plo]s)p(s), (24)

and extended to sequences (0q,7, S1.7) under a (possibly time-varying) transition kernel p(s,; | s;,a,) with action a,. Writing out the full sequential
generative model,

T -1
plorr, s1p | agr-1) = p(sy) HP(Ot | 51) HP(5t+1 | s¢,a,), (25)
=1 =1

makes the factor graph structure of the problem explicit. Inference is often performed by local message passing. fep-007 proves positivity and exact normalization
of one finite local sum-product message; fep-047 packages a full finite forward pass as Matrix.mulVec and proves exact two-pass composition; fep-017 supplies
Mathlib’s posterior kernel and joint-reconstruction law; and fep-034 composes transition and observation kernels into a normalized filter. These results still do
not define graph topology or a loopy update schedule, so tree exactness and iterative convergence are not inferred.

The agent’s variational posterior ¢(s) approximates the true posterior p(s | 0) by minimizing the standard variational free energy (eq. 21); under mean-field
or structured factorizations this motivates message-passing updates. The catalogue distinguishes three exact layers: finite normalized local messages (fep-007),
algebraically compositional finite propagation (fep-047), and measure-valued Bayesian posterior/filter kernels (fep-017/fep-034). FEPComposed. fep034_fil-.
ter_is_fep017_posterior proves that the filter is precisely the native posterior at the transition-predicted prior. The finite kernel adds a policy-conditioned
normalized state—outcome joint and exact posterior reconstruction. What remains absent is a typed factor-graph topology with loopy-message schedules and a
theorem equating those schedules to the kernel posterior, not a shared finite generative model itself.

6.2.2 Expected Free Energy and Policy Selection

Many discrete Active-Inference formulations evaluate candidate policies with an expected free energy G(7) over predicted states and outcomes. Because
several inequivalent conventions appear in the literature [Millidge et al., 2021, Champion et al., 2026], we fix the convention used by the maintained finite
kernel. Let ¢, (s) be the predicted state law, £(o | s) a normalized likelihood, ¢ (s,0) = ¢, (s)¢(o | s) the predictive joint, g, (s | o) its positive-evidence
posterior, and p(0) a positive preferred-outcome law. Then

G(m) = By (5,0)[l0gq,(s) —logg,(s | 0) —logpc(0)]. (26)

The first two logarithms have expectation — I @ (S; O), while the last contributes preference cross-entropy. Thus eq. 26 is exactly the pragmatic-minus-epistemic
convention formalized by the finite carrier. For a horizon, a common stage-additive extension is

Grr(m) = > G.(m), 27)

=1

where each GG is evaluated after replacing the model’s initial law by the state prediction from the preceding stage. cumulativeExpectedFreeEnergyFrom
implements this recursion. Lean proves exact decomposition at every prefix—suffix boundary and nonnegativity under a recursive stagewise full-support contract.
That carrier remains open loop. fep-071 uses a separate finite belief/action/observation carrier to reoptimize after each observation-dependent update and
proves a two-stage Boolean case where feedback strictly beats every fixed open-loop second action. The fep-128—fep-134 family then defines observation-
indexed policy trees at every finite depth, proves recursive Bellman minimization and optimal-tree existence, embeds open-loop plans, proves weak closed-loop
dominance, transports the risk—-ambiguity EFE identity under full support, and supplies a strict Boolean feedback witness [Friston et al., 2020].

The terminal theorem FEPComposed.FiniteReferenceAgent.finiteReferenceAgent_terminal closes one narrower shared-carrier chain. In its selected
Boolean sampling model, two true observations yield the exact learned posterior masses 1/10 on false and 9/10 on true; one further true observation
performs one exact Bayes update, which is lifted to the sixteen-state Boolean internal-sensory—active—external carrier. With false-positive report loss four times
false-negative loss, the posterior-dependent continuation selects the true report and strictly improves on either fixed second-stage report. The action interface
then identifies that emitted true action with the generative transition and with the true slice of the action-indexed semigroup, namely the selected positive-time
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refresh kernel. This is an attained one-step posterior—decision—action certificate. The decision objective is posterior report risk, not EFE, and the policy-tree
carrier has no transition field; the result therefore does not prove transition-aware planning, EFE-optimal control, reward—EFE equivalence, or optimization for
future kernel consequences.

6.2.2.1 Risk-Ambiguity Decomposition Using ¢, (s,0) = ¢,.(s)f(o | s), the entropy identity I(S;0) = H(O) — H(O | S), and the cross-entropy
identity CE(q,(0),pc) = H(q,(0)) + Dg1.(¢,(0)|pc) yields the risk-ambiguity decomposition:

G(m) = Dii(ax(0) [ pc(0)) + By (o [H(E( [ 5))]; (28)
preference risk ambiguity
where H[((- | 5)] = —>_ £(o] s)logl(o | s). Risk is a divergence between predicted and preferred outcomes, not merely expected preference surprise; the

latter is the pragmatic cross-entropy and differs from risk by the predicted-outcome entropy. Ambiguity is the expected entropy of the observation channel: a
high-ambiguity policy favors states whose likelihood is dispersed. In the finite kernel, both terms are nonnegative, so this decomposition also proves G(m) > 0
under the stated full-support contract.

6.2.2.2 Epistemic-Pragmatic Decomposition The defining rearrangement is the epistemic—pragmatic form:

G(m) = CE(q,(0),pc(0)) — 1, (S;0). (29)
pragmatic cost epistemic value

Here mutual information measures anticipated information gain about the hidden state, and cross-entropy measures expected negative log preference. Expanding
the two finite sums gives

= 4.(0)[~logpc(o qu 5,0) log—2n(5:0)_ (30)
5 ( )4 (0)
The maintained finite information layer defines the second sum as KL divergence from the joint to the product of its marginals. Under full support, Lean
proves that eq. 28 and eq. 29 agree exactly. Topic fep-021 remains a distinct ENNReal convention: pragmatic cost truncated-subtract epistemic value. It proves
G + IG = C under the visible premise IG < C, monotonicity in cost, antitonicity in information value, and the zero boundary; FEPComposed. fep021_i
nformationGain_balance instantiates its information input with fep-041’s native measure KL. The finite real-to-ENNReal bridge uses ENNReal.ofReal, so
negative real values would be truncated rather than silently identified.

6.2.2.3 Softmax Policy Selection with Precision Policies are then selected via a Boltzmann/softmax posterior over G:

po(m) exp(—y G(7))
> o) exp(—y G(n'))’

with prior policy law p, and precision 7y controlling the exploration—exploitation balance. Aty = 0, the posterior equals p, rather than being uniformly
distributed unless the prior is uniform. In a finite policy space, the large-precision limit concentrates on prior-supported EFE minimizers, with relative mass
among tied minimizers inherited from p,. The maintained kernel proves finite normalization for the one-stage EFE posterior, existence of MAP and EFE-
minimizing policies, antitone ordering by EFE for equal priors and nonnegative precision, and exact pushforward of policy mass to an action law. fep-070
separately normalizes a prior-weighted exponential action score for finite control. The later policy-tree family proves deterministic finite-tree optimality but
does not define a probability posterior over trees or infer precision.

q(m) = v >0, (€29)

Some Active-Inference models infer precision v rather than treating it as fixed. That hierarchical precision update is not present in fep-028. The row defines
a support-aware finite softmax for any real v, proves nonnegativity and a unit upper bound, proves exact zero outside the selected support, and proves that the
complete finite policy vector sums to one. FEPComposed.fep012_softmax_entropyRegularizedCost_1le then feeds this law into fep-012’s Shannon-entropy-
regularized objective. Neither theorem proves precision learning or the asymptotic temperature limits stated informally above.

6.2.2.4 Exploration Bonus and Information Gain eq. 32 motivates fep-041, which now defines information gain directly as Mathlib’s measure-valued
InformationTheory.k1lDiv:

IG(m) = Eyn[KL[q(s | 0,7)| q(s | 7)]] = I(s;0|m) > 0. (32)

fep-041 proves nonnegativity, finite-measure separation, and vanishing expected information gain when a posterior kernel equals the prior almost everywhere
under the predictive observation measure. The maintained finite carrier now builds the policy-conditioned predictive joint and defines epistemic value as its
mutual information. The remaining bridge is a theorem identifying that finite joint-KL definition with fep-041’s measure-valued posterior-averaged KL under
matched embeddings and support assumptions. Claims about epistemic foraging also require a behavioral or dynamical model beyond either information identity.
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6.2.2.5 Markov Decision Processes as a Special Case A common comparison recovers reward-like policy objectives from log prior preferences. If the
prior over preferred outcomes is written as

po]C) = {exp(r(o))/Z o€ g, (33)

0 0¢ G,

or more generally log p(o | C')) = r(0) — log Z, the pragmatic term resembles negative expected reward up to a constant. fep-033 now defines a deterministic
transition-aware finite-horizon value in ENNReal and proves its exact Bellman recursion, monotonicity in stage/terminal costs, and zero-cost and zero-discount
boundaries. This is a genuine dynamic-programming contract, but without a shared reward/preference transformation and stochastic policy model it still does
not prove that Active Inference contains finite-horizon MDPs.

6.2.3 Perception vs Action in the Catalogue

The rows used in this section can be grouped heuristically along a perception/action interface; fep-017 and fep-034 are Bayesian-Mechanics rows included here
as cross-area dependencies:

* Perception-side topics: fep-007 and fep-047 provide normalized local messages and compositional finite propagation; fep-017 and fep-034 provide
native posterior and transition—observation filter kernels.

* Action-side topics: fep-003 (discounted pragmatic cost), fep-008 (finite minimizer), fep-012/fep-028 (entropy-regularized and softmax policies), fep-
021 (explicit EFE convention), fep-023 (policy-indexed reachable laws), fep-033 (Bellman recursion), fep-041 (native KL information gain), fep-065-071
(controlled kernels, belief updates, soft control, and sophisticated EFE), and fep-128—134 (finite policy-tree recursion, optimality, open-loop embedding,
treewise EFE, and strict feedback).

¢ Collective topics: fep-107—113 cover independent product-agent laws, additive VFE/EFE, unit-weight product-of-experts pooling, consensus mass con-
servation and contraction, and coupled-potential descent under their explicit independence, overlap, and fixed-mixing premises.

¢ Optimization bridge: fep-032 and fep-043 prove exact quadratic gradient dynamics and criticality; fep-048 supplies a general contraction contract and
convergence witness.

6.2.3.1 Belief Propagation on Factor Graphs (fep-007) The sequential generative model of sec. 6.2.1 admits a canonical factor-graph representation:
variable nodes for each s, and o,, factor nodes for the prior p(s; ), each transition p(s,, | s;,a,), and each emission p(o, | s;). The sum—product (belief
propagation) algorithm computes the marginal ¢(s;) ~ p(s; | 01.7) by local message passing on this graph: forward messages o (s,) = > p(s; |

t
Sp1,0y_1) @y_1(8;_1) p(0s_1 | S;_1) and backward messages 3, (s;) combine into the posterior q(s;) o< ay(s;) 5;(s;). In the linear-Gaussian case this
reduces exactly to the Kalman filter/smoother.

fep-007 retains the local product/order lemmas and adds a support-aware normalized message. Strictly positive factors and incoming values over a nonempty
support give a positive normalizer, pointwise nonnegative output, and support mass exactly one. Exactness on a tree and convergence on a loopy graph still
require a formal graph and update schedule rather than follow from local normalization.

6.2.3.2 Categorical Belief Updates (fep-034) For discrete state and observation spaces, the single-step Bayesian update has the canonical form

as]0) x plo]s)a(s),  qls|o) = Pl (34)

Y plo]s)g(s)

where the denominator is the evidence. fep-034 now defines the transition-predicted prior as kernel-measure composition and applies Mathlib’s posterior
construction to the observation kernel. It proves predictive and posterior mass one, reconstruction of the transition-prediction/observation joint law, and recovery
of the predicted prior. The composition theorem identifies it definitionally with fep-017’s posterior at that predicted prior.

The normalization assumptions are carried by Mathlib’s finite/Markov-kernel typeclasses rather than by a manually divided finite vector. This supplies an exact
one-step Bayesian filter, not a numerical filtering algorithm or approximation theorem. The maintained finite kernel separately composes policy transitions
into an open-loop rollout, accumulates EFE against each successive predicted state law, and reconstructs a terminal posterior at positive evidence. The general
PolicyTree carrier remains separate and does not identify every intermediate tree belief with this native posterior kernel. H1 closes exactly one exception:
a finite belief index interprets its root as the selected two-observation posterior and proves that its single reachable successor commutes with one further
posteriorUpdate; later updates are deliberately outside that carrier.

6.2.4 Policies, Optimality, and Affordances

6.2.4.1 Affordances and Reachability (fep-023) The term affordance, borrowed from ecological psychology [Gibson, 1979], has a precise formal meaning
within Active Inference: the set of outcomes that an agent can render accessible through some choice of policy. Given a family of admissible policies II and a
predictive distribution (- | ) over outcomes for each 7 € 11, the affordance set is

Al q) = {o:3r €L, glo|m) >0} = | supp(g(- | 7). (35)
mell

fep-023 encodes reachability as the set of probability laws generated by an allowed finite policy set. It proves membership for an allowed policy, monotonicity
under policy-set inclusion, and transfer of probability normalization to every reachable law. It does not define outcome support, optimize over the reachable-law
set, or connect that set to fep-041’s policy-conditioned information gain, so curiosity and niche-construction interpretations remain outside the row.
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6.2.4.2 Optimal Policy Existence (fep-008) Policy selection reduces to minimization of G over the finite policy set. fep-008 certifies that such a minimizer
exists and that all minimizers share a common EFE value. Its fep008_exists_minG invokes Mathlib’s Finset.exists_min_image to obtain an explicit
minimizer 7 with G (71'*) <G (71) for every m € II; the row’s own second theorem, fep0@8_min_agrees_on_value, then shows that any two minimizers
7y, w5 satisfy G(n%) = G(w}), discharging that goal with Mathlib’s le_antisymm applied to the two minimality hypotheses. The discrete, finite setting
matches real Active-Inference implementations that enumerate a finite policy horizon; fep-008 is thus the small but essential existence theorem that downstream
results (commitment to a specific action, deterministic policy extraction, value iteration on the EFE lattice) rely upon.

6.2.4.3 Mathlib Footprint and Verification Status

Table 13: Active Inference topics: the Lean content each row actually states, its semantic disposition, the modules its Lean body imports (generated from the
body, Mathlib. omitted), and its sorry count.

Topic Actual Lean content Semantic disposition Modules imported (Mathlib. prefix omitted) sorry count
fep-003 Discounted ENNReal formalized Algebra.Order.BigOperators.Group.Finset, 0
pragmatic cost with Basic.ENNReal.Inv
exact horizon
increment
fep-007 Positive, formalized Algebra.BigOperators.Group.Finset.Basic, 0
support-normalized Algebra.BigOperators.Field,
finite sum-product Algebra.Order.BigOperators.Group.Finset,
message Basic.Real.Basic
fep-008 Finite nonempty-set formalized Data.Finset.Basic, Data.Finset.Max, 0
minimizer existence Basic.Real.Basic, Order.Bounds.Basic
and value agreement
fep-020 Normalized two-state ~ formalized Analysis.SpecificLimits.Normed, 0
transition, Algebra.BigOperators.Group.Finset.Basic,
stationarity, exact Data.Bool.Basic, Tactic
iterates, convergence
fep-021 Explicit ENNReal formalized Basic.ENNReal.Inv 0

EFE convention with
balance and order
laws
fep-023 Policy-indexed formalized MeasureTheory.Measure.Typeclasses.Probability 0
reachable probability
laws and
normalization
transfer
fep-028 Support-aware full formalized Data.Finset.Basic, Analysis.SpecialFunctions.Exp 0
finite softmax
probability law
fep-033 Deterministic formalized Basic.ENNReal.Inv 0
transition-aware
Bellman recursion

fep-034 Native normalized formalized Probability.Kernel.Posterior 0
transition—
observation posterior
filter

fep-041 Native measure-KL formalized InformationTheory.KullbackLeibler.Basic, 0
information gain and MeasureTheory.Integral.Lebesgue.Countable
zero-expectation law

fep-047 Matrix.mulVec formalized Data.Matrix.Mul, Basic.Real.Basic 0

sum-product
propagation with
exact composition

Representative formalization — Expected Free Energy (fep-003, eq. 14): On the maintained finite policy-conditioned carrier, EFE decomposes into pragmatic
cost minus epistemic value:

G(ﬂ-) = CHQW(O)apC(O)) _Iqﬂ_ (S* O) . (36)
— IR
pragmatic cost epistemic value

The production fep-003 sketch defines finite-horizon discounted pragmatic cost directly in ENNReal, proves its exact successor-horizon increment, and establishes
monotonicity in both stage costs and horizon. fep-021 then combines that cost with an epistemic value under the package’s explicit sign convention, and the
composed theorem checks the balance. Those topic rows do not derive the probabilistic expression eq. 36; the maintained finite carrier does so separately for a
real-valued one-step policy-conditioned joint under full support. See sec. 6.10.3, sec. 16.3 in Appendix B, and sec. 17.3 in sec. 17.
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Representative formalization — Optimal Policy Existence (fep-008): On a nonempty finite policy set, EFE achieves its minimum. The sketch invokes Fins
et.exists_min_image (producing a certified minimizer) and then proves that any two minimizers agree on GG via le_antisymm. This turns the soft statement
“some policy is best under G” into a compiler-verifiable existence theorem — a small but important piece of machinery for downstream results where the agent
commits to a specific action. Note the discrete setting matches real active-inference implementations that enumerate a finite policy horizon. Typeset statements:
sec. 17.8 in sec. 17; Lean: sec. 16.8 in Appendix B.

Representative formalization — Affordances as Reachable Laws (fep-023): The sketch maps policies to probability measures and defines the reachable set as
the image of an allowed finite policy set. It proves set monotonicity and that every reachable law inherits probability normalization. Inclusion is weak: added
policies may induce an already-reachable law, so strict growth is not claimed. See sec. 17.23 in sec. 17 and sec. 16.23 in Appendix B.

Depth landmarks. fep-028 is a complete finite softmax law; fep-008 is a finite-set minimizer theorem; fep-021 fixes an explicit ENNReal EFE convention;
fep-034 is a normalized posterior filter; and fep-041 uses native measure KL. The finite kernel supplies their missing shared model at a distinct real-valued finite
layer and adds stage-updated cumulative EFE. fep-071 adds exact observation-dependent reoptimization; fep-128—134 add arbitrary finite-depth policy trees,
optimality, open-loop dominance, treewise EFE, and a strict feedback witness; and fep-107—113 add independent-product and fixed two-agent collective laws.
H1 then connects one exact learned posterior, one further update, one asymmetric optimal report, and the emitted action’s exact transition on a selected finite
model. Remaining limitations include the explicit real/ENNReal bridge, broader measure-level EFE equivalence, probabilistic selection or learning over policy
trees, transition-aware planning on the H1 carrier, infinite or continuous carriers, arbitrary network topologies, and refinement to executable agents. Syntactic
mathlib_status, semantic disposition, and current native evidence are reported separately in generated coverage and receipts.

Mathlib4 module footprint (Active Inference). Finite aggregation routes through Algebra.BigOperators.Group.Finset, while finite policy indices and
images use Data.Fin and Data.Finset. The generated coverage report owns the exact topic-to-import incidence table. Conceptually, these modules supply
the finite sums, support sets, minimizer existence, and image constructions on which the discrete policy layer depends; they do not by themselves establish a
probabilistic EFE interpretation.

6.2.5 What the Active Inference Theorems Collectively Establish

The 37 rows can be grouped by intended role. At topic level they remain local facts; the maintained finite kernel composes their central probabilistic counterparts
into one bounded agent model:

1. EFE inputs and convention — fep-003 provides discounted pragmatic cost, fep-041 provides native KL information gain, and fep-021 composes them
under one explicit ENNRea'l sign convention.

2. Inference operators — fep-007 provides normalized local messages, fep-047 exact finite operator composition, and fep-017/fep-034 native posterior/-
filter kernels.

3. Policy selection — fep-008 and fep-028 cover deterministic finite argmin existence and stochastic softmax normalization; fep-012 adds the finite Shannon
entropy regularizer.

4. Multi-step planning — fep-033 proves an exact deterministic Bellman recursion and boundary laws in ENNReal; the finite kernel composes policy-
conditioned transitions, updates the predicted state law stage by stage, accumulates real-valued EFE, and proves prefix—suffix decomposition and support-
qualified nonnegativity.

5. Information value — fep-041 proves KL nonnegativity, finite-measure separation, and a zero expected-information boundary; the finite kernel defines
policy-conditioned mutual information, while equivalence to the native posterior-averaged KL remains bridge work.

6. Optimization dynamics — fep-032/fep-043 provide exact stable quadratic gradient dynamics, while fep-048 packages a global contraction interface.

7. Stochastic dynamics — fep-020 gives a normalized two-state Markov evolution with stationarity, exact iterates, and convergence.

8. Distributional reachability — fep-023 makes policies reach probability laws and transfers normalization, without yet supplying embodiment or an
optimization theorem over that set.

9. Controlled decisions and sophisticated planning substrates — fep-065-071 add controlled-kernel normalization, positive-evidence belief updates,
reachable finite-belief value preservation, soft Bellman/desirability recursion, a control posterior, and a strict two-stage feedback advantage; fep-128—134
extend this to arbitrary finite-depth observation-contingent trees, prove optimal-tree existence and open-loop dominance, and preserve an explicit strict-
feedback boundary. H1 uses those substrates for one attained posterior-report decision and transition-consistent action, without upgrading that decision
to EFE-optimal or transition-aware planning.

10. Collective inference — fep-107-113 prove independent-agent VFE/EFE additivity, positive-normalizer unit-weight product-of-experts pooling, mass
conservation, fixed-matrix consensus contraction, and coupled-potential descent without inferring emergent agency.

No single theorem in this list proves Active Inference as a universal theory. The H1 terminal theorem does certify one particular synthetic discrete one-step
chain: exact posterior learning, a posterior-dependent asymmetric report decision, and the emitted action’s matching transition. It is not a certificate for an
MDP implementation or a general active-inference agent. The broader package provides normalized updates, native posterior kernels, a shared finite policy-
conditioned generative model, posterior VFE, both central EFE decompositions, prior-weighted policy/action selection, state-updating cumulative open-loop
EFE, native information gain, controlled finite-belief recursion, arbitrary finite-depth observation-contingent policy trees with deterministic optimality, a strict
feedback witness, and scoped collective laws. The remaining high-level obligations are distributions and learning over policy trees, transition-aware and EFE-
optimal control on the shared H1 carrier, infinite-horizon or continuous-carrier planning, comparison across alternative EFE conventions, a finite-to-measure
conditional-information bridge, arbitrary multiagent interaction structures, and a refinement relation to executable code.

All 37 rows carry mathlib_status: real, a source classification that is distinct from semantic maturity. The current native area rate, when backed by
a claim-ready native receipt, is 37/37 (100.0%). Reproduce it with uv run fep-lean verify --fail-on-warnings --receipt output/native-
verification. json; full Hermes/OpenGauss evidence remains a separate contract.
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6.3 Sophisticated Dynamics: Information Geometry and Bayesian Mechanics

Two catalogue areas target especially demanding mathematics: Information Geometry (21 topics) and Bayesian Mechanics (41 topics)—together 62 of
the 168 bodies. Their motivating theories involve statistical manifolds [Amari, 1983, 2016], stochastic dynamics, and non-equilibrium steady states [Friston,
2019]. The catalogue constructs Bernoulli and categorical Fisher geometry, Cramér—Rao and geometric-optimization laws, a finite scalar exponential family
with log-partition and KL-Bregman identities, native measure and finite Bayesian inversion, temporal smoothing, causal interventions, finite blankets with a
native CondIndepFun transfer, hierarchical kernels, and a divergence-free nonequilibrium current. H1 additionally closes one full-support stationary blanket
and selected-kernel invariance result on a sixteen-state Boolean internal-sensory—active—external carrier. The package still stops short of arbitrary smooth
connections and curvature, generic blanket existence, general causal identification, and continuous-state SDE/PDE steady-state theory. The semantic audit
records that boundary theorem by theorem. See sec. 5.17 and the generated formalism coverage map.

6.3.1 Langevin Dynamics and the Fokker-Planck Equation

Beyond the static-bound formulation of the FEP, adaptive systems are naturally described by stochastic dynamics on the variational parameters. The canonical
continuous-time object is the overdamped Langevin stochastic differential equation:

#(t) = —VF(z(t)) + V2DE®R),  (£() =0, {E@)EWX)T) =16t —t), 37

where F': R™ — R is the free-energy functional, D > 0 is the diffusion coefficient, and & is standard Gaussian white noise. eq. 37 expresses the principle that
adaptive parameters drift along the free-energy gradient while continuously exploring a neighborhood of the current state—reconciling deterministic gradient
flow (sec. 6.3.2) with Bayesian posterior sampling.

The probability density p(x, t) of trajectories solving eq. 37 evolves according to the Fokker—Planck equation:

Oypla,t) = V- (pVF) + DV2p = =V - J(x,t), 38)

with probability current J = —pVF — D Vp. Under normalizability, boundary, regularity, and constant positive-diffusion assumptions, a zero-current
stationary solution has Gibbs form p* (x) o exp(—F(x)/D). This links the chosen potential to a Boltzmann weight; it does not by itself identify that potential
with variational free energy (sec. 6.4).

6.3.2 Gradient Flow in Measure Space

A Wasserstein-gradient-flow formulation reinterprets eq. 38 as descent of a free-energy functional on the space of probability measures:

op = V- (pV%—I;), Flp] = E,[U(z)] + DE[logp(x)], (39

where 6F/Jp is the L? functional derivative. eq. 39 elevates the FEP from a bound on scalars to a geometric flow on a manifold of distributions, with the
Wasserstein-2 metric playing the role of Riemannian structure. Topic fep-038 constructs the one-parameter Bernoulli Fisher metric and its inverse-metric
natural gradient, while topic fep-018 constructs the corresponding variance-stabilizing coordinate distance. Those finite one-dimensional results are exact; they
are not a Wasserstein gradient-flow theorem.

6.3.3 Ergodicity, Invariant Measures, and Mathlib4

Under an appropriate combination of existence, uniqueness, recurrence, invariant-measure, and integrability hypotheses, a Langevin process may be ergodic:
time averages then converge to ensemble averages under a stationary measure p*:

T

lim l/ o(x(t))dt = /¢>(m) p*(z)dx as., (40)
T—oo T’ o
for observables satisfying the theorem’s integrability conditions. eq. 40 motivates a bridge between single trajectories and ensemble statistics, but no catalogue
row defines the continuous-state stochastic process or almost-sure time-average limit needed to prove it. The current Lean sources instead formalize discrete-
time measurable semigroups (fep-006), invariant Markov kernels (fep-010), exact discrete two-state relaxation and autocorrelation decay (fep-020 and fep-037),
convergent quadratic descent (fep-032), and an exact continuous-time two-state Markov semigroup with master equation and exponential relaxation (fep-149—
155). These finite-state results do not imply Langevin ergodicity or a pathwise ergodic theorem.

6.3.4 Finite Markov Relaxation, Not Langevin (fep-020)

Topic fep-020 defines the normalized symmetric Boolean transition that flips state with probability o and stays put with probability 1 — a. For 0 < a < 1,
every transition mass is nonnegative and each row sums to one. If p is the current mass on true, one step is the affine map

T,(p)=a+(1—2a)p, T (p)—35=01-2a)"(p—13). 1)

Lean proves that 1/2 is stationary and that 7" (p) — 1/2 whenever 0 < o < 1. The strict interior excludes the alternating endpoint o = 1 and the frozen
endpoint o« = 0. This is an exact finite-state distributional convergence theorem, but not a Langevin discretization. The later fep-149-155 family adds a
different exact two-state carrier in continuous time, including a semigroup, master equation, detailed balance, relaxation, and strict Lyapunov witness. H1 uses a
further finite refresh semigroup: the selected true action chooses its exact positive-time kernel on the sixteen-state Boolean blanket carrier, and repository-real
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finite KL and Mathlib-native KL to the invariant uniform law both decrease strictly for the same lifted updated posterior. Those inequalities are probabilistic
convergence statements, not measured heat, physical entropy production, or universal free-energy dissipation. None of these carriers defines Gaussian noise, a
diffusion limit, a continuous-state SDE, or a Fokker—Planck PDE.

6.3.5 Information Geometry Results (21 topics)

Information geometry treats parametric families of probability distributions M = {py}yce as Riemannian manifolds, with the Fisher information tensor
as the canonical metric. The 21 catalogue rows build an exact Bernoulli family deeply, extend it with a categorical score carrier, and add a full-support
finite scalar exponential family. The categorical expansion proves Fisher positivity on simplex tangents with explicit full-rank and null directions, pullback, an
unbiased scalar Cramér—Rao bound under score regularity, natural-gradient equivariance under an invertible full-rank chart, a mirror-descent three-point identity,
an affine-projection Bregman Pythagorean law, and replicator—natural-gradient equivalence. The scalar exponential-family expansion proves normalization,
affine log-density ratios, first and second log-partition derivatives, centered scores, Fisher—variance equality, KL-Bregman duality, and interval-local mean-
coordinate injection. These finite laws complement native KL, Hellinger, and Bernoulli Fisher—Rao results [Amari, 1983]. Arbitrary smooth coordinate atlases,
multidimensional dual connections, curvature, and general geodesics remain outside scope.

Table 14: Information Geometry topics: the Lean content each row actually states, its semantic disposition, the modules its Lean body imports (generated from
the body, Mathlib. omitted), and its sorry count.

Topic Actual Lean content Semantic disposition Modules imported (Mathlib. prefix omitted) sorry count

fep-004 Finite diagonal formalized Algebra.Order.BigOperators.Group.Finset, Tactic 0
Fisher metric:
symmetry, positive
semidefiniteness, and
positive definiteness
fep-014 Native KL formalized InformationTheory.KullbackLeibler.ChainRule 0
nonnegativity,
self-zero, zero
characterization, and
composition-product
chain rule
fep-017 Native posterior formalized Probability.Kernel.Posterior 0
kernel: normalized
fibers, joint
reconstruction, prior
recovery, and Bayes

density
fep-018 Bernoulli Fisher-Rao  formalized Analysis.SpecialFunctions.Trigonometric.Inverse, 0
coordinate distance, Analysis.Real.Sqrt, Tactic

symmetry, triangle
inequality, and
separation
fep-024 Native formalized InformationTheory.KullbackLeibler.Basic 0
KL-regularized
objective and its
exact zero-weight and
self-prior laws
fep-029 Quadratic Bregman formalized Analysis.Convex.Basic, Tactic 0
definition,
squared-distance
identity,
nonnegativity, and
point separation

fep-038 Bernoulli score, formalized Analysis.Calculus.Deriv.Add, 0
Fisher information Algebra.BigOperators.Group.Finset.Basic,
and metric, natural Data.Bool.Basic, Analysis.Real.Sqrt, Tactic

gradient, and
coordinate pullback
fep-044 Bernoulli squared formalized Analysis.Real.Sqrt, Tactic 0
Hellinger divergence:
nonnegativity,
symmetry,
separation, and
relabeling invariance
fep-100 Categorical Fisher conditional_proxy FepSketches.geometric_optimization 0
positivity on simplex
tangents with
rank/null witnesses
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Topic Actual Lean content Semantic disposition Modules imported (Mathlib. prefix omitted) sorry count

fep-101 Fisher pullback formalized FepSketches.geometric_optimization 0
under a finite
reparameterization

fep-102 Unbiased scalar formalized FepSketches.geometric_optimization 0

Cramér—Rao under
score regularity and
positive Fisher
information
fep-103 Natural-gradient formalized FepSketches.geometric_optimization 0
equivariance under
an invertible
full-rank chart

fep-104 Mirror-descent formalized FepSketches.geometric_optimization 0
three-point identity
fep-105 Bregman conditional_proxy FepSketches.geometric_optimization 0

Pythagorean law for
an affine information
projection

fep-106 Replicator—natural- conditional_proxy FepSketches.geometric_optimization 0
gradient equivalence
on the finite simplex

fep-142 Full-support finite formalized FepSketches.exponential_family 0
scalar
exponential-family
normalization

fep-143 Affine log-density formalized FepSketches.exponential_family 0
ratio within one
supported
exponential family

fep-144 Log-partition formalized FepSketches.exponential_family 0
derivative equals the
sufficient-statistic

mean
fep-145 Centered scalar score  formalized FepSketches.exponential_family 0
with zero model
expectation
fep-146 Log-partition formalized FepSketches.exponential_family 0

Hessian and Fisher
information equal
variance, with rank
and zero boundaries
fep-147 Exponential-family formalized FepSketches.exponential_family 0
KL equals the
log-partition
Bregman divergence
fep-148 Positive-variance formalized FepSketches.exponential_family 0
mean coordinate is
strictly monotone and
injective on an
interval

6.3.5.1 Fisher Information Metric (fep-004) On a statistical manifold M = {pp}yce With © C R™ open, the Fisher information metric is the
Riemannian metric whose components in the coordinate basis are given by the expected outer product of the score function s;(z; 6) := 9, logpy(x):

2
dlog py . 8logp9} - E, [8 logp,,] 7 )

930 = B | 50, o, | ~ | 5000,

where the second equality uses the identity [Epe [0;s ]-] + [Epa [s;s j] = 0 that follows from differentiating the normalization [ p, du = 1 twice under the integral.
The matrix (¢)) = [g;,(0)] is the Fisher information matrix and, under regularity conditions that exchange differentiation and integration, is symmetric and
positive semidefinite.

The Fisher metric is distinguished among Riemannian metrics on M by Chentsov’s uniqueness theorem: up to scalar, it is the only metric invariant under
sufficient statistics (Markov embeddings). Geometrically, it captures how distinguishable two nearby distributions p,y and py, 4¢ are: the squared infinitesimal
KL divergence is
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2 Dy1 (Pg | Poras) = 9:5(0) e’ g7 + O(|ld6|?), 43)

so the Fisher metric is the Hessian of the KL divergence at coincident parameters — connecting fep-004 directly to fep-014 and fep-024. The Cramér-Rao
bound states that for any unbiased estimator 7" of 6, Var,, [T] > I1(0)~" in the positive-semidefinite order; no unbiased estimator can resolve parameters more
finely than the Fisher geometry permits. In the FEP context, I(6) plays the role of a precision matrix — the natural metric for measuring how “far” two nearby
beliefs are from each other, and the object weighted by attention / synaptic-gain parameters in predictive coding.

The fep-004 row defines a finite diagonal Fisher metric with explicitly supplied information weights and proves symmetry, positive semidefiniteness for non-
negative weights, and positive definiteness for strictly positive weights. The authored composition theorem fep004_bernoulliMetric_specialization then
shows that its one-coordinate specialization is definitionally the Fisher metric computed in fep-038. fep-100 derives the metric from categorical scores and
exposes both full-rank and null directions. fep-102 adds the scalar Cramér—Rao inequality under explicit unbiasedness, score regularity, finite sums, and positive
Fisher information; it is not the unrestricted matrix bound quoted above. None of these rows constructs a general smooth manifold or justifies differentiation
under an arbitrary integral. See sec. 16.4 in Appendix B; typeset signatures in sec. 17.4 of sec. 17.

6.3.5.2 Natural Gradient (fep-038) The ordinary Euclidean gradient VyF of a loss F' : © — R is not coordinate-invariant on a statistical manifold:
reparameterizing 6 > ¢ () produces an update that depends on the Jacobian of ¢, so two modelers using different parameterizations of the same family
will take genuinely different steps. Amari [Amari, 1998] resolved this by defining the natural gradient as the steepest-descent direction with respect to the
Fisher-induced Riemannian metric:

VoF(0) = 1(0)" 1 V,F(0). (44)

Geometrically, @QF is the unique vector such that (@QF ,0) 10) = dF(0)[v] for all tangent v, where (u, v); := u' v is the Fisher inner product. The natural
gradient update

01 = 0, — n1(6,)" VoF(0,) 45)

is coordinate-covariant under the regularity and invertibility assumptions that make the Fisher metric and transformation law well-defined. Its conditioning and
statistical-efficiency properties are model- and algorithm-dependent rather than unconditional convergence guarantees. In Active-Inference accounts, 1 (9,5)_1
is interpreted as a precision-weighted gain; fep-038 formalizes the inverse-metric update for the Bernoulli family but not that neurobiological interpretation.

The fep-038 row defines the normalized Bernoulli mass, its pointwise parameter derivative, the score, Fisher information as expected squared score, the scalar
Fisher metric, and the inverse-metric natural gradient. Lean proves expected-score zero, the closed form I(p) = 1/[p(1 — p)] on the interior, positive
definiteness, metric—natural-gradient duality, and the pullback law through the Fisher—Rao coordinate Jacobian. The maintained foundations generalize the
score field to arbitrary finite dimension, prove matrix symmetry, Gram PSD, conditional PD, functorial and positive pullbacks, equivalence of expected-score
and matrix-lowered forms, and bilinearity. Under invertibility they construct the unique inverse-Fisher natural gradient and prove metric duality and energy.
fep-103 then proves equivariance through an explicitly invertible full-rank chart, and fep-106 identifies the corresponding categorical natural gradient with
replicator dynamics on the simplex. Arbitrary smooth atlases, connections, and curvature remain successor work.

6.3.5.3 KL Divergence (fep-014) and the I- / M-Projection Asymmetry The Kullback-Leibler divergence between probability measures ¢ << p on a
measurable space (X, J) is

q dgq
D = log 2 dy = E,|log— | . 46
k(¢ p) /Xq og  d q[ogdp} (46)

Three structural properties lift it from a mere functional to the canonical statistical discrepancy:

1. Nonnegativity (Gibbs’ inequality): Dy, (¢ | p) > 0 with equality iff ¢ = p a.e. This follows from Jensen’s inequality applied to the concave function
log: £ [log(p/q)] < logE,[p/q] = 0.

2. Chain rule: a joint or kernel-composed divergence decomposes into a marginal term and a conditional term under appropriate finiteness and kernel
assumptions.

3. Data-processing inequality (DPI): for a measurable transformation or channel, postprocessing cannot increase KL. This is distinct from the chain rule.
The pinned Mathlib revision exposes InformationTheory.klDiv_comp_right_Lle, although it is not part of the fep-014 row’s maintained theorem
surface.

4. Asymmetry: in general Dy (¢||p) # Dyi(p | q). This asymmetry is not a defect but carries the mode-covering / mode-seeking distinction that
governs variational inference:

* Minimizing the “reverse” direction Dy, (g|p) over a restricted approximation family is often described as mode-seeking, but the actual optimizer
depends on the family and support constraints.

* Minimizing the “forward” direction Dy; (p|q) is often mass-covering or moment-matching in common exponential-family settings; this too is not
a distribution-free theorem.

The common variational form uses Dy, (¢(s) || p(s | 0)), but mode-seeking behavior depends on the approximation family and optimization setting and is
not itself a theorem in this catalogue. fep-014 directly uses Mathlib’s measure-level InformationTheory.k1lDiv. It proves codomain nonnegativity, self-zero
under SigmaFinite, equality characterization for finite measures, and k1Div_compProd_eq_add for finite measures and Markov kernels. The maintained finite
information layer separately proves a joint/channel chain rule, independent-product additivity, and the induced prior-marginal bound; the H1 semigroup layer
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applies Mathlib’s native channel DPI to contraction toward an invariant law. These results do not prove the variational projection behavior described above or
identify every finite real KL statement with native extended KL.

6.3.5.4 Rényi / Tsallis a-Divergences (fep-044) The one-parameter Chernoff a-divergence family interpolates between forward and reverse KL and
recovers Hellinger distance at its midpoint:

1
D = —|1— al*ad], € (0,1). 47
ol a) a(lfa){ /p q' = dp ae(0,1) 47)
Endpoint limits and distinguished values:

Table 15: Endpoint limits and distinguished values of the Renyi/Tsallis a-divergence family (fep-044).

o Limit Behavior

a—1 Dy.(plq) M-projection, mass-covering

a—0 Dy (qllp) I-projection, mode-seeking

a=1/2 4 H?%(p,q) Symmetric Hellinger distance squared

The family sits within the broader class of Csiszar f-divergences. The fep-044 row selects the distinguished Bernoulli Hellinger instance rather than pretending
to cover the entire «v family. It defines squared Hellinger divergence with the conventional factor 1/2 and proves nonnegativity, symmetry, zero iff equal
parameters on [0, 1], and invariance under exchanging success with failure. Measure-level a-divergence, endpoint limits, and general density integration remain
separate extensions.

6.3.5.5 Bregman Divergences and Mirror Descent (fep-029) For a strictly convex, differentiable potential ¢ : € — R on a convex domain € C R", the
Bregman divergence is the gap between ¢ and its linear approximation at g:

By(p,q) = ¢(p) — ¢(q) — (Volg), p—q)- (48)

Key properties: B, (p,q) > 0 with equality iff p = ¢; B « 1S convex in its first argument; and it obeys the generalized Pythagorean theorem B, (p,r) =
By(p,q)+By(q,7)+(Vé(r)—V(q), ¢—p), which reduces to the familiar identity when g is the Bregman projection of p onto a convex set. Distinguished
instances:

* ¢(p) = %|p|? recovers squared Euclidean distance By(p,q) = 2l —q|*

* ¢(p) = >, p; logp; (negative Shannon entropy) on the probability simplex recovers the KL divergence B, (p, ¢) = Dy (p | ) — positioning KL as
one instance of a general convex-analytic family.
* ¢(p) = —logdet(P) on positive-definite matrices recovers the LogDet / Burg divergence used in covariance estimation.

Mirror descent is gradient descent in the dual geometry induced by ¢: V(8, ) = V@ (6,) —nV F(6,), with an equivalent proximal form under the usual
convexity and regularity conditions. fep-029 defines the one-dimensional quadratic Bregman instance and proves nonnegativity and separation. fep-104 adds
the exact mirror-descent three-point identity on its maintained finite inner-product carrier. fep-105 adds an affine-projection Bregman Pythagorean equality
under explicit membership, orthogonality, and minimizing premises. These are algebraic and affine finite laws, not a general convergence theorem for mirror
descent or existence theorem for projections onto arbitrary convex sets.

6.3.5.6 KL Regularization (fep-024) and Bayesian Update Geometry (fep-017) Topic fep-024 isolates the elementary log-identities that license varia-
tional bounds: the log-ratio decomposition log(p/q) = logp — log g, monotonicity of log on (0, 00), and the anchor Dy, (p||p) = 0 vialogl = 0. These
three facts are the Lean-level primitives behind the ELBO decomposition log p(0) = [, [logp(0, 5)] — E,[log q(s)] + Dy, (¢ | p(- | 0)) and thus behind every
variational FEP bound in the catalogue.

Topic fep-017 now wraps Mathlib’s native posterior kernel. Lean proves every posterior fiber has mass one, reconstructs the swapped likelihood—prior joint
from predictive mass followed by the posterior, recovers the prior after a Markov likelihood and its posterior, and states the countable-space Radon—Nikodym
Bayes-density formula almost everywhere under the predictive law. The row therefore formalizes normalized Bayesian inversion at kernel level. Its remaining
geometric extension is to prove a projection characterization for a selected divergence and approximation family.

6.3.5.7 Statistical Manifold Geodesics and Dual Connections (fep-018) Amari’s information geometry equips M not with a single Levi—Civita connec-
tion but with a one-parameter c-connection family V(*), with two distinguished members forming a dually flat pair ( v, v ):

« The exponential (e-) connection V(*1): its geodesics are log-linear interpolations log py = (1 —t)logpy + tlogp; + const. In exponential families
these become straight lines in natural parameters.
« The mixture (m-) connection V(~): its geodesics are convex mixtures py = (1 —t)py + tpq, i.e. straight lines in the probability simplex.

Dual connections yield Pythagorean identities under the relevant flatness and projection hypotheses and help explain convergence proofs for particular
information-geometric algorithms. The fep-018 row defines the Bernoulli variance-stabilizing coordinate 2 arcsin ,/p and the absolute coordinate difference. It
proves nonnegativity, symmetry, the triangle inequality, and separation on the unit interval, giving the exact Fisher—Rao distance for this one-dimensional family.
fep-105 supplies a finite affine Bregman Pythagorean law, but neither row defines ci-connections or geodesic equations on a general manifold, nor identifies its
projection with unrestricted measure-valued KL geometry.
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Representative formalization — Bernoulli Fisher Geometry (fep-038 with fep-004 and fep-018): The family mass differentiates exactly, the expected score
vanishes, its Fisher information is 1/[p(1 — p)], the metric is positive on nonzero tangents, the natural gradient is inverse-metric dual, and the Fisher-Rao
coordinate pulls the metric back to Euclidean form. Two authored composition theorems connect the generic finite metric and the distance-separation law to
this same family. See sec. 16.38 in Appendix B and sec. 17.38 in sec. 17.

6.3.6 Bayesian Mechanics Results (41 topics)

Bayesian mechanics rests on a particular partition of system states. A Markov blanket partition of a finite state space S is a decomposition into four mutually
disjoint blocks § = J U B, Ul B, LU £ — internal (J), sensory blanket (5,), active blanket (3,), and external (£) — such that internal and external states
are conditionally independent given the blanket B = B, U B,:

p(p,m|b) = p(u|b)pn|d), pel,neé& be 3B (49)

eq. 49 states statistical conditional independence for a specified law. It does not by itself entail causal arrows, sensory/active directionality, or an inference
interpretation. Active-Inference graphical and dynamical models add such directional assumptions through their transition structure; NESS treatments add
further drift, diffusion, regularity, and stationarity hypotheses. Keeping those additions separate is essential to the blanket critique.

Topic fep-005 defines four Finset.filter blocks from an arbitrary assignment Fin 20 — Fin 4, proves disjointness for unequal labels, characterizes
membership, and proves that every state belongs to exactly one block. Topic fep-009 uses Mathlib’s conditional-expectation-based CondIndep predicate: it
proves symmetry and supplies the trivial-o-algebra case as a concrete inhabitant, while retaining basic measure-mass laws. The topic declarations do not
select blanket o-algebras from fep-005’s labels or construct a joint law for a particular system. The maintained FEP.MarkovBlanket foundation supplies a
separate normalized finite joint, proves eq. 49 at every positive-mass blanket state, proves zero conditional mutual information, and constructs typed nontrivial
dynamics. Its factorization theorem is the named formal witness for the reviewed fep-005—fep-009 edge. The FEP.NativeBlanket family then embeds
normalized finite laws as weighted Dirac measures, proves singleton and expectation reflection, aligns finite prediction with native measure—kernel composition,
and proves Mathlib’s native CondIndepFun for the factorized static blanket, including measurable endpoint coarsening and rowwise transition preservation.
The HI terminal theorem closes one further instance on shared carriers: its full-support uniform law on the sixteen Boolean (I, S, A, E) states factorizes as
P(S,A)P(I|S,A)P(E |S,A)and is invariant under the exact refresh kernel selected by the emitted true action. This does not turn an arbitrary partition
or transition into a generic blanket-existence theorem, prove rowwise blanket preservation, identify causal direction from observational factorization, or establish
a biological boundary.

In a NESS decomposition, skew-symmetry of a current supplies cancellations, but antisymmetry alone does not imply a continuous-space stationarity equation for
an arbitrary field and density. Topic fep-025 now defines finite probability current as forward flow minus reverse flow, defines its divergence, proves antisymmetry
and global conservation, and shows that a normalized transition matrix with a stationary distribution has zero divergence at every state. A directed three-state
cycle witnesses the genuinely non-equilibrium case: its current is divergence-free yet nonzero, so stationarity does not force detailed balance. The row does not
claim a diffusion, density PDE, or continuous Helmholtz decomposition; see sec. 6.4.

Mathlib4 module footprint (Bayesian Mechanics): The area now uses several concrete backbones. Finite partitions and probability currents use Finset
and Matrix; blanket independence reaches Probability.Independence.Conditional; reversibility reaches Probability.Kernel.Invariance; posterior,
predictive, and hierarchical laws use native kernel composition and composition products; empirical-prior estimation uses Probability.Distributions.Bi
nomial plus exact sequence limits. Gaussian laws and derivatives use Probability.Distributions.Gaussian.Real and Analysis.SpecialFunctions.
Log.Deriv. These imports expose real structures, while the authored cross-topic theorems certify which structures actually compose.

Table 16: Bayesian Mechanics topics: the Lean content each row actually states, its semantic disposition, the modules its Lean body imports (generated from
the body, Mathlib. omitted), and its sorry count.

Topic Actual Lean content Semantic disposition Modules imported (Mathlib. prefix omitted) sorry count
fep-005 Four-label finite formalized Data.Finset.Basic, Data.Finset.Filter, 0
partition with Data.Fintype.Basic

disjointness and
unique total
membership
fep-009 Conditional- formalized Probability.Independence.Conditional 0
independence
symmetry and a
trivial-c-algebra
witness, plus basic
measure laws
fep-010 Reversible Markov formalized Probability.Kernel.Invariance 0
kernel implies
invariant measure;
identity-kernel
witness and invariant
composition
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Topic

Actual Lean content

Semantic disposition

Modules imported (Mathlib. prefix omitted)

sorry count

fep-019

fep-027

fep-022

fep-036

fep-040

fep-042

fep-046

fep-135

fep-136

fep-137

fep-138

fep-139

fep-140

Native
prior-predictive
measure, mass
preservation,
normalization, and
sequential association
Normalized
hierarchical joint,
exact marginals, and
three-level
associativity
Posterior-predictive
kernel plus exact
proper Bernoulli
Brier-score
decomposition
Finite binomial
sampling,
outcome-indexed
Laplace prior,
shrinkage identity,
and consistency
transfer

Native Gaussian law
and moments;
entropy monotonicity,
derivatives, and heat
capacity

Bernoulli sufficient
statistic and exact
likelihood
factorization
Recursive finite stick
weights, exact mass
conservation, and
residual bounds
Weighted-Dirac
embedding preserves
singleton masses and
normalization
Embedded finite laws
are injective and
preserve finite
expectations
Embedded finite
prediction agrees
with native
measure—kernel
composition
Embedded static
blanket law has exact
rectangle
factorization
Factorized static
blanket satisfies
native
CondIndepFun, with
a correlated
nontrivial witness
Measurable endpoint
maps preserve native
blanket conditional
independence

formalized

formalized

formalized

formalized

formalized

formalized

formalized

formalized

formalized

formalized

formalized

formalized

formalized

Probability.Kernel.Composition.MeasureComp

Probability.Kernel.Composition.MeasureComp

Probability.Kernel.Composition.MeasureComp, Tactic

Analysis.SpecificLimits.Basic,Data.Nat.Cast.Field,
Probability.Distributions.Binomial, Tactic

Analysis.SpecialFunctions.Log.Deriv,
Probability.Distributions.Gaussian.Real, Tactic

Data.List.Count, Tactic

Algebra.BigOperators.Ring.List, Tactic

FepSketches.native_blanket

FepSketches.native_blanket

FepSketches.native_blanket

FepSketches.native_blanket

FepSketches.native_blanket

FepSketches.native_blanket
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Topic Actual Lean content Semantic disposition Modules imported (Mathlib. prefix omitted) sorry count

fep-141 A factorized finite formalized FepSketches.native_blanket 0
transition row
preserves the native
blanket property

6.3.6.1 Hierarchical Generative Models and Predictive Coding (fep-027) A hierarchical generative model of depth L over observations o and latent
state stacks 5(1), ey s'L) factors the joint as a Markov chain on levels:

L-1

p(07 8(1>’__'7S(L)) = p(o| 5(1)) Hp(sm ‘ 5<l+1>) . p(s<L>)_ (50)
=1

In Friston’s predictive coding realization, each conditional p(s") | s(+1)) is Gaussian, sV = gV (s+D)) 4+ w®) with w®) ~ N (0,TI;1), so that inference
reduces to gradient descent on precision-weighted squared prediction errors £/ = st — gm (u(l“)). This gives the canonical top-down predictions /
bottom-up prediction errors dynamic:

AV = —T0, eV + 6u‘“g(l_l) I, , &Y, (51)

a neurobiologically suggestive message-passing algorithm in which precisions II; gate the influence of each level. Marginalization preserves probability mass
only after the joint law, measurability, and normalization hypotheses have been supplied.

The fep-027 row defines a hierarchical joint as Mathlib’s native measure—kernel composition product. Probability parents and Markov child kernels give mass
one; the first marginal recovers the parent; the second marginal is exactly the prior-predictive law; and a three-level hierarchy is associative up to the canonical
measurable product equivalence. The authored fep027_priorPredictive_is_fep019 theorem connects its child marginal to fep-019 without copying either
definition. The row does not yet represent arbitrary-depth dependent products or the Gaussian conditional kernels in eq. 50.

6.3.6.2 Gaussian Entropy, Variance as Temperature, and Heat Capacity (fep-040) For a univariate Gaussian V' (1, 02) the differential entropy admits
the closed form

H(N(u,0%)) = Llog(2meo?) = 3log(2me) + 3 logo?, (52)

with multivariate generalization H (N (u, X)) = % logdet(2me ¥). Entropy is monotone in the variance — higher o2 encodes higher uncertainty. The

equipartition / heat-capacity analogy is the bridge to statistical mechanics: identify o with thermodynamic temperature 7" (each quadratic degree of freedom
carries %k g1 of energy at equilibrium), so that

U=(F) = %kBT» Cy = ar %ka S = /?dT = %kBlogT—&—const. (53)
The shared logarithmic form motivates an analogy between variance and temperature after choosing units and a concrete probabilistic/thermodynamic model.
It is not an identity of physical quantities: belief variance need not have temperature units, and precision need not be a thermodynamic inverse temperature.
The catalogue does not formalize that model bridge.

The fep-040 row wraps Mathlib’s normalized real Gaussian law and proves its total mass, mean, and variance from native theorems. It defines the one-dimensional
positive-variance entropy formula, proves strict monotonicity and derivative 1/(2v), then composes variance v = T to obtain entropy derivative 1/(27") and
dimensionless heat capacity 1/2. The authored fep013_gaussianHelmholtz_derivative theorem feeds this entropy into the Helmholtz first-law identity.
The remaining boundary is multivariate covariance/determinant entropy and a physical units model, not the absence of a Gaussian object.

6.3.6.3 Stick-Breaking Priors and Dirichlet Processes (fep-046) Sethuraman’s stick-breaking construction gives an explicit, almost-surely-valid sample
from a Dirichlet process DP(a, G)):

V, < Beta(1, ), T = Vi H(l—Vj)7 0, ~ G, G = Zwkéek' o9
i<k k=1

The construction proceeds by iteratively “breaking” a unit stick: at step k, fraction V), of the remaining stick Hj - k(l — Vj) is assigned to component k. Two

algebraic invariants make this well-posed: the retained mass v(1 — v) € [0, 1] is nonnegative (each break gives a valid proportion), and the remaining stick
Hj ~1(1 = V}) decreases monotonically in & (monotone convergence to zero a.s. when a < 00), so ), 7, = 1 almost surely. The resulting random measure

G is a draw from DP(«, G); the concentration parameter o controls the rate at which new atoms appear (small o = few large atoms, large o = many small
atoms following G ).

Dirichlet processes are the foundational prior of Bayesian nonparametrics: they place a prior over discrete probability measures whose support size is itself
random and grows with data. In Active Inference, DP priors enable infinite-dimensional generative models that can add latent causes as observations demand
— a formalization of conceptual novelty and structure learning. The Chinese-restaurant-process representation of the same prior gives a coherent sampling /
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inference scheme (Neal’s Algorithm 8 for DP mixtures). Hierarchical Dirichlet processes (HDPs) extend this to shared-atom structure across groups (topic
models, multi-task learning), and Pitman—Yor processes generalize to power-law atom-size distributions relevant to linguistic data.

The fep-046 row recursively defines every allocated weight and the residual mass for an arbitrary finite list of breaks. Lean proves the exact conservation identity
“allocated mass plus remainder equals one” without inequality assumptions, then proves the remainder lies in [0, 1] when every break fraction lies in [0, 1]. This
completes the finite stick-breaking algebra. It does not certify an infinite random sequence, almost-sure vanishing of the remainder, or a Dirichlet-process law;
those require a distribution on breaks and countable-limit theory.

Representative formalization — Finite Label Partition (fep-005): Given an assignment from twenty states to four labels, the row defines each block with
Finset.filter, proves unequal labels give disjoint blocks, characterizes membership, and proves existence and uniqueness of the block containing every state.
It does not prove conditional independence or that any dynamical system admits a Markov blanket. The distinction is central to the Biehl et al. discussion
(sec. 11.5.1). See sec. 16.5 in Appendix B and sec. 17.5 in sec. 17.

Representative formalization — Hierarchical Generative Models (fep-027): Hierarchical models sit at the junction of Bayesian mechanics and measure-
theoretic probability. The row uses Mathlib’s composition product ;1 ®,,, x rather than an independent product measure: it proves normalization under
probability/Markov hypotheses, exact parent and predictive marginals, and associativity of a third conditional level. This is a kernel-valued hierarchy with real
conditional dependence, while a particular predictive-coding factorization and blanket structure remain model choices.

6.3.7 Synthesis: What the 62 Rows Establish

Taken together, the 21 Information Geometry rows and 41 Bayesian Mechanics rows map a broad set of probabilistic and geometric interfaces. They do not yet
span the full infrastructure required for a complete FEP formalization.

The 21 Information Geometry rows establish the differential-geometric substrate:

 Fisher geometry — fep-038 derives the Bernoulli score, Fisher information and natural gradient; fep-004 abstracts its finite weighted metric; fep-018
gives the corresponding coordinate distance and separation law.

» Categorical and optimization geometry — fep-100-106 establish simplex-tangent Fisher positivity, pullback, scalar Cramér—Rao, invertible-chart

natural-gradient equivariance, mirror-descent and affine Bregman identities, and replicator equivalence with full-rank and null boundaries.

Scalar exponential-family geometry — fep-142-148 establish full-support normalization, affine log-density ratios, log-partition differentiation, centered

scores, Fisher—variance equality, KL-Bregman duality, and interval-local mean-coordinate injection, with nonconstant positive-rank and constant-statistic

zero boundaries.

¢ Core information divergence — fep-014 proves native KL laws and a composition-product chain rule; fep-024 proves scalar log identities rather than

another KL definition.

Divergence layers — fep-029 treats the exact scalar quadratic Bregman instance; fep-044 constructs Bernoulli squared Hellinger divergence; fep-104/fep-

105 add finite mirror and affine-projection identities; fep-014 provides native measure KL.

¢ Metric-space realization — fep-018 proves Bernoulli Fisher—Rao nonnegativity, symmetry, triangle inequality, and separation, without claiming general
a-geodesics.

* Normalized Bayesian inversion — fep-017 uses Mathlib’s posterior kernel and proves normalization, reconstruction, recovery, and a countable Bayes-
density law.

The 41 Bayesian Mechanics rows establish the probabilistic substrate:

« Finite partitions — fep-005 proves a four-label disjoint cover with unique membership but not the conditional-independence structure p(p,n | b) =

p(p | b)p(n | b).

Conditional independence and measure substrates — fep-009 proves generic CondIndep symmetry and a trivial-o-algebra witness. The maintained

blanket foundation connects the fep-005-style four-block structure to a normalized finite law, positive-mass conditional factorization, zero conditional

mutual information, and typed nontrivial dynamics. fep-135-141 embed this carrier into native measures and prove one concrete sigma-algebra-valued

CondIndepFun statement, measurable endpoint coarsening, and rowwise transition preservation. H1 adds one full-support factorized stationary law and

proves invariance under its selected positive-time refresh kernel. Generic blanket existence, arbitrary-mixture closure, causal identification, and biological

interpretation remain absent.

Predictive and hierarchical kernels — fep-019 and fep-027 prove native normalized prediction, exact marginals, and associativity; fep-022 adds

posterior prediction and a proper Brier-score decomposition.

e Measure and finite Bayesian inversion — fep-051-057 cover Radon-Nikodym reconstruction, posterior-kernel swapping and disintegration at their
stated measure-theoretic scopes, plus finite normalization, Bayes reconstruction, conjugacy, and zero-evidence boundaries.

* Temporal inference — fep-072—078 prove finite forward filtering, backward information, smoothing, normalized variational updates, hierarchical pre-
diction, and model averaging.

¢ Causal blankets and interventions — fep-079-085 connect finite blanket factorization, conditional mutual information, ordered parent factorization,

intervention kernels, non-descendant invariance, and local Markov laws while retaining explicit zero-evidence and identification limits.

Finite stick arithmetic — fep-046 proves exact allocated-plus-residual mass conservation and unit-interval residual bounds, while leaving the infinite

random process open.

Sufficient statistics — fep-042 proves Bernoulli Fisher—-Neyman factorization through success and failure counts.

Empirical-prior model — fep-036 defines a finite binomial sampling PMF and its outcome-indexed Laplace prior, proves interiority, monotonicity,

exact shrinkage, and deterministic consistency transfer, and composes the estimate with a normalized Bernoulli posterior. The statistical-convergence

foundation supplies almost-sure Boolean and finite-atom strong laws, a whole-law L® limit, and convergence of every finite observable. The learning

family supplies concentration and model-evidence laws, while fep-121-127 add finite-law squared/Brier-risk and bad-event transfer for the same Laplace

estimator. H1 proves posterior bad-mass contraction for a separate selected Boolean sampling model; contraction for the Laplace estimator or broader

model classes, minimax or empirical calibration, and a marginal-likelihood optimum remain open.

Gaussian thermodynamics — fep-040 constructs the native Gaussian law and moments and proves entropy/temperature derivatives and heat capacity

in one dimension.
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« Finite-state stationarity — fep-010 proves that measure—kernel detailed balance implies invariance, witnesses reversibility with the identity Markov ker-
nel, and proves invariant-kernel composition. The finite path family adds fluctuation and dissipation laws; fep-149—155 add an exact two-state continuous-
time semigroup, master equation, detailed balance, relaxation, and Lyapunov decay. These do not establish irreducibility in general, continuous-state
stochastic dynamics, or pathwise SDE theory.

The intended theory interlocks information geometry with probabilistic generative, temporal, causal, and conditional-independence structures. The topic rows
and maintained foundations close several interfaces explicitly: score expectations produce categorical Fisher geometry, pullbacks, scalar Cramér—Rao, chart-
qualified natural gradients, and finite scalar exponential-family dual identities; posterior kernels compose with prediction, hierarchy, smoothing, and model
averaging; finite blanket laws connect to interventions, local Markov structure, and one native CondIndepFun transfer; and empirical-law limits coexist with finite
concentration, risk-transfer, and evidence bounds. H1 adds one end-to-end finite instance in which a learned and further-updated posterior is lifted to the same
blanket carrier used by a posterior-dependent action, invariant refresh dynamics, and strict real/native KL decrease. The remaining frontiers are multidimensional
smooth manifolds and dual connections, generic blanket existence and measure-level causal identification, continuous-state SDE/PDE semantics, infinite random
measures, and posterior contraction or empirical calibration beyond the selected Boolean learning model. 62 catalogue rows therefore provide both breadth and
deep executable instances without presenting finite closure as causal identification, physical thermodynamic dissipation, empirical adequacy, or a universal FEP
theorem.

A1



6.4 Non-equilibrium Thermodynamics (28 topics)

The thermodynamic interpretation of the FEP draws analogies to statistical mechanics. The 28 catalogue rows formalize an exact Helmholtz differential identity,
finite non-detailed-balance stationary currents, binary maximum entropy and normalized Gibbs weights, discrete fluctuation—response decay, finite entropy-
production laws, a conditional Landauer derivation, normalized forward/reverse path laws, detailed and integral fluctuation identities, a finite Jarzynski equality,
local-current cancellation, reversible one-step KL dissipation, and an exact two-state continuous-time Markov semigroup with master equation and Lyapunov
decay. The motivating continuous-state and physical theories remain broader than these deliberately scoped models.

Thermodynamics area (current pin). Every row carries mathlib_status: real; semantic dispositions include direct and deliberately proxied scopes and
are reported by the generated maturity projection. The receipt-backed native area rate is 28/28 (100.0%) when true is true. Timing is read from that receipt
rather than fixed in prose. The area combines calculus, finite sums and matrices, geometric limits, logarithms, exponential weights, native entropy results,
finite path-space probability, and one explicit finite-state continuous-time kernel. Its finite and scalar models do not imply continuous-state trajectory theory or
continuum statistical mechanics.

6.4.1 Thermodynamic Free Energy and Partition Structure

For a canonical equilibrium ensemble with the usual definitions of mean energy, entropy, and partition function, the thermodynamic Helmholtz free energy
takes the equivalent forms:

F=U-TS=—kgTlogZ, Z =Y ex(—BE,), p=1/(kgT). (55)

%

eq. 55 motivates a formal analogy with variational free energy, but thermodynamic Helmholtz energy does not generically “upper-bound surprise.” The connec-
tion requires an explicit choice of energy £ = —k T log p and compatible normalization. fep-031 proves positivity and energy monotonicity of exponential
weights, positivity of a nonempty finite partition sum, nonnegativity of the normalized weights, and that they sum to one on the selected support. It does not
derive the Gibbs form from maximum entropy or construct a thermodynamic ensemble beyond this finite mass function.

6.4.2 Helmholtz Free Energy Bridge (fep-013): Full Derivation

The following calculation states one precise bridge under a fixed observation, common base measure, integrability, and positive temperature. Let p(s, 0) be a
generative joint density and ¢(s) a normalized approximate posterior. Define

1
U, = E[—logp(s,o0)], Hlq] == —Elogq(s)], T = K. (56)
Here U, is the internal energy interpretation of the negative log-joint (each configuration (s,0) is assigned an energy F(s,0) = —log p(s, o) in natural units),

and H [q] is the Boltzmann entropy of the posterior g. Substituting these definitions into the variational free energy I, [q] = E [—logp(s, 0)] — H[q] (in nats)
yields

1 /e —
F,lqd = U, — H[q = k;TT<Uq - qu), (57)

where ’[jq = kT U, and qu = kg H|q|. Calling the bracketed quantity 7 [¢] gives the bridge and its Bayesian decomposition:

Tlq
Fuld = 79 = Dy (als)Ip(s | 0) ~ logp(o) 58)
B
Here the equilibrium free energy is &, = —kpgT’ logp(o) and the excess F[q] — F eq 18 kT times the KL divergence. Positive rescaling preserves the
argmin:
argmin F,, [q] = argmin F[q]. (59)
a q

Under the stipulated construction and natural scaling, the minimizer is the posterior because the KL term vanishes there. This is a mathematical analogy obtained
by defining the energy landscape from the generative density; it is not by itself a physical claim that biological inference is thermodynamic equilibration.

What fep-013 formalizes. It defines F(T)) = U(T') — T'S(T), proves the exact derivative F” = U’ — S — T'S’, and reduces it to F” = —S under the
explicit equilibrium first-law identity U” = T'S’. Boundary, order, and finite-difference laws are retained. The authored fep013_gaussianHelmholtz_der
ivative theorem instantiates this calculus with fep-040’s Gaussian thermal entropy and U(7") = T'/2. The row still does not identify this Helmholtz object
with fep-002’s variational free energy or prove the density-level bridge in eq. 58.
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6.4.3 Jarzynski Equality and Fluctuation Theorems

For a system driven by an external protocol that transitions the Hamiltonian from H, to H; in finite time, the non-equilibrium work W is a random variable
with distribution P (). The Jarzynski equality [Jarzynski, 1997] provides an identity — not merely an inequality — linking the exponential average of W
to the equilibrium free energy difference:

(e7PW) = /P(W) eMWaWw = e B2 AT =F,-F,. (60)

eq. 60 can hold for protocols driven arbitrarily far from equilibrium, but not without a model: standard derivations assume an initial canonical ensemble and
dynamics with the required microscopic reversibility or local-detailed-balance structure, along with a well-defined work functional. Applying Jensen’s inequality
to eq. 60 recovers the mean-work bound

(W) > A7, (61)

i.e., the mean work performed is at least the equilibrium free energy difference. Equality requires zero dissipated work almost surely; quasistatic reversible
driving is the standard limiting realization. eq. 60 is stronger than eq. 61: it fixes an exponential moment of W, not merely its mean.

A companion result, the Crooks fluctuation theorem [Crooks, 1999], relates forward and time-reversed work distributions at the level of individual trajectories:

Pr(W) _ _
P (B (W—AF)), (62)

where P, (W) is the probability density of performing work W under the forward protocol (Hamiltonian swept from H, to H;) and Py (—W ) is the probability
density of performing work —WW under the time-reversed protocol (swept from H; to H,)). eq. 62 quantifies the exponential asymmetry between a dissipative
trajectory and its time-reverse: work excursions above AF are exponentially more likely in the forward direction, while excursions below AF are exponentially
more likely in reverse. The Jarzynski equality is a direct corollary of Crooks: rearranging eq. 62 to Pr(—W) = Pp(W) e PW=AT) and integrating
[ Pr(—=W)dW = 1 yields eq. 60 immediately.

Both fluctuation identities require trajectory measures and microscopic-reversibility assumptions. fep-010 states detailed balance at Mathlib’s measure—Markov-
kernel level and proves that reversibility implies invariance; the identity kernel supplies a non-vacuous witness. fep-037 treats a symmetric two-state relaxation
and response model. The path-space expansion then constructs normalized finite forward and reversed path laws, proves involutive reversal and full-support
ratios, defines entropy production as finite KL, and derives detailed and integral fluctuation identities. fep-097 proves a finite Jarzynski equality from an explicit
inverse temperature, work functional, free-energy difference, and pointwise exponential normalization. These are exact finite path-law identities. They do not
establish the continuous work-density Crooks theorem in eq. 62 without the corresponding pushforward and protocol structure.

6.4.4 NESS Solenoidal Flow (fep-025): Target Fokker—Planck Structure

The Fokker-Planck equation describes the time evolution of the probability density p(z,t) of a stochastic process & = f(x) + v2D £(t) with drift f and
diffusion D:

Op(x,t
% — V. J(x,t),  J(wt) = f(@)plx,t) — DVp(x,1). 63)
The vector J(z, t) is the probability current: the net flux of probability mass through a point. At a stationary distribution p*(x) with 9,p* = 0, eq. 63 reduces
to the continuity constraint

V-J(z) =0 (stationarity). (64)

Under the regular constant-diffusion model written above, two important stationary cases are:

1. Zero-current equilibrium: J*(z) = 0. With the additional reversibility assumptions connecting the diffusion to its stationary law, this is the detailed-
balance case.

2. Nonequilibrium steady state (NESS): J*(z) # O but V - J*(z) = 0. A nonzero stationary current breaks zero-current detailed balance; positive
thermodynamic entropy production requires further constitutive and time-reversal structure.

NESS models are often used when describing driven, dissipative biological systems, but that application is a modeling choice rather than a consequence of
stationarity alone. In one simplified constant-diffusion ansatz, a drift is written using a Helmholtz—Ao-type decomposition [Ao, 2004]:

fl) = =(D + Q(z)) VF(z),  F(z) = —logp*(z), Qz)" = —Q(x), (65)

where F'(x) is the negative log-stationary density up to normalization, D is symmetric positive-semidefinite, and Q(z) is antisymmetric. Within this ansatz,
substituting p* o< e~ into the current cancels the two D terms and leaves J* = —Q VF p*. On a finite state space the ansatz itself is now a theorem, not
a restriction: catalogue topic fep-160 proves that every rate field splits, relative to a full-support stationary law, into a reversible part plus a law-weighted-skew
circulation part (FEP.HelmholtzAoNess.aoDecomposition), so the arbitrary-drift clause of the earlier disclaimer no longer stands. What the formalization
still does not provide is a continuum density-existence result, a divergence-free guarantee for the current of an arbitrary drift, or an account of state-dependent
diffusion conventions, which can introduce additional terms.
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What antisymmetry cancels. Expanding the candidate current’s divergence shows which terms vanish algebraically and which require an additional hypothesis:

%V-(QVFp*) — WQ-V2F) — (VF) Q(VF) + (V-Q) VF. (66)

The trace term vanishes when F’ is sufficiently smooth because () is antisymmetric and the Hessian is symmetric. The quadratic term also vanishes because an
antisymmetric bilinear form is zero on a repeated vector. The remaining (V - Q)T VF term does not vanish from antisymmetry alone; it needs, for example,
spatially constant () or a separate orthogonality condition. These are now compiled statements, not informal bookkeeping: fep-161 proves the two cancellations
exactly (fep161_skewTrace_eq_zero, fep161_skewQuadratic_eq_zero), fep-162 constructs the discrete Hessian by symmetrization so the trace cancellation
holds with no smoothness hypothesis on raw mixed-difference data, fep-163 proves the three-term expansion of eq. 66 exactly under the stationary coupling
and derives the drop of the remainder from explicit extra hypotheses, and fep-165 compiles the 2-node counterexample on which the unconditional drop fails
with node divergence 1 # 0. Stationarity’s divergence check is likewise proved over the circulation part (fep160_stationaryCurrent_divergence_zero,
fep160_circulation_divergence_zero), and removing the circulation part is exactly detailed balance (fep160_detailedBalanced_iff_circulation_
eq_zero).

What fep-025 formalizes. It defines a finite edge current .J;; = m, P;; — 7, F;; and its node divergence. Lean proves antisymmetry, zero self-current, global
conservation, and the pointwise zero-divergence consequence of row normalization and stationarity. A directed three-state cycle then proves existence of a
nonzero divergence-free stationary current, formally separating stationarity from detailed balance. This is a finite NESS witness. The wave-3 additions (fep-160
through fep-165) formalize the trace cancellation and a constructed discrete Hessian; a state-dependent () convention and any PDE/SDE in eq. 66 remain

outside the formalized scope.

6.4.5 Maximum Entropy (fep-030): Jaynes’ Derivation

Jaynes’ maximum-entropy principle [Jaynes, 1957] provides a constructive answer to the question “given that I know only the expectation values (f;) = ¢,
of certain observables, which probability distribution should I assign?” The principle says: assign the distribution p* that maximizes the Shannon/Boltzmann
entropy H[p] = —[,[log p] subject to the constraints, and no others. This is the least-biased inference consistent with the data: any other distribution would
implicitly assume information the data did not provide.

The constrained-optimization problem is

p* = argmax H[p] subjectto Zp(x) =1, Zp(z) fi()=¢; (i=1,...,k). (67)

p

For a finite feasible problem whose optimum lies in the positive interior and satisfies the relevant constraint qualification, introducing Lagrange multipliers
A for normalization and \; for each constraint yields the stationarity condition —logp*(z) — 1 — Ag — >, A, f;(z) = 0. The resulting candidate has
Boltzmann-Gibbs form:

px) = ﬁ exp<_§: X)), 20 = Zexp(—ixi fi(@)). (68)

x

When a matching multiplier exists, enforcing the constraints relates derivatives of the log partition function to the prescribed moments. This is the familiar
maximum-entropy route to exponential families, subject to feasibility, support, boundary, and dual-attainment qualifications. fep-030 and fep-031 do not
prove that general optimization-to-Gibbs bridge. They compose at one exact boundary: for a two-state Gibbs law at zero inverse temperature, hence the
infinite-temperature limit, FEPComposed. fep031_zeroBeta_binary_maxEntropy rewrites the selected probability to 1 /2 and invokes fep-030’s binary-entropy
equality characterization. The separate fep-142—148 family constructs a full-support finite scalar exponential family and proves log-partition, Fisher—variance,
and KL-Bregman identities, but it assumes the family rather than deriving it as the solution of eq. 67. Here 8 = 0 must not be described as zero physical
temperature.

Two canonical special cases. (i) Uniform distribution: with no constraints beyond normalization, the maximizer is p*(x) = 1/n on a finite set of size n,

achieving H [p*] = logn. This is the classical “principle of insufficient reason”. (ii) Canonical ensemble: with the single constraint (E') = E, the maximizer
is p*(z) o< exp(—BE(x)) with 8 = A identified as inverse temperature.

What fep-030 formalizes. It imports Mathlib’s binary entropy, proves the global bound binEntropy(p) < log 2, and proves equality exactly at p = 1/2. It also
retains the explicit finite-uniform normalization and entropy-equals-log n calculation. The binary theorem is a genuine maximum-entropy result; the arbitrary
finite-simplex and constrained Jaynes problems remain unproved. The composed zero-inverse-temperature theorem connects the binary Gibbs special case to
this maximum, but it does not derive general Gibbs weights from constrained optimization.

6.4.6 Entropy Production and the Variational-Thermodynamic Bridge

In a one-flux/one-force schematic, a local entropy-production contribution is often written as the pairing of a thermodynamic flux .J with a conjugate force
F’; sign, mobility, integration, and time-reversal conventions are model-dependent:

c=J-F =1]-Vlgp > 0, (69)

The conditions for nonnegativity and equality depend on the constitutive relation and inner product; nonzero flux alone does not imply a positive scalar product
with force. eq. 69 is motivating thermodynamics, not a consequence of scalar sign assumptions alone.

Topic fep-049 formalizes two finite constitutive models. For diagonal linear response J; = L, X, entropy production is the quadratic form Zl L, X 1-2; Lean
proves nonnegativity for L; > 0 and zero iff all forces vanish for L; > 0. Independently, strictly positive forward/reverse edge fluxes have production
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(f —r)log(f/r) > 0, with equality exactly at detailed balance f = r. These are genuine finite second-law instances under explicit constitutive assumptions,
not a microscopic derivation or a theorem for arbitrary cross-coupled Onsager matrices.

The bridge calculation above becomes exact only after a generative density is used to define an energy landscape and units are fixed. The present Lean rows
do connect selected thermodynamic interfaces: fep-025 currents feed fep-049’s nonnegative diagonal dissipation, and fep-040 thermal entropy feeds fep-013’s
Helmbholtz derivative. They still do not identify biological self-organization with physical relaxation, because no theorem maps a concrete generative model,
stationary law, thermodynamic force, and variational objective into one shared dynamics.

6.4.7 Landauer Bound (fep-050): Information—Thermodynamic Interpretation

Landauer’s principle [Landauer, 1961] asserts that erasing one bit of information from a physical memory has an irreducible thermodynamic cost of at least

W,

erase

> kpTlog2 ~ 2.9x 1072 Jat T = 300K. (70)

In the standard idealized symmetric-memory model, an initially equiprobable bit has Shannon entropy log 2 nats and a reset state has zero logical entropy. A
cyclic isothermal implementation must compensate that entropy decrease in the environment; in the reversible limit this gives the k57" log 2 minimum. More
general Landauer results are formulated through nonequilibrium free-energy changes and depend on the physical memory, control protocol, reservoir, and error
tolerance. The bound is therefore not obtained from information entropy plus the first law without those modeling assumptions.

Landauer’s bound applies to logically irreversible erasure under physical assumptions; it is not a cost per Bayesian update, per bit observed, or per nat of
KL reduction. Deriving a neural-metabolic rate limit would require an explicit physical implementation, a count of irreversible erasures, temperature/control
assumptions, and a link from algorithmic state changes to thermodynamic operations. Neither the general principle nor fep-050 supplies that bridge.

What fep-050 formalizes. It defines a noninjective Boolean reset, computes the entropy lost by erasing an unbiased bit as k5 log 2, and models environmental
entropy change as /7. From positive temperature and the explicit second-law hypothesis AS,.,,; > 0, Lean derives Q > kT log2; a separate work-at-
least-heat hypothesis yields the work bound. Thus the thermodynamic inference is explicit and checkable, while the second law and implementation energetics
remain assumptions rather than a microscopic Hamiltonian derivation.

6.4.8 Lean 4 Formalization: Entropy, Boltzmann, and Landauer
The thermodynamic topics encode six distinct, composable layers of the theory:

* Binary maximum entropy plus uniform calculation (fep-030) — native Real.binEntropy is bounded by log 2 with equality exactly at 1/2; uniform

finite weights are separately normalized and their entropy expression equals log nn. General finite-simplex maximality is not proved.

Finite Boltzmann—-Gibbs weights (fep-031) — Exponential-weight positivity, energy-ordered monotonicity at positive inverse temperature, partition-

sum positivity, pointwise nonnegativity after normalization, and exact mass one on a nonempty selected support.

Differential Helmholtz law (fep-013) — F' = U — T'S is differentiated exactly, and the equilibrium first-law premise reduces F’ to —S; fep-040

supplies a concrete Gaussian thermal instance.

Stationarity, response, and production (fep-025, fep-037, fep-049) — finite nonzero stationary currents, exact two-state response decay, quadratic

entropy production, and edge detailed-balance separation are theorem-level objects.

Conditional Landauer derivation (fep-050) — erasure entropy loss plus an explicit second-law premise derives the heat bound, and work-at-least-heat

derives the work bound.

Finite path thermodynamics (fep-093-099) — normalized forward/reverse path laws, involutive reversal, path-ratio and fluctuation identities, finite

Jarzynski normalization, local current cancellation, and reversible KL dissipation with explicit irreversible and zero-rate boundaries.

¢ Two-state continuous time (fep-149-155) — a positive-rate Boolean Markov kernel, identity and Chapman—Kolmogorov laws, left and right master
equations, a nonuniform detailed-balance stationary law, exact exponential relaxation, and quadratic Lyapunov decay with a strict nonstationary bench-
mark.

Table 17: Thermodynamics topics: the Lean content each row actually states, its semantic disposition, the modules its Lean body imports (generated from the
body, Mathlib. omitted), and its sorry count.

Topic Actual Lean content Semantic disposition Modules imported (Mathlib. prefix omitted) sorry count
fep-013 Helmbholtz definition, formalized Analysis.Calculus.Deriv.Add, 0

exact derivative, and Analysis.Calculus.Deriv.Mul, Tactic

equilibrium reduction

to —S
fep-025 Finite probability formalized Algebra.BigOperators.Group.Finset.Basic, 0

current, conservation, LinearAlgebra.Matrix.Notation, Tactic

stationarity, and
nonzero three-cycle

witness

fep-030 Native formalized Analysis.SpecialFunctions.BinaryEntropy, 0
binary-entropy Algebra.BigOperators.Ring.Finset, Basic.Real.Basic,
maximum/equality Tactic

characterization and
exact uniform finite
entropy
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Topic

Actual Lean content

Semantic disposition

Modules imported (Mathlib. prefix omitted)

sorry count

fep-031

fep-037

fep-049

fep-050

fep-093

fep-094

fep-095

fep-096

fep-097

fep-098

fep-099

fep-149

fep-150

fep-151

fep-152

Finite Gibbs-weight
positivity, energy
monotonicity,
normalization, and
mass one

Two-state
autocorrelation
recurrence/decay and
exact
fluctuation—response
kernel

Finite quadratic and
edge-flux entropy
production with
equilibrium
separation

Boolean erasure
entropy loss and
conditional Landauer
heat/work derivation
Normalized finite
forward/reverse path
laws, reversal, and
full-support ratio
Finite path entropy
production identified
with finite KL
Detailed finite
fluctuation symmetry
from the path-law
ratio

Integral fluctuation
identity under
normalized
full-support path laws
Finite Jarzynski
identity with explicit
work, inverse
temperature, and
normalization

Local detailed
balance and
edge-current
cancellation
Reversible one-step
KL dissipation and
irreversible
positive-production
witness

Positive-rate
two-state
continuous-time
Markov kernel and
nonuniform
benchmark
Continuous-time
transition is the
identity at time zero
Exact Chapman—
Kolmogorov
semigroup law
Entrywise left and
right continuous-time
master equations

formalized

formalized

formalized

formalized

formalized

structural_proxy

conditional_proxy

formalized

conditional_proxy

formalized

formalized

formalized

formalized

formalized

formalized

Analysis.SpecialFunctions.Exp

Analysis.SpecificLimits.Normed, Tactic

Algebra.Order.BigOperators.Group.Finset,
Analysis.SpecialFunctions.Log.Basic, Tactic

Analysis.SpecialFunctions.BinaryEntropy, Tactic

FepSketches.

FepSketches.

FepSketches.

FepSketches.

FepSketches.

FepSketches.

FepSketches.

FepSketches.

FepSketches.

FepSketches.

FepSketches.

AA

path_thermodynamics

path_thermodynamics

path_thermodynamics

path_thermodynamics

path_thermodynamics

path_thermodynamics

path_thermodynamics

continuous_time_markov

continuous_time_markov

continuous_time_markov

continuous_time_markov

0



Topic Actual Lean content Semantic disposition Modules imported (Mathlib. prefix omitted) sorry count

fep-153 Stationarity and formalized FepSketches.continuous_time_markov 0
detailed balance for
the exact semigroup

fep-154 Exact exponential formalized FepSketches.continuous_time_markov 0
relaxation from an
arbitrary normalized
Boolean law

fep-155 Exact quadratic formalized FepSketches.continuous_time_markov 0
Lyapunov law,
derivative, and strict
benchmark decay

The strongest direct facts form a chain rather than an isolated roster: fep-030 and fep-031 meet at the binary infinite-temperature maximum; fep-025’s finite
currents feed fep-049’s dissipation law; fep-040’s Gaussian thermal entropy feeds fep-013’s Helmholtz derivative; and fep-050 derives Landauer heat and work
bounds from named physical premises. Each chain is narrower than the full physical theory, but each seam is checked in Lean.

Key formalization — Helmholtz free energy F' = U —T'S (fep-013): The row represents temperature-dependent internal energy and entropy as differentiable
real functions, proves the product-rule derivative U" — S — T'S’, and derives F’ = —S from U’ = T'S’. Boundary and monotonicity laws remain available.
The separate fep-040 composition supplies a Gaussian thermal witness; no theorem identifies thermodynamic and variational free energy.

Mathlib4 module footprint (Thermodynamics): The area routes through Analysis.SpecialFunctions.BinaryEntropy, real differentiation, geometric-
limit results, logarithms and exponentials, finite big operators, and matrix notation. The generated coverage report, rather than this illustrative roster, is the exact
import authority.

Thermodynamic vs variational free energy — formally distinct Lean objects: The thermodynamic object fep-013 consumes U (7"), T', and S(T"), whereas
fep-002 defines variational free energy as surprisal plus native measure KL. Their types and assumptions are deliberately distinct. The Gaussian composition
closes one thermodynamic instance, and the fep-002/fep-014 composition closes the KL chain rule, but no theorem identifies these two free energies. Such a
theorem would need a concrete density, energy map, units, normalization, and integrability contract.

Representative formalization — Helmholtz differential identity (fep-013): The row proves the exact derivative law and its equilibrium reduction under explicit
differentiability and first-law assumptions. The composition with fep-040 supplies a nontrivial entropy function rather than an arbitrary scalar witness. It does
not derive the first law or the physical meaning of temperature. See sec. 16.13 in Appendix B and sec. 17.13 in sec. 17.

Representative formalization — Finite stationary probability current (fep-025, eq. 71): Some NESS constructions posit a Helmholtz/Ao decomposition [Ao,
2004] with a skew component:

p=-V-(pVE+Qp)=0, Q=-Q 1

The row proves the finite continuity analogue directly: a stationary normalized transition has zero current divergence, and a directed three-cycle has both zero
divergence and nonzero current. Antisymmetry alone still does not discharge the state-dependent continuum term, and the row has no Hessian or PDE. See
sec. 16.25 in Appendix B and sec. 17.25 in sec. 17.

Representative formalization — Conditional Landauer derivation (fep-050): The row proves the reset is noninjective, computes unbiased-bit entropy loss,
derives the heat bound from total-entropy nonnegativity, and derives the work bound from work-at-least-heat. The physical premises are visible theorem
hypotheses rather than hidden in prose.

6.4.9 Closing Synthesis: What the Thermodynamics Theorems Establish
The 28 rows form a finite, executable thermodynamic layer:

* Free energy and finite ensembles. fep-013 proves Helmholtz calculus; fep-030 proves the binary entropy maximum; fep-031 normalizes finite Gibbs
weights; composed theorems connect the Gaussian and binary special cases.

 Stationarity and response. fep-010 proves reversible-kernel invariance; fep-025 constructs a nonzero divergence-free finite current; fep-037 proves
exact discrete two-state correlation and response decay; and fep-149—155 prove an exact two-state continuous-time semigroup, master equation, detailed
balance, relaxation, and Lyapunov decay.

¢ Production and erasure. fep-049 proves finite quadratic and edge-flux production laws with equality characterizations; fep-050 derives Landauer heat
and work bounds from explicit second-law and work-transfer premises.

« Path thermodynamics. fep-093—-099 construct finite path laws, entropy production, detailed/integral fluctuation and Jarzynski identities, local detailed-
balance currents, and reversible KL dissipation on the shared finite Markov carrier.

The remaining theorems are substantive: the measure-theoretic Helmholtz/variational bridge, a general constrained maximum-entropy derivation of Gibbs laws,
continuous or singular path measures, the full protocol-level Crooks work-distribution theorem, generic CTMC construction, continuous-state NESS existence,
cross-coupled constitutive response, and a microscopic finite-time erasure model. A fresh warning-free exact-roster receipt would establish acceptance of the
present finite mathematics at the pinned toolchain; even then, it would remain a scoped thermodynamic formalization layer rather than a universal physical
derivation of the FEP.
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6.5 Quantitative Execution Metrics

This section reports three surfaces separately: catalogue coverage, native Lean evidence, and optional full-pipeline evidence. A count from one surface is never
substituted for another. The generated formalism coverage audit is authoritative for source structure; native and full receipts are authoritative for execution
claims.

Topics by area
41 (24%)

41 (24%)

37 (22%)

28 (17%)

21 (12%)

Active Bayesian FEP Info Thermodynamics
Inference Mechanics Geometry

Figure 4: Topic distribution across the five catalogue areas. The figure visualizes catalogue breadth only.

The area-distribution figure above visualizes catalogue breadth only. It does not measure scientific maturity or compilation success.

6.5.1 Aggregate Catalogue Metrics

The catalogue contains 168 topics across 5 areas. mathlib_status records whether a row is intended to use available pinned-library infrastructure; semantic
disposition records whether the primary theorem reaches the topic-facing claim. The two fields answer different questions. Maintained foundation/composition
declarations are counted separately from topic declarations before the package total is formed:

Table 18: Module and theorem-declaration counts by source layer, computed at render time from the formalism audit.

Source layer Modules  Theorem declarations
Topic catalogue 168 topic modules 584
Maintained foundations 45 1030
All maintained formal resources, including composition 71 1362
Package total, without double-counting resources — 1946

Table 19: Topic count and native receipt rate for each catalogue area.

Area Topics Native receipt rate
FEP 41 41/41 (100.0%)
Active Inference 37 37/37 (100.0%)
Bayesian Mechanics 41 41/41 (100.0%)
Information Geometry 21 21/21 (100.0%)
Thermodynamics 28 28/28 (100.0%)
Total 168 168/168 (100.0%)

The runtime projection reports the following receipt-derived values:
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Table 20: Receipt-derived fields of the runtime verification projection.

Field Value

Evidence kind native-lean
Claim-ready native/full Lean evidence true

Receipt identifier native-3d5abbclabch
Topics with compiler results 168

Compiled 168

Failed compilation 0

Warnings 0

Admitted proofs (sorry occurrences) 0

Topics containing sorry 0

Topic IDs that failed to compile none

Topic IDs not clean (failed, warned, or admitted) none

Measured compiler time 385.831s

Mean measured time per result 2297 s

Lean / Mathlib pin leanprover/lean4:v4.34.1/v4.34.1

A native receipt becomes claim-ready only for the exact ordered roster of 168 topics with every result compiling, zero errors, zero warnings, zero sorry, actual
Lean output matching the configured pin, the resolved Mathlib commit, finite timing evidence, and source/toolchain digests matching an explicitly supplied live
tree. A valid subset or structurally validated unbound receipt remains useful diagnostic evidence but cannot populate the full-catalogue headline.

6.5.2 Maturity Distribution by Area

All rows currently carry mathlib_status: real, but that is a compile-intent classification, not a semantic result. The separate semantic audit reports 149
directly formalized, 13 conditional, and 6 structural rows at their stated scopes. The generated area-by-disposition matrix and per-topic assumptions live in
docs/formalism-coverage.md; reproducing that matrix here would create a second owner.

6.5.3 Formalism Composition and Capability Ledger

The authored semantic graph contains 146 reviewed edges. Of these, 20 are derivational formal edges and 118 are checked pairings whose theorem certifies both
endpoint laws without claiming that one follows from the other. Together they form 138 qualified Lean declaration witnesses. The remaining edges are explicitly
conceptual or blockers and therefore carry no proof claim. The retained capability ledger contains 50 nodes: 0 open, 0 partial, and 50 satisfied. “Unresolved”
includes both open and partial nodes, so its generated count is 0.

docs/formalism-atlas.svg and docs/formalism-atlas.html visualize this exact join. The atlas renders formal-module import dependencies separately
from authored scientific relations, so code reuse cannot masquerade as a theorem witness. docs/formal-kernel-dashboard.svg and its interactive HTML
companion evaluate one deterministic numerical witness for each of the 17 expansion families, including support, normalization, contraction, rank, risk-transfer,
feedback, conditional-independence, duality, master-equation, and tail-bound boundaries. Every witness exposes typed checks with individual tolerances rather
than one undifferentiated residual. Those values are validation diagnostics, not proof evidence. The declaration/axiom audit must still resolve formal witnesses,
while the native receipt covers the exact 168 topic bodies and the maintained modules compile through their manifested projection.

6.5.4 Hermes LLM Performance

Hermes commentary is optional and has no bearing on native Lean acceptance. Manuscript Hermes metrics are exposed only from an independently validated,
claim-ready full report. At render time, full-run claim readiness is false.

Table 21: Hermes full-run fields, exposed only from an independently validated, claim-ready report.

Full-run field Value

Report run ID | | Processed topics | O | | Successful Hermes calls | 0 | |
Primary model |

Models used

Model-chain advances

Same-model network retries

Hermes-refined sketches compiling

Mean measured topic time

Token total

coococo

When full.claim_ready is false, zero or empty cells above mean unavailable evidence, not an observed zero-event experiment. Catalogue mode cannot
populate this table.

6.5.5 Lean 4 Verification Timing

Only receipt-recorded elapsed time is reported: 385.831 seconds in total and 2.297 seconds per result for native-3d5a6bcla6c5. We do not generalize these
machine- and cache-dependent observations into universal cold/warm timing ranges.
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6.5.6 Error Category Distribution

LeanVerifier retains compiler errors, warnings, and an advisory failure category for each topic. The current receipt summary reports O compile failures, 0
warnings, and 0 admitted proofs across O topics. Per-topic rows in the receipt, rather than a manually maintained chart, are authoritative.

6.5.7 Live Verification Error Taxonomy: Hermes-Assisted Run

No Hermes-assisted result is described as live unless full.claim_ready is true. Full receipts must bind every selected row to a successful provider session
and model, direct hermes_refined compilation, byte-identical refined/final Lean and its digest, actual compiler output, the resolved Mathlib commit, complete
per-topic artifacts, redundant manifest parity, and current source/configuration digests. The renderer currently reports full claim readiness as false.

Historic LLM failures are useful engineering anecdotes but are not current mathematical evidence. The canonical failure rows remain in validated report bundles
rather than being copied into a static taxonomy.

6.5.8 Baseline Comparison: Hermes-Assisted vs Manual Drafting

This project has not run a controlled human-versus-Hermes authoring study. It therefore makes no comparative claim about proof length, first-pass success, or
authoring speed. A defensible comparison would require preregistered tasks, identical library context, blinded adjudication of semantic adequacy, and separate
compiler and wall-clock outcomes.

6.6 Maturity Migration Pathways

Rows migrate only through evidence, not elapsed calendar time. A proxy becomes formalized when its primary theorem states the reviewed invariant at the
advertised scope, its assumptions are explicit, a non-vacuous witness exists where appropriate, and native acceptance remains clean. Mathlib pin changes, new
definitions, or more permissive prose do not automatically promote a row.

6.7 Error Taxonomy: LLM Failure Modes
The useful distinction is contractual:

« transport and provider failures prevent full-mode completion;

¢ malformed or invented Lean fails compiler verification;

¢ sorry fails native claim readiness even if elaboration succeeds;

¢ a compiling theorem with the wrong scope is a semantic-audit failure;
* astale or tampered artifact is a receipt-validation failure.

These failure classes are independently observable and should not be collapsed into one success rate.

6.8 Cross-Area Mathlib Dependency Analysis

The generated coverage audit derives the exact Mathlib module-to-topic incidence relation from canonical imports. Shared imports indicate library reuse, not
logical dependence between catalogue topics. Conceptual relationships must be reviewed separately, and both derivational relations and formal pairings must
name checked declarations that consume both endpoint namespaces; the project does not infer any relation from common tokens such as State, Policy, or
Measure.
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6.9 Semantic Closure, Composition, and Visual Validation

The catalogue is evaluated as a typed scientific graph rather than a pile of compiling files. A topic node is directly formalized only when its primary theorem states
the reviewed, deliberately bounded invariant, its assumptions are explicit, and its non-vacuity or concrete-model obligation has been discharged. A relation is
formal only when a qualified declaration in a manifested composition leaf derives or identifies a shared result across both endpoints. A formal pairing is weaker:
its checked theorem exposes both endpoint laws in one context but deliberately asserts no implication. A capability is satisfied only when its declared topic and
relation requirements are closed. These conditions prevent theorem count, import count, and compilation success from substituting for semantic depth.

For the current canonical sources, 149 of 168 topics are directly formalized; the remainder retain explicit conditional or structural proxy classifications. The
semantic graph contains 146 reviewed relations: 20 derivational formal seams, 118 checked non-implicational pairings, and the remaining conceptual or blocker
edges. Its 50 capability nodes resolve to 50 satisfied, O partial, and O open. A separate reusable kernel contains 71 maintained formal modules and 1362
declarations. It combines almost-sure empirical-law convergence with separately scoped finite concentration, finite Laplace/Brier-risk transfer, and model-
evidence laws; posterior contraction is proved, but only on the selected two-hypothesis Gaussian-mean carrier of FEP.PosteriorConvergence (posteriorPr-.
obability_consistent_ae, parameterPosterior_tendsto_dirac_ae, posteriorDecisionRisk_tendsto_zero_ae); the kernel still makes no minimax,
empirical-calibration, or generic marginal-likelihood optimization claim, and no contraction claim over a parameter space larger than that carrier.

6.9.1 The Formalism Atlas

Formalism composition atlas
168 canonical topics - 22 joined families - 146 authored relations - 71 maintained modules
Data-driven family layout; full topic, relation, capability, and module records remain available in the companion accessible HTML tables.

Active Inference Bayesian Mechanics FEP
37 topics - 5 families 41 topics - 5 families 41 topics - 5 families
Conditional Proxy 1 - Formalized 33 - Structural Proxy 3 Conditional Proxy 6 - Formalized 34 - Structural Proxy 1 Conditional Proxy 1 - Formalized 39 - Structural Proxy 1
Closed Loop Policy Trees And EFE Causal Blankets And Interventions Core Free Energy
7 topics - 1 theorem instance 7 topics + 1 theorem instance 13 topics + 0 numerical witnesses
Collective And Multiagent Active Inference Core Bayesian Mechanics Finite Sample Risk And Calibration
7 topics - 1 theorem instance 13 topics - 0 numerical witnesses 7 topics - 1 theorem instance
Control And Planning As Inference Finite To Native Blanket Transfer Learning Concentration And Model Evidence
7 topics - 1 theorem instance 7 topics - 1 theorem instance 7 topics - 1 structural analogue
Core Active Inference Measure Bayesian Inversion Predictive Coding And Generalized Coordinates
10 topics - 0 numerical witnesses 7 topics - 1 theorem instance 7 topics - 1 theorem instance
Standalone EFE Formalizations Temporal And Hierarchical Inference Variational Duality And Information Bounds
6 topics - 1 theorem instance 7 topics - 1 theorem instance 7 topics - 1 theorem instance

Info Geometry Thermodynamics

21 topics - 3 families 28 topics - 4 families

Conditional Proxy 3 - Formalized 18 Conditional Proxy 2 - Formalized 25 - Structural Proxy 1

Core Information Geometry Core Thermodynamics

7 topics - 0 numerical witnesses 7 topics - 0 numerical witnesses

Finite Exponential Family Dual Geometry Geometric Mechanics Notation

7 topics - 1 theorem instance 7 topics - 1 theorem instance

Information Geometry And Geometric Optimization Path Space Stochastic Thermodynamics

7 topics - 1 theorem instance 7 topics - 1 theorem instance

Two State Continuous Time Thermodynamics
7 topics - 1 theorem instance
Authored scientific relations

Conceptual Formal Formal Pairing Semantic status key

8 edges - 0 named witnesses 20 edges - 20 named witnesses 118 edges - 118 named witnesses @ Conditional Proxy - 13 ® Formalized - 149 @ Structural Proxy - 6

Numerical alignment - 16 theorem instances - 1 structural analogue

Deterministic diagnostics only—not Lean proof receipts or empirical validation; 17 typed witnesses provide exact workbench values.

Reviewed 2026-08-21 - Module-import dependencies are code structure, not authored scientific relations.

Figure 5: Formalism atlas generated from the topic, relation, and capability registries. Derivational relations, checked formal pairings, and conceptual relations
are separately labeled, while the schema retains an explicit blocker notation for future gaps.

The interactive offline atlas presents the same canonical join with searchable node detail. Neither view infers scientific relations from shared imports or vocabulary.
Topic metadata comes from the generated catalogue, relation kinds and witness names come from config/formalism_relations.yaml, and capability state
is recomputed from exact declarations. Authored cross-topic witnesses live in manifested composition leaves and resolve through FepSketches.composed;
capability evidence may additionally resolve in any manifested foundation. Purple module-import arrows occupy a separate edge class and table from teal
scientific theorem edges. The SVG and HTML are projections, so their --check gate detects drift instead of accepting manual edits.

6.9.2 Established Core Theorem Strands

The original core is organized into the following ten mutually connected strands. The first 10 expansion families and their distinct carriers are treated in sec. 7;
the 5 families added in the second expansion are treated in sec. 8. Neither expansion is compressed into this historical core table:
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Table 22: The ten established core theorem strands, with the objects and laws each owns and a representative witnessed seam.

Strand

Direct objects and laws

Representative witnessed seams

Finite probability

Finite information

Variational inference

Decision, policy, and planning

Blanket structure

Information geometry

Statistical convergence

Discrete dynamics and optimization

Thermodynamics

Structural composition

Normalized laws and kernels, products, marginals,
Bayes reconstruction, identity and associative
kernel composition, predictive functor laws

Zero-safe entropy; support-free separation for
totalized normalized finite KL and mutual
information; prior-kernel and
independent-product KL chain laws under their
logarithmic support assumptions; explicit
disjoint-support boundary values

Outcome surprisal, posterior-form VFE, evidence
lower bound, exact-posterior attainment, and
uniqueness even with zero-mass posterior states

Both EFE decompositions, support-gated
prior-weighted policy posterior, MAP/minimizer
existence, a transition-consistent infer—select—act
joint, prior-sensitive Boolean witness, and
state-updating cumulative finite-horizon EFE

Positive-mass conditional factorization, zero
blanket-conditioned internal-external mutual
information, typed four-component dynamics, and
row-wise transfer from dynamics to the static
factorization

Multidimensional centered scores, Fisher PSD/PD
conditions, compositional pullbacks, exact matrix
lowering, inverse-Fisher metric duality and energy,
an exact Bernoulli carrier, and an explicit
rank-deficient score family

Topic-independent Boolean and finite-atom
SLLNSs, simultaneous atom convergence,
whole-law L' and every finite-observable
expectation convergence, plus a composed
Laplace-smoothing bridge

Measurable semigroups, invariant kernels,
two-state relaxation, exact quadratic descent,
contraction convergence

Helmbholtz derivative, Gaussian thermal entropy,
Gibbs weights, binary maximum entropy, finite
NESS current, entropy production, Landauer
derivation

Unique finite partitions, additive local/global
energy, matrix—vector message propagation, finite
stick-mass conservation

FEP.FiniteKernel.comp_assoc;
FEP.FiniteKernel.predictive_comp;
FEP.ActivelInference.posteriorState_mul_
evidence
FEP.FiniteInformation.finiteKL_eq_zero_
iff;
FEP.FiniteInformation.finiteKL_disjoint
_pointMass_totalized;
FEP.FiniteInformation.mutualInformation
_le_predictive_entropy
FEP.ActiveInference.negative_variationa
1FreeEnergy_le_logEvidence;
FEP.ActivelInference.variationalFreeEner
gy_eq_surprisal_iff
FEP.ActivelInference.inferSelectActActio
nMarginal_eg_actionLaw;
FEP.ActiveInference.symmetricBoolModel_
policyPrior_changes_posterior;
FEP.ActivelInference.cumulativeExpectedF
reeEnergyFrom_append
FEP.MarkovBlanket.transition_row_condit
ional_factorization;
FEP.MarkovBlanket.transition_row_condit
ional_mutualInformation_zero

FEP.InformationGeometry.bernoulli_natur
alGradient_eq;
FEP.InformationGeometry.duplicatedScore
_fisherMetric_eq_zero;
FEP.InformationGeometry.pullbackMetric_
comp
FEP.StatisticalConvergence.empiricalExp
ectation_stronglaw;
FEP.StatisticalConvergence.empiricallL1E
rror_stronglLaw;
FEPComposed.fep036_smoothedRate_strongL
aw
fep037_autocorrelation_tracks_fep020;
fep032_update_is_fep043_gradientStep

fep013_gaussianHelmholtz_derivative;
fep031_zeroBeta_binary_maxEntropy;
fep025_current_dissipation_nonneg

fep039_partitionEnergy_conservation plus
the exact local definitions and laws of fep-047 and
fep-046

This organization shows both closure and non-closure. The posterior/filter/hierarchy strand shares native kernel objects, so its composition is definitional or
theorem-level. The finite-current/entropy-production strand shares a current function explicitly. The finite blanket kernel gives a theorem-witnessed bridge from
a static partition to conditional factorization and zero conditional mutual information; fep-135-141 further embed that carrier and prove one native CondIn-
depFun instance. The generic measure-theoretic topic remains broader: the package does not claim that every sigma-algebra-valued conditional-independence
formulation arises from its finite factorization, nor that every dynamics admits or preserves a blanket.

6.9.3 Validation as a Layered Scientific Contract

Validation proceeds through independent failure surfaces:

1. Canonical generation: topic YAML, package data, the topic aggregate, every manifested formal resource, and the import aggregate must equal their

generated projections.

2. Semantic firewall: every topic retains an assumption review, non-vacuity note, and acceptance probe. A future scope_gap or assumption_gap row
must additionally point through a blocked_by edge to a concrete unresolved capability; satisfied capabilities cannot be used as blockers. Conditional and
structural proxies preserve their narrower scope without falsely reopening a capability whose stated requirements are already witnessed.
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3. Native elaboration: all topic bodies and every manifested formal resource must compile at the pinned Lean/Mathlib revision with zero warnings and no
admitted proofs (current render: evidence kind native-lean, full-catalogue rate 168/168 (100.0%)).

4. Declaration and axiom audit: every primary theorem, derivational relation witness, and formal-pairing witness resolves by qualified name; its declaration
kind and axiom footprint are recorded in a source-bound receipt.

5. Projection integrity: coverage JSON/Markdown and atlas SVG/HTML regenerate byte-for-byte from the same source graph.

6. Publication integrity: manuscript variables resolve fail closed, theorem references resolve against the canonical declaration inventory, citations and links
pass their audits, and the rendered manuscript receives local copies of its generated visual assets.

7. Distribution integrity: an isolated wheel install must expose the fep_lean namespace, package data, and CLI without relying on the repository checkout
or collision-prone top-level modules.

No layer subsumes another. Lean can reject an invalid proof but cannot decide whether a theorem title overclaims its type. The semantic firewall can expose
a missing scientific capability but cannot certify elaboration. The atlas can make topology inspectable but cannot create a theorem edge. A native receipt can
prove compilation for exact bytes but cannot authenticate an optional provider run. The package therefore publishes these receipts and projections side by side
rather than collapsing them into one success percentage.

6.9.4 Residual Boundary and Extension Rule

The empirical-Bayes capability is closed at a deliberately finite scope: a Mathlib binomial sampling law, count-derived Laplace prior, exact shrinkage identity,
almost-sure Boolean and finite-atom strong laws under explicit premises, L' empirical-law convergence, convergence of every finite-state observable, smoothing
preservation, normalized posterior update, and finite-law squared/Brier-risk plus bad-event transfer. The learning family separately proves scoped concentration,
PAC-Bayes, posterior-gap, mixture-regret, and Bayes-factor results. No theorem yet turns these carriers into posterior contraction, minimax or empirical-
calibration guarantees, or a generic marginal-likelihood optimum. Likewise, continuous-state active inference, generic blanket existence, multidimensional
dual-affine geometry, and SDE/PDE dynamics must enter through new typed objects and witnessed seams. This rule turns “deepen the formalism” into a
falsifiable acceptance contract rather than an invitation to accumulate unrelated lemmas.
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6.10 A Checked Finite FEP and Active-Inference Kernel

The catalogue’s 168 topic bodies are deliberately heterogeneous. To test whether their central ideas can inhabit coherent formal substrates, the package maintains
an explicit resource manifest containing reusable foundations, leaf cross-topic compositions, and an import-only aggregate. The foundations contribute 1030
checked declarations, while all maintained formal resources contribute 1362 declarations. These declarations are counted separately from the 584 topic theorems,
so the reported total of 1946 cannot hide duplication between generated examples and the reusable kernel.

The kernel follows the finite-state presentation common in discrete active inference [Da Costa et al., 2023], but it does not treat finiteness as evidence for an
unrestricted FEP. Every probability carrier records nonnegativity and normalization; every logarithmic identity states its support hypotheses; every posterior
states positive evidence; every asymptotic result states its integrability and independence assumptions. This is also a response to critiques that blanket, stationarity,
and inference claims can become stronger than their premises [Biehl et al., 2021].

Open the offline interactive validation dashboard. Its filters expose all 17 family diagnostics, while accessible tables retain the exact parameters, theorem mirrors,
typed per-check relations and tolerances, and boundary observations without requiring a network connection.
6.10.1 Probability and information carriers

FEP.FinitelLaw « stores a real mass function with proofs of

plx) >0, Y plx)=1. (72)

rea

Point masses, uniform laws, independent products, marginals, and deterministic pushforwards preserve this carrier. FEP.FiniteKernel a [ similarly stores
normalized rows. Its identity kernel and sequential composition satisfy left identity, right identity, and associativity, while predictive propagation satisfies the
matching identity and composition laws. Consequently, multi-step prediction is not a fresh normalization argument at each horizon; it is inherited from a checked
kernel algebra.

The information layer uses Mathlib’s zero-safe Real.negMulLog and InformationTheory.klFun. It proves entropy nonnegativity, KL nonnegativity, support-
free separation for normalized finite laws, conditional KL separation under positive input-law support but without reference-row support, cross-entropy identities,
exact prior—kernel KL chain rules, marginal KL. domination, independent-product KL additivity, entropy chain and product laws, and support-free mutual-
information separation. The logarithmic identities and chain laws retain the positive-reference assumptions used by their derivations. This matters because the
real-valued definition is totalized: for disjoint Boolean point masses its cross-entropy is zero and its KL value is one, not positive infinity. In particular, for finite
laws p and q,

I(p®q) =0 (73)
The separation in eq. 73 holds without adding artificial positivity assumptions at zero-mass atoms.

6.10.2 Variational inference and the evidence bound

A single GenerativeModel Policy State Outcome owns the initial state law, policy-conditioned transition, likelihood, preferred-outcome law, and policy
prior. From that carrier the library derives predicted states, predicted state—outcome joints, predicted outcomes, and exact posterior states. Bayes reconstruction
is an equation, not a prose contract:

Qs |o,m)P(o|m) =Q(s [ m)P(o]s). (74)

For any recognition law R and positive-evidence outcome, posterior-form variational free energy is

F[R,o0,m] = D (R| P(s|o,7)) —log P(o | 7). (75)

The checked theorems prove, from the definition in eq. 75, —log P(o | m) < F[R, 0, 7], equivalently —F'[R, 0, 7] < log P(o | m). The exact posterior
attains the bound, and equality is equivalent to R = P(s | o, 7) even when the posterior has zero-mass states. Thus the package contains a genuine variational
minimization result rather than only a definition named “free energy.”

6.10.3 Expected free energy, policy selection, and planning

The same model defines preference risk, likelihood ambiguity, epistemic value as mutual information, pragmatic cost, and real-valued expected free energy.
Under the explicit FullSupport contract it proves both central decompositions

G(7r) = pragmaticCost(m) — epistemicValue(7) = risk(7) + ambiguity (), (76)
and hence nonnegativity in this finite convention. The literature contains several EFE formulations whose equivalence depends on modeling assumptions

[Millidge et al., 2021, Champion et al., 2026]; the theorem therefore fixes its sign and support conventions in the type-checked statement rather than relying on
terminology.

A prior-weighted Boltzmann law
Q(m) o< P(m) exp[—G (7] (a7
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Figure 6: One deterministic numerical witness for each expanded formal family. The panels exercise reconstruction, normalization, update, rank, contraction,
and concentration boundaries, but they are explanatory projections rather than proof receipts.
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The law in eq. 77 has a strictly positive partition and a normalized posterior under full model support; a zero-mass preferred outcome is explicitly rejected before
this surface is available. Equal-prior policies are ordered antitonically by EFE for nonnegative precision, a finite MAP policy exists, and an EFE minimizer
exists. An action interface requires each emitted action to recover its policy’s transition. The resulting infer—select—act joint is normalized, factors into posterior
policy mass and action-state kernel mass, and has exactly the advertised policy and action marginals. A symmetric two-policy, two-state, two-observation model
has uniform predictions, zero preference risk, and EFE equal to uniform Boolean entropy. Because both policies have equal EFE, changing the prior changes
the posterior mass of true from 3/4 to 1/4 at every precision, pinning the prior term numerically.

For temporal depth, a list of policies composes the transition kernels chronologically. Empty plans preserve the initial law; concatenated plans obey prefix—
suffix prediction; and a positive-mass terminal observation yields an exact planned posterior reconstruction. A second recursion updates the predicted state
law after every stage and accumulates stage-dependent EFE. Its value decomposes exactly at every plan concatenation and is nonnegative under a recursive
stagewise support contract. This carrier is finite-horizon and open-loop. The controlled-Markov foundation first adds an exact two-stage observation-dependent
feedback witness. The later FEP.PolicyTrees foundation defines arbitrary finite-depth observation-contingent trees on finite carriers, proves recursive Bellman
optimality and optimizer existence, embeds open-loop plans, proves closed-loop weak dominance, and lifts the EFE decomposition treewise. It does not supply
an infinite-horizon partially observed stochastic game or learn a posterior over trees.

6.10.4 Blanket factorization and dynamics

The static blanket carrier constructs

P(b,i,e) = P(b)P(i | b)P(e | b). (78)

At positive blanket mass, division by P(b) yields the exact conditional product. Independently, the blanket-indexed conditional law has zero internal-external
mutual information. This gives a concrete finite conditional-independence witness and strengthens the catalogue-level bridge between blanket partitions and
conditional independence. The later FEP.NativeBlanket foundation embeds this carrier into native measures and kernels, transfers singleton masses, expecta-
tions, and prediction, and proves Mathlib’s CondIndepFun for the embedded static joint plus measurable endpoint coarsening and rowwise factorized transitions.
It still does not prove that arbitrary dynamics admit or preserve a blanket under arbitrary mixtures.

The dynamic carrier makes the permitted dependency graph part of the transition type: internal and active updates see the current internal-sensory pair, while
sensory and external updates see the current external-active pair. Their product is a normalized four-component transition with an exact factorization theorem.
Every transition row is equal to a static joint derived from the current state; under positive next-blanket mass it therefore inherits conditional factorization and
zero conditional mutual information. A Boolean witness changes state with probability one, ruling out a vacuous identity-only realization. These are row-wise
results and do not assert stationarity or preservation after an arbitrary prior mixture.

6.10.5 Geometry and asymptotics

A d-dimensional centered score field induces a symmetric Fisher matrix and a Gram metric. Positive semidefiniteness is unconditional; positive definiteness
requires full support and score identifiability; pullback positivity additionally requires an injective Jacobian; and composite Jacobians obey a functorial pullback
law. Matrix lowering is proved equal to the original expected-score metric. When the Fisher matrix is invertible, the library constructs the inverse-Fisher natural
gradient and proves its matrix duality, metric duality, Fisher-energy identity, and uniqueness. An interior Bernoulli model realizes the one-dimensional case with
Fisher entry 1/[p(1 — p)] and natural-gradient scaling p(1 — p); at p = 1/2 its scores are +2 and its Fisher entry is four. A duplicated-score two-parameter
model supplies the opposite witness: an all-four Fisher matrix, a nonzero null tangent, zero Fisher norm, and failed identifiability. The nondegeneracy premises
are therefore mathematically active.

For data, the topic-independent foundation instantiates Mathlib’s almost-sure strong law for Boolean indicators and finite-atom indicators. Integrability, pairwise
independence, and identical distribution remain theorem premises. It proves raw empirical-rate convergence, simultaneous convergence of every atom outside
one null set, convergence of the whole finite empirical law in L', and convergence of empirical expectations and their absolute errors for every real observable
on the finite carrier. The Laplace-smoothing transfer is separately proved in a composition leaf because it consumes fep-036. These are asymptotic consistency
results. The learning family adds scoped finite-sample concentration and regret statements; the later empirical-risk family connects the exact Laplace estimator
to finite-law squared/Brier-risk transfer and concentration-event containment. Neither surface proves posterior contraction, minimax optimality, empirical
calibration, or empirical adequacy for an observed data set.

6.10.6 What the kernel proves—and what it does not

The kernel makes several high-value seams executable in one carrier: Bayes reconstruction, the variational evidence bound, both EFE decompositions, policy
normalization and action pushforward, horizon composition, blanket conditional information, Fisher raising/lowering, and strong-law consistency. The numerical
dashboard above complements this deductive surface with one diagnostic for each later expansion family; it is not a sample-based proof of every seam in this
chapter. The formalism atlas shows the generated module-dependency graph separately from authored scientific relations: purple import arrows describe code
reuse, while teal edges require named theorem witnesses.

The remaining boundary is deliberate. State spaces and policy-tree carriers are finite; logarithmic EFE identities and treewise decomposition require stated
full support even though finite-KL and VFE separation do not; the real-to-ENNReal bridge truncates negative values through ENNReal.ofReal; native blanket
transfer is rowwise rather than a generic existence theorem; Fisher inversion and mean-coordinate injection retain nondegeneracy premises; finite Laplace risk
is not posterior contraction; and the exact continuous-time family is Boolean rather than an SDE/PDE model. These constraints are acceptance conditions for
future extensions, not footnotes that disappear from the formal claims.
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7 Expanded Formalism Program

The first expansion from 50 to 120 topics is organized around 10 theorem families rather than a flat list of adjacent vocabulary. Each family has one reusable
formal owner, 7 topic-scoped projections, a nontrivial finite or measure-theoretic witness, and at least one bridge to an earlier declaration. This organization
matters mathematically: a normalization lemma, a variational equality, a contraction theorem, and a path-space identity answer different questions even when
all four are described informally as “free-energy minimization.”

7.1 Bayesian inversion at two proof scales

The measure-theoretic layer starts from absolute continuity. For measures ;1 << v, the Radon—Nikodym derivative reconstructs the dominated measure,

y{%} _ (79)

Posterior kernels then reconstruct the swapped prior—likelihood joint and, over standard Borel spaces, a conditional kernel disintegrates its joint measure [Rokhlin,
1949]. These are almost-everywhere statements with explicit finiteness and measurability premises. The finite layer has a different support boundary: at an
evidence atom y with positive predictive mass,

q(z | y)q(y) = p(x) k(y | ©). (80)

The development keeps those two carriers connected without pretending that a finite pointwise quotient eq. 80 proves unrestricted regular conditional probability.

7.2 Variational duality and information bounds

For a finite reference law p with full support and a bounded potential f, the Gibbs variational identity has an explicit optimizer ¢ ¢ () p(x)ef (@),

log » p(z)ef® =" q;(x) f(x) — Dy, (g5]p)- 1)

This finite equality eq. 81 is the proof-relevant specialization of the variational formula associated with Donsker and Varadhan [Donsker and Varadhan, 1975].
It is not an asymptotic large-deviation theorem. The same family treats coordinate ELBO decomposition, mean-field coordinate minimization, channel data
processing, and rate—distortion weak duality. Its importance-weighted row fixes a positive sample count and proves the Jensen lower bound for the product
proposal law; it does not inherit neural-network or estimator-quality claims from the IWAE application [Burda et al., 2016].

7.3 Control, planning, and temporal inference

The controlled-kernel family distinguishes a normalized action-conditioned transition from a policy theorem. A finite belief index interprets each reachable node
as a normalized state law, so finite-horizon belief-state reduction never asserts that the entire real probability simplex is finite. The soft Bellman and desirability
recursions expose the passive dynamics, temperature, terminal value, and KL control cost used by linearly solvable control [Todorov, 2006] and path-integral
control [Kappen, 2005]. A separate sophisticated expected-free-energy recursion permits future observations to change a later action; an open-loop rollout is
not accepted as a substitute.

The temporal family proves forward filtering, backward information messages, forward—backward smoothing, and smoothing normalization for a finite hidden
Markov model. These equations share the sum—product structure underlying the classical finite-chain inference literature [Baum et al., 1970], but the formal
statements concern exact finite recursions rather than parameter learning or asymptotic identification. A one-step normalized variational update, a two-level
predictive factorization, and model-averaged prediction complete the family.

7.4 Causal blankets and predictive coding

Causal statements use an ordered finite factorization with named parent sets and intervention kernels. The local Markov theorem is therefore proved for that
carrier only. An intervention witness changes a descendant while leaving a named non-descendant invariant. It does not claim general graphical d-separation or
observational identifiability. This scoped construction is kept distinct from causal blankets defined through dynamical sufficient statistics [Rosas et al., 2020] and
from the conditional-independence blanket carrier used elsewhere in the catalogue. This distinction also prevents the finite intervention carrier from inheriting
the stationary-diffusion claims of Bayesian mechanics [Da Costa et al., 2021].

Predictive coding is represented by an explicit precision-weighted quadratic energy, its prediction-error gradient, a finite-jet shift, and a truncated generalized-
filtering correction equation. Under the maintained quadratic curvature and step-size hypotheses, the correction decreases the energy. The formal target is thus
a named finite update, not the claim that every neural implementation performs the hierarchical inference proposed in predictive coding accounts [Friston and
Kiebel, 2009].

7.5 Path thermodynamics and geometric optimization

The path-space family constructs normalized forward and reversed finite path laws before defining entropy production as their KL divergence. Detailed and
integral fluctuation identities are then consequences of an explicit path-law ratio, while the Jarzynski [Jarzynski, 1997] and Crooks [Crooks, 1999] rows state
the work, inverse-temperature, and normalization assumptions needed for their finite forms. A reversible-chain one-step KL dissipation theorem is deliberately
narrower than a generic housekeeping— excess decomposition for time-dependent nonequilibrium processes.

The geometric family moves from one-dimensional Bernoulli witnesses to a finite categorical score model. Fisher positivity is restricted to simplex tangents;
Cramér—Rao states unbiasedness and score regularity; natural-gradient equivariance requires an invertible full-rank chart; and the Bregman Pythagorean law
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names its affine projection and minimizer. These hypotheses are the formal content that a generic appeal to information geometry [Amari, 1998, 2016] would
otherwise hide.

7.6 Collective inference, dynamics, and learning

Collective inference begins with product generative laws and proves exactly when VFE and EFE add. The unit-weight product-of-experts pool has its own
positive normalizer; it is not mislabeled as the half-exponent construction of an equal-weight logarithmic opinion pool. Consensus uses a stochastic averaging
kernel with an explicit strict contraction coefficient, so convergence follows from a geometric bound rather than from the word “consensus.” A shared finite-
dynamics foundation proves Chapman—Kolmogorov composition, invariance and reversibility under powers, Dobrushin-bound multiplication, total-variation
contraction, and master-equation mass conservation for the same normalized carrier. The collective interpretation is motivated by explicitly modeled multiagent
systems [Heins et al., 2022a, Friston et al., 2024], while the contraction theorem uses the narrower stochastic-consensus mathematics reviewed by [Olfati-Saber
et al., 2007]. The formal result therefore establishes neither an emergent group agent nor a shared generative model unless those structures are supplied as
hypotheses.

The learning family separates concentration from Bayesian algebra. It proves a sub-Gaussian empirical-mean tail bound, a simultaneous finite-alphabet frequency
bound, and a finite-hypothesis PAC-Bayes loss-gap bound in the lineage of McAllester’s PAC-Bayesian guarantees [McAllester, 1999]. The last result is
deterministic conditional on a Gibbs loss-gap certificate and a log-MGF confidence budget; it does not itself derive that budget with high probability over
sampled data. Its bounded-variable specialization is scoped by the independence and range hypotheses of Hoeffding’s inequality [Hoeftfding, 1963]. Posterior-
odds recursion, likelihood-gap concentration, mixture log-loss regret, and Bayes-factor multiplication then expose their prior-support and likelihood premises.
None of these results is empirical evidence that an FEP model fits a biological system.

7.7 Evidence boundary

For the preceding 120-topic snapshot, each family was assessed through four independent checks: native Lean compilation with no sorry, a trusted-
axiom/declaration audit, a deterministic numerical witness, and semantic review against the cited formulation. The current dashboard schema expresses
numerical acceptance through typed checks with per-check tolerances. Those retained receipts remain historical for their exact source; this chapter does
not promote them to evidence for the 168-topic roster. A numerical witness can reveal a sign error, normalization failure, rank boundary, or unstable parameter
region. It cannot upgrade a scoped finite theorem into a physical law, and it is never counted as proof evidence.

The 5 families that extend this program from 120 to 168 topics are treated in sec. 8; their local evidence does not retroactively change the receipts for this first
expansion.
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8 From 120 to 168: Risk, Feedback, Native Blankets, Dual Geometry, and Continuous Time

The second catalogue expansion adds 35 stable rows, fep-121 through fep-155, in 5 families of 7 topics each. Its purpose is not numerical growth. Each family
closes a boundary that was explicit in the preceding 120-topic snapshot: finite-sample control for the Laplace estimator, genuinely observation-contingent policy
trees, a bridge from finite blanket factors to Mathlib’s native conditional-independence predicate, a differentiable scalar exponential family with dual identities,
and an exact continuous-time Markov semigroup. The maintained novelty ledger requires every new row to consume at least one earlier topic through a named
FEPComposed theorem. The result is a directed extension of the existing kernel rather than a second list of similarly named lemmas.

The five carriers remain deliberately narrow. Sampling laws, action spaces, blanket coordinates, and exponential-family outcomes are finite. The continuous-
time family is an exact Boolean chain rather than a generic continuous-state diffusion. These restrictions are theorem hypotheses and scope boundaries, not
implementation accidents.

8.1 Toolchain and evidence identity

The authoring workspace pins leanprover/lean4:v4.34.0 and Mathlib v4.34.0, with the exact dependency revision recorded in lean/lake-manifest.
json. Lean 4.33.0 introduced the relevant release line [Lean FRO, 2026a], while the package uses the subsequent stable Lean patch [Lean FRO, 2026b] and
matching Mathlib release [The mathlib Community, 2026]. A release tag, source file, or successful one-file probe is not a catalogue receipt. A native claim for
this expansion requires a fresh exact-roster receipt whose ordered IDs, source digests, actual compiler version, resolved Mathlib revision, warnings, and sorry
count all reconcile against the live 168-topic source.

Four evidence planes must therefore be read separately:

Table 23: The four evidence planes, and the boundary of what each can and cannot establish.

Plane

What it can establish

What it cannot establish

Semantic review

Native Lean and declaration receipts

Deterministic numerical witnesses

Provider-backed full execution

The maintained invariant, assumptions,
non-vacuity argument, and disposition for each
topic

Acceptance of the exact propositions at the pinned
compiler; declaration resolution and trusted-axiom
closure when the corresponding receipt validates
Exact finite evaluations of named theorem
instances and boundary checks
Hermes/OpenGauss execution for the exact source
only when a complete report independently

Kernel acceptance or empirical adequacy

That hypotheses hold in a biological system, that a
numerical plot is representative, or that a provider
ran

Deductive proof, stochastic calibration on data, or
extension beyond the sampled carrier

A stronger theorem, physical truth of the FEP, or

evidence for any later source snapshot

validates

The v1.1.0 release-snapshot declaration/axiom, native, Python, and Chrome receipts bind the frozen 168-topic source that they hash. Active Horizon work
changes formal resources, tests, manuscript inputs, and the source-owner roster, so those retained receipts are historical rather than evidence for the live
checkout until all corresponding validators accept coordinated replacements. The retained provider report binds an earlier 50-topic snapshot and is not silently
promoted to live 168-topic provider evidence. At render time, true and false report the independently validated native and full evidence states; unavailable
evidence remains unavailable rather than being filled from an older run.

8.2 Finite-sample risk and calibration (fep-121—fep-127)
Let K be the number of successes in a positive sample of size n, let p = K /n, and let the add-one estimate be p = (K +1)/(n+2). The FEP.EmpiricalRisk

foundation exposes the exact error decomposition

noo. 1—2p
a1t e

p—p= (82)

For p € [0, 1], the offset has absolute value at most 1/(n + 2). Squaring with the explicit factor-two inequality and integrating under any normalized finite law
gives

2
n 2
E[(B— 2<2( )[EA— Nt ——3- 83
[(b-—pl=<2( ) HE-»)7] CFIE (83)
For a Bernoulli target, the Brier score has the exact excess-risk identity

which specializes eq. 83 to finite-law Brier excess risk. This formal target follows the proper probabilistic scoring rule introduced by Brier [Brier, 1950], while
making no empirical forecast-calibration claim.
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Table 24: Finite-sample risk and calibration topics (fep-121 to fep-127), with each row’s declarations and the explicit assumptions that keep it non-vacuous.

Topic Primary and boundary declarations Explicit assumptions and non-vacuity
fep-121 fep121_laplaceError_identity; n>0,K <n,andp € [07 1]. The shrinkage
fep121_shrinkage_mem_unitInterval coefficient is in the unit interval; the identity is
algebraic, not a consistency theorem.
fep-122 fep122_laplaceBias_abs_le; p €10,1]. Atn = 2,p = 0, the offset is exactly
fep122_nonzero_boundary_witness 1/4 # 0, so smoothing is not mislabeled as
unbiased.
fep-123 fep123_laplaceAbsoluteError_le; A raw absolute-error certificate is supplied in
fep123_error_nonnegative addition to the positive-sample and unit-interval

hypotheses. The theorem transfers that certificate;
it does not derive a tail rate.

fep-124 fep124_laplaceSquaredError_le; A normalized finite sampling law and bounded
fep124_laplaceSquaredRisk_le success counts. Both raw error and the
pseudo-count offset can contribute positively to
the bound.
fep-125 fep125_brierExcess_eq_sqError; The polynomial identity is real-valued; its
fep125_brierExcess_self probability interpretation additionally uses

P, q € [0, 1]. Unequal forecasts have positive
squared excess, while ¢ = p is the zero boundary.
fep-126 fep126_laplaceBrierRisk_le; The same finite-law, count, positivity, and target
fep126_sampling_mass_one hypotheses as the squared-risk theorem. A
nondegenerate law yields a genuine weighted risk
rather than a single substituted value.
fep-127 fep127_laplaceBadEvent_subset; A raw event-probability bound is supplied. Event
fep127_laplaceBadEvent_probability_le containment transfers the bound monotonically; it
does not manufacture a concentration inequality or
posterior-contraction rate.

The family closes a finite risk-transfer gap for the exact Laplace estimator. It does not prove minimax optimality, frequentist calibration from observed data,
posterior contraction, or a marginal-likelihood optimum. Those would require a sampling model and theorem target beyond the finite-law transfer proved here.

8.3 Closed-loop policy trees and expected free energy (fep-128—fep-134)

A depth-indexed PolicyTree Action Observation d chooses an action at each node and an observation-indexed continuation tree. Given a finite Poli-
cyTreeModel, its recursive value is

Viaer (b5 (a,7) = ¢q(b,a) + ) Plo | b,a)Vy(u(b,a,0);7(0)). (85)

Finite nonempty actions make the Bellman minimizer concrete at every node. Open-loop plans embed by using the same continuation after every observation,
so the optimal policy-tree value is no greater than the value of any embedded open-loop plan. The treewise EFE row lifts the package’s existing one-step
risk-plus-ambiguity identity under its full-support contract. This is the finite recursive structure motivated by sophisticated active inference [Friston et al., 2020],
not a claim about every planning algorithm or EFE convention.

Table 25: Closed-loop policy-tree and expected-free-energy topics (fep-128 to fep-134), with each row’s declarations and non-vacuity assumptions.

Topic Primary and supporting declarations Explicit assumptions and non-vacuity
fep-128 fep128_policyTreeValue_node; Finite belief, action, and observation carriers and
fep128_policyTreeValue_leaf a finite natural-number depth. Observation laws

and deterministic updates are supplied. Distinct
observation branches may select distinct

continuations.
fep-129 fep129_optimalTreeValue_eq_min; The finite action carrier is nonempty. The selected
fep129_optimalTreeAction_le action is proved no worse than every alternative,
not merely named as an optimizer.
fep-130 fep130_exists_optimalPolicyTree; All carriers and the horizon are finite. The witness
fep130_policyTree_carrier_finite is a concrete depth-indexed tree attaining the
recursive optimum.
fep-131 fep131_openLoopEmbedding_value; Both sides share one model, belief, and depth.
fep131_openLoopEmbedding_leaf Positive-depth embedding repeats one

continuation across all observation branches; the
zero-depth carriers agree at the leaf.
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Topic

Primary and supporting declarations

Explicit assumptions and non-vacuity

fep-132

fep-133

fep-134

fep132_optimalTree_le_openLoop;
fep132_finite_horizon_depth

fep133_policyTree_efe_eq_risk_add_ambig
uity; fep133_optimalValues_agree

fep134_boolFeedback_strictlyBetter;
fep134_feedback_continuation_changes

Finite nonempty actions and a common finite cost
model. The theorem proves weak dominance for
every embedded plan; strictness is supplied
separately by fep-134.

Every belief-indexed generative model satisfies the
maintained FullSupport contract. The result
transports an existing identity; it does not validate
the EFE model empirically.

A fair Boolean observation and mismatch terminal
cost. Feedback has value 0, each fixed second
action has value 1/2, and the continuation action
differs across the two observations.

The Boolean witness rules out a vocabulary-only notion of feedback: its two continuations are propositionally unequal and its value gap is exactly one half.
The remaining planning frontier is not finite policy-tree existence. It is inference or learning over policy-tree distributions, infinite or continuous belief spaces,
uncertain model parameters, alternative EFE equivalence conditions, and refinement to an executable online agent.

8.4 Finite-to-native blanket transfer (fep-135—fep-141)

For a normalized finite law p, FEP.NativeBlanket.embeddedLaw constructs the native measure

By = Z ofReal(p(z)) d,,.

x

(86)

Singleton evaluation reflects the original mass, equality of embedded measures is injective back to finite laws, native integration agrees with the finite weighted
sum, and finite prediction agrees with Mathlib measure—kernel composition. For a static blanket model, the embedded joint retains the rectangle factorization

pu(bise) = pp(b) pr(i | b) pgle | b).

87

The key step is not a zero-mutual-information proxy. The theorem fep139_staticJoint_condIndepFun states Mathlib’s native CondIndepFun for the internal
and external coordinate maps conditioned on the blanket coordinate.

Table 26: Finite-to-native blanket-transfer topics (fep-135 to fep-141), with each row’s declarations and non-vacuity assumptions.

Topic Primary and supporting declarations Explicit assumptions and non-vacuity
fep-135 fep135_embeddedLaw_apply_singleton; A finite discrete carrier and a normalized
fep135_embeddedLaw_normalized nonnegative finite law. A nonuniform law
preserves distinct native singleton masses while
total mass remains one.
fep-136 fep136_embeddedLaw_injective; A finite discrete carrier and real observable.
fep136_embeddedLaw_expectation Distinct point masses remain distinguishable, and
a nonconstant observable yields a nontrivial
transferred expectation.
fep-137 fep137_embeddedPredictive_eq_comp Finite discrete input/output carriers and
normalized kernel rows. A nondegenerate prior
with state-dependent rows yields a genuine
mixture on both carriers.
fep-138 fep138_staticJoint_rectangle_factorizat Finite blanket, internal, and external coordinates
ion with normalized conditional rows. The correlated
Boolean model has two distinct positive
blanket/joint atoms.
fep-139 fep139_staticJoint_condIndepFun; Finite discrete standard-Borel carriers, nonempty
fep139_correlatedBlanket_nonvacuous internal/external types, and exact factorized rows.
The Boolean witness has two positive correlated
blanket regimes, so independence is not obtained
by collapsing the entire law to one point.
fep-140 fep140_condIndepFun_measurableImages Measurable maps of internal and external

Q1

coordinates. Identity maps recover fep-139;
noninjective coarsenings can merge endpoint
states without changing the
conditional-independence conclusion.



Topic

Primary and supporting declarations

Explicit assumptions and non-vacuity

fep-141

fepl41_prediction_preserves_nativeBlank

et

A finite factorized dynamics row and one supplied
current state. Multiple positive next-blanket
regimes and nonconstant endpoint laws are
permitted. Arbitrary mixtures over uncertain
current states are not covered.

This family closes one concrete finite-to-native conditional-independence seam. It does not prove that every system admits a blanket, that arbitrary mixtures
preserve rowwise factorization, that a blanket is stationary or attracting, or that the authored finite coordinates identify a biological boundary.

8.5 Finite exponential-family dual geometry (fep-142—fep-148)

For a finite nonempty outcome carrier, positive base weights h(x) > 0, and a real sufficient statistic 7'(x), the scalar family is

h(z)efT®)
() = —— A(f) =log Z(0). 88
Po(T) = =y (6) =1log Z(6) (88)
The maintained source proves normalization and full support, the affine log-density ratio, A’ () = E,[T'], the centered-score identity, and
Dy (pollpy) = Aln) — A(0) — A'(0)(n — ). (89)

A(6) = Vary[T] = 1(0),

These are the finite scalar counterparts of the metric and affine structures that motivate information geometry [Amari, 1983]. They do not by themselves
construct the full manifold, dual affine connections, or curvature described in the general theory.

Table 27: Finite exponential-family dual-geometry topics (fep-142 to fep-148), with each row’s declarations and non-vacuity assumptions.

Topic Primary and supporting/boundary declarations Explicit assumptions and non-vacuity
fep-142 fepl142_exponentialFamily_sum_one; Finite nonempty outcomes and strictly positive
fep142_exponentialFamily_pointwise_pos base weights. A maintained nonconstant
three-state family has unequal positive masses
away from zero.
fep-143 fep143_logDensityRatio_eq Full support makes every logarithm finite. Distinct
parameters with a nonconstant statistic produce
outcome-dependent ratios.
fep-144 fep144_logPartition_hasDerivAt A finite sum of positive exponential weights. No
infinite-sum interchange or arbitrary-manifold
differentiability is inferred.
fep-145 fepl145_score_eqg_statistic_sub_mean; The scalar natural-parameter score is defined on
fepl45_score_mean_zero the full-support family. A nonconstant statistic
yields positive and negative scores whose weighted
mean cancels.
fep-146 fep146_logPartition_secondDeriv_eq_vari The finite scalar family and the proved first
ance; fep146_fisher_eqg_variance; derivative. For statistic (0, 1,2) with unit bases,
fepl46_threeState_variance_positive; variance at zero is 2/3 > (; a constant statistic
fepl46_constantStatistic_zero_boundary has exactly zero variance and Fisher information.
fep-147 fep147_exponentialFamily_KL_eq_bregman; Two members of the same supported scalar
fep147_exponentialFamily_fullSupport family. Equal parameters give the zero-KL
boundary through the shared finite-KL separation
theorem. The companion three-state family has
variance 2/3, while the constant-statistic family
has zero variance; this row does not add a separate
strict-KL witness for unequal parameters.
fep-148 fep148_meanParameter_strictMono; Variance is explicitly positive throughout a stated

fepl48_meanParameter_injective

closed interval. The theorem is interval-local and
does not infer positivity for degenerate statistics.

The three-state and constant-statistic witnesses make the rank premise visible: strict mean-coordinate monotonicity is supported by positive variance, while a
constant statistic supplies an exact zero-information boundary.
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8.6 Two-state continuous-time thermodynamics (fep-149—fep-155)

Let a > 0 be the false-to-true rate and b > 0 the true-to-false rate. The generator and stationary law are

—a a b a
Q*(b —b)’ ”’(ﬂ’ﬂ)‘

(90)

Using p(t) = e~ (@t the source defines the four entries of an exact transition matrix P,. For nonnegative time the rows are nonnegative and normalized; for

all real s, £, the closed form satisfies

d

Ps+t:PsPt7 dt

P, =QP, = BQ.

oD

The stationary law is invariant and obeys detailed balance. If 1, is the true-state mass from an arbitrary initial finite law, then

my —m = e @ (my — ), L(t) = (m,

_ 71_1)2 — e—2(a+b)tL(O)’

L'(t) = —2(a + b)L(t). (92)

Table 28: Two-state continuous-time thermodynamics topics (fep-149 to fep-155), with each row’s declarations and non-vacuity assumptions.

Topic Primary and supporting declarations Explicit assumptions and non-vacuity
fep-149 fep149_twoStateSemigroup_rowSum; Positive rates and nonnegative time for
fep149_twoStateSemigroup_nonnegative; stochasticity. Rates 0.7 and 0.3 give decay rate
fep149_benchmarkRates_exact one and a nonuniform stationary law.
fep-150 fep150_twoStateSemigroup_zero Positive rates. All four Boolean entries distinguish
the identity boundary: diagonal one, off-diagonal
Zero.
fep-151 fep151_twoStateSemigroup_add Positive rates; the stochastic interpretation uses
nonnegative times. Unequal rates and positive
times give nonidentity kernels whose product is
still exact.
fep-152 fep152_twoStateSemigroup_hasDerivAt The maintained explicit Boolean generator and
transition formulas. Both left and right generator
products are proved entrywise; no general CTMC
existence theorem is inferred.
fep-153 fep153_twoStateSemigroup_stationary; Positive rates and nonnegative time for the kernel.
fep153_twoStateSemigroup_detailedBalance  Unequal rates give a nonuniform stationary law
while opposing fluxes balance exactly.
fep-154 fep154_twoStateRelaxation_exact; An arbitrary normalized Boolean initial law. The
fep154_benchmarkInitial_nonstationary false point mass differs from the benchmark
stationary law, so the relaxed coordinate starts
nonzero.
fep-155 fep155_twoStatelLyapunov_exact; The scalar squared stationary deviation for the

fep155_twoStatelLyapunov_hasDerivAt; fepl
55_benchmarkLyapunov_strictlyDecreasing

exact two-state chain. At the nonstationary
benchmark, the derivative at time zero is strictly
negative.

This family adds genuine continuous time, a semigroup, and a master equation at one exact finite-state scope. It is not a Langevin SDE, a Fokker—Planck PDE,
a generic finite-state CTMC construction, a nonequilibrium driven steady state, or an identification of the quadratic Lyapunov function with thermodynamic or

variational free energy.

8.7 Composition ledger for the 35 rows

Each new row has a manifested leaf theorem that consumes the new topic and at least one earlier endpoint. The bridge names below are part of the novelty
contract; their existence prevents an import graph from being reported as a scientific derivation.
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Table 29: Composition ledger: the manifested declarations that tie each group of new topics back to the established core.

New topics Manifested composition declarations

fep-121-fep-127 fep121_laplaceError_extends_fep036;
fep122_laplaceBias_extends_fep036;
fep123_laplaceAbsoluteError_extends_fep036;
fep124_laplaceSquaredRisk_combines_fep036_fepl114;
fepl125_brierExcess_refines_fep022;
fep126_laplaceBrierRisk_combines_fep022_fep036;
fep127_laplaceConcentration_combines_fep036_fepl14
fep-128-fep-134 fep128_policyTreeRecursion_extends_fep071;
fep129_policyTreeBellman_extends_fep033;
fep130_optimalPolicyTree_extends_fep008;
fep131_openLoopEmbedding_extends_fep033;
fep132_closedLoopDominance_extends_fep071;
fepl133_treewiseEFE_extends_fep021;
fep134_feedbackWitness_extends_fep071
fep-135—-fep-141 fep135_embeddedLaw_extends_fep017;
fep136_embeddedExpectation_extends_fep015;
fep137_embeddedPredictive_extends_fep019;
fepl38_rectangleFactorization_extends_fep079;
fep139_nativeCondIndep_connects_fep009_fep079;
fepl40_measurableCoarsening_extends_fep009;
fepl41_blanketTransition_extends_fep080
fep-142-fep-148 fepl42_exponentialNormalization_extends_fep031;
fep143_logDensityRatio_extends_fep026;
fepl44_logPartitionGradient_extends_fep040;
fep145_centeredScore_extends_fep038;
fepl46_fisherVariance_extends_fep100;
fep147_KLBregman_connects_fep014_fep104;
fep148_meanCoordinate_extends_fep103
fep-149-fep-155 fep149_continuousKernel_extends_fep020;
fepl150_semigroupZero_extends_fep006;
fep151_semigroupAdd_extends_fep006;
fepl52_masterEquation_extends_fep020;
fep153_continuousDetailedBalance_extends_fep010;
fep154_continuousRelaxation_extends_fep020;
fep155_lyapunovDecay_extends_fep032

These bridges are primarily formal_pairing witnesses: they preserve both endpoint laws in one checked conclusion without claiming that one topic follows
from the other. A derivational formal edge is reserved for a theorem that actually derives or identifies its target.

8.8 Validation and visualization contract

The dashboard now supplies one typed deterministic witness for each of the 17 expansion families. The 5 new witnesses are not generic plots:

Table 30: The numerical witnesses added for the expansion families, with the exact check each performs and the boundary of what it certifies.

Witness Exact checks and boundary

laplace-brier-risk finite sampling mass equals one; Brier risk is below the transferred bound; the
n=2,p=0biasequals 1/4 # 0

policy-tree-feedback feedback value equals zero; fixed plans equal one half; feedback is no worse;
the two continuation actions differ

native-blanket-transfer the two positive regimes sum to one; rectangle factorization is exact; the
off-regime has zero mass; every conditional product row is present

exponential-family-duality both laws normalize; the score is centered; finite KL equals log-partition

Bregman divergence; three-state variance is 2/3; the constant-statistic
boundary is zero

two-state-master-equation row normalization, semigroup addition, master equation, detailed balance,
and relaxation all close numerically; the benchmark Lyapunov derivative is
negative

Each check has a typed relation (eq, le, ge, or predicate), explicit operands, and its own tolerance. Acceptance is the conjunction of all checks and the
named boundary observation. This representation avoids hiding a failed inequality behind an unrelated small residual. The static SVG and interactive HTML
are projections of the same immutable witness model; the HTML retains the exact check table for screen-reader and nonvisual inspection.
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The formalism atlas answers a different question. It separates authored scientific relations from module-import dependencies, preserves capability status, and
names every formal witness. Agreement between the atlas and the dashboard is useful diagnostic evidence, but neither replaces an exact-roster native receipt or
declaration/axiom audit.

8.9 Residual frontier after 168 topics

The expansion changes the location of the open boundary. It is no longer accurate to say that the package has no finite-sample Laplace risk theorem, no
finite policy-tree carrier, no native blanket conditional-independence bridge, no differentiable exponential family, or no continuous-time Markov example. The
remaining claims are broader and materially harder:

. posterior contraction, minimax or calibration guarantees, and empirical marginal-likelihood objectives on a shared sampling model;

. policy-tree distributions, parameter learning, alternative EFE equivalence, continuous beliefs, infinite horizon, and executable-agent refinement;

. blanket existence, stationarity, and preservation under arbitrary prior mixtures or general stochastic dynamics;

. multidimensional exponential families, dual affine connections, curvature, geodesics, and general constrained maximum entropy; and

. generic CTMC construction, continuous-state SDE/PDE existence, driven nonequilibrium steady states, and an explicit physical free-energy model.

I O R S R

Progress on these targets requires new carriers and witnessed seams, not a stronger gloss on the 5 finite families above.
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9 The Horizon-2 Smooth and Stochastic Foundations

The kernel described so far is finite. H1 closed on a shared sixteen-state Boolean carrier, and every result quoted for it is a statement about finite laws, finite
kernels, and finite sums. Horizon 2 is the continuation of that program onto smooth and stochastic carriers, and its foundations are inside the same maintained
manifest — they are counted in the 71 modules and 1362 declarations reported above, so the reader who has been tracking those numbers has already been
reading H2 modules without seeing them named. This section names them and states what each proves.

The pattern is the one used throughout: a carrier is selected narrowly enough that the theorem is exact, and the boundary is stated in the same breath as the
result.

9.1 Posterior convergence

FEP.PosteriorConvergence is the module that carries asymptotic Bayesian learning. Its carrier is a two-hypothesis Gaussian-mean model with a positive prior
on each hypothesis, sampled jointly with an i.i.d. observation path. On that carrier the module proves that the posterior probability of a fixed hypothesis is a
martingale for the observation filtration (posteriorProbability_martingale), that it converges almost everywhere (posteriorProbability_tendsto_ae),
and — after identifying the limiting observation with the sampled parameter — that the limit is the indicator of the truth (posteriorProbability_consisten
t_ae). Two consequences follow: the parameter posterior converges weakly to the Dirac law at the sampled mean (parameterPosterior_tendsto_dirac_ae),
and the bounded zero-one Bayes risk of the induced report tends to zero (posteriorDecisionRisk_tendsto_zero_ae).

This is posterior contraction, proved rather than assumed, and it is the reason sec. 6.9 scopes the kernel’s negative claim to minimax, empirical calibration,
and generic marginal-likelihood optimization rather than to contraction as such. What it is not is a contraction theorem for any richer parameter space, for the
Laplace estimator of the finite-sample risk family, or for a model the data were not drawn from. finitePosterior_eventualContraction_regression in
the same module pins the H1 finite boundary so the two carriers cannot be silently merged, and FEP.FinitePosteriorLearning keeps the finite analogues
(empiricallLoglLikelihoodRatio_stronglLaw, posteriorBadMass_eventually_contracts) separate.

9.2 Native semigroups and exact Gaussian transition families

FEP.MarkovSemigroup defines a native kernel semigroup over a measurable state space, with InvariantLaw and ReversiblelLaw predicates, and proves the
two structural facts the later modules consume: reversibility implies invariance (reversibleLaw_invariantLaw), and KL to an invariant law is nonincreasing
along the semigroup (nativeKL_to_invariant_nonincrease). It also lifts a finite Markov semigroup and an action-indexed one into that native form, which
is how the finite H1 carriers reach the smooth layer.

Three modules then supply exact instances rather than existence claims. FEP.ScalarGaussianSemigroup constructs the scalar Ornstein—Uhlenbeck transition
family, proves its stationary law is invariant (stationaryLaw_invariant), computes the transition mean and variance in closed form (ouTransition_mean,
ouTransition_variance), and proves convergence to the invariant law both weakly and in KL (ouTransitionProbability_tendsto_invariant, ouKL_to
_stationary_nonincrease). FEP.LinearGaussianSemigroup does the same on a finite axis set with a matrix drift, closing the same convergence statements
(transitionProbability_tendsto_invariant) and proving that the one-axis specialization is definitionally the scalar case (finOneTransition_eq_sca
larOu). FEP.Fin4GaussianSemigroup is the four-axis symmetric-precision specialization, where the parameters are exact (scalarParameters_exact) and
the projected transition again reduces to the scalar OU family (projectedTransition_eq_scalarOu).

Every one of these is a statement about a selected Gaussian family. None of them is a general theory of continuous-state stochastic dynamics, and none licenses
reading the OU relaxation as physical dissipation.

9.3 Precision conditioning and the smooth blanket boundary

FEP.GaussianPrecisionConditioning is where the blanket question moves off the finite carrier. It works with the stationary joint law of the Fin4 family and
proves the conditional factorizations directly, including the endpoint CondIndepFun statement that the finite FEP.MarkovBlanket foundation could only state
finitely. It then constructs a fixed bivariate precision perturbation and proves the resulting endpoints are not independent (perturbedEndpoint_external_no
t_indep_internal), with the actual covariance computed rather than bounded (perturbedEndpointCovariance_external_internal). The negative result
is the point: it fixes the boundary of the blanket construction on a smooth carrier instead of leaving it to interpretation.

9.4 Smooth information geometry

FEP.GaussianInformationGeometry builds the fixed-variance Gaussian family as a genuine statistical manifold: the law is gaussianReal (law_eq_gaussi
anReal), it has a density against volume, laws at different means are mutually absolutely continuous (Law_mutuallyAbsolutelyContinuous), the KL between
two laws is the scaled squared mean difference (klDiv_law_eq_meanSquare), and the Fisher information in the mean coordinate is the inverse variance (mea
nFisher_eq_inv_variance). Dual coordinates are then real: klDiv_law_eq_naturalBregman identifies the KL with the Bregman divergence of the natural
potential, and meanFisher_eq_naturalFisher_pullback relates the two metrics.

FEP.SmoothInformationGeometry carries the local, coordinate-level statements and one deliberate no-go: a duplicated mean parameterization has a null
tangent direction (duplicatedNullTangent_ne_zero, duplicatedMeanPullbackMetric_null) and its pullback metric is therefore not positive definite (d
uplicatedMeanPullback_not_positiveDefinite). Multidimensional smooth exponential-family geometry with dual connections is out of scope, and that
no-go is the reason it is stated as out of scope rather than assumed to follow.

9.5 Composed smooth agents

Four composition modules connect the foundations above. FEPComposed.GaussianFilter builds an evidence-almost-everywhere native Gaussian filter: the
prediction belief is the OU transition (predictionBelief_law_eg_ouTransition), the evidence law is Gaussian in closed form (evidencelaw_eqg_gaussian),
and the chronological recursion is proved by its two equations (filterRecursion_nil, filterRecursion_cons). FEP.DecisionRisk supplies the decision
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layer, including a strict separation between a revealing and a garbled observation channel (revealingBool_bayesRisk_lt_garbled), and FEPComposed.Ga
ussianControl consumes one transition to select an action with strictly better risk (boolWitness_true_strictlyBetter, boolWitness_selectedAction).
FEPComposed.GaussianGridPath proves the monotone finite-grid path law identities with their support and integrability boundaries made explicit (gridP
athKL_eq_expectedLogRatio, gridPathKL_eq_top_of_not_ac, gridPathKL_eq_top_of_not_integrable). FEPComposed.SmoothReferenceKernel is
the terminal composition (smoothReferenceKernel_terminal, fin4ReferenceKernel_terminal).

9.6 The Horizon-2 boundary

Horizon 2 does not establish an unrestricted FEP on continuous state spaces. Its Gaussian families are selected, its posterior-contraction carrier has two
hypotheses, its information geometry is one-dimensional and fixed-variance, and its blanket results hold for one stationary joint and one named perturbation.
Nothing in this section is empirical evidence: it is deductive content about the maintained formal resources, and the compilation state of those resources for this
render is reported separately in sec. 6.5.
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10 Discussion: Ecosystem Maturity and Formalization Impacts

The central finding is not a binary judgment that Mathlib either does or does not support the FEP. Support is layered. At the pinned revision, the library supports
direct native implementations of posterior kernels, KL divergence and data processing, Gaussian laws, conditional independence, Markov-kernel invariance,
differentiation, finite information geometry, and convergence arguments. Project-authored definitions and composition theorems turn those primitives into
149 directly formalized topic scopes. The package now includes one exact finite-state continuous-time chain and one model-specific H1 certificate connecting
posterior learning, decision, action, a factorized invariant blanket law, and strict finite/native KL decrease; general continuous-state stochastic dynamics and
system-level FEP claims still require new domain interfaces.

10.1 Maturity Assessment of the Mathlib Ecosystem

Two maturity axes must remain separate. mathlib_status records whether a catalogue body targets available pinned infrastructure. Semantic disposition
records whether its primary theorem matches the reviewed topic claim. All 168 rows currently have mathlib_status: real, while 149 are classified as
directly formalized and the remainder retain explicit conditional or structural scopes. The fep-036 topic uses Mathlib’s finite binomial PMF and sequence-limit
APISs to prove an outcome-indexed Laplace prior, exact shrinkage, consistency transfer, and normalized posterior closure. The convergence module generates
the empirical-frequency premise and whole-law limits; the learning module separately proves sub-Gaussian and finite-alphabet concentration, PAC-Bayes,
posterior-gap, regret, and Bayes-factor laws; and fep-121-127 prove finite-law squared/Brier-risk and bad-event transfer for the same estimator. H1 separately
proves finite-sample and almost-sure posterior bad-mass contraction for its selected identifiable Boolean model and reuses the exact two-true posterior in the
terminal certificate. Posterior contraction for the empirical-Bayes Laplace estimator or generic model classes, minimax or empirical-calibration guarantees, and
a marginal-likelihood optimum remain absent.

10.1.1 Coverage by Area

The generated coverage report computes area counts, semantic disposition totals, declarations, imports, capability states, and authored relation witnesses from
canonical sources. It should be consulted instead of a hand-maintained roster. Shared library coverage is strongest for finite sums, real analysis, measures,
probability kernels, logarithms, exponentials, differentiation, matrices, and strong laws. The project now exercises all of these surfaces directly. Coverage
remains narrower for smooth statistical manifolds, continuous stochastic processes, and generic blanket-existence claims.

10.1.2 Module-Level Maturity and Compilation Outcomes

The module-to-topic incidence table in docs/formalism-coverage.md is derived from actual import commands. An import is evidence that a topic uses a
library surface; it is not evidence that two topics depend logically on each other, nor that a named scientific construct has been formalized. Compilation outcomes
come only from the selected receipt (native-lean, rate 168/168 (100.0%)).

10.1.3 The Mathlib Frontier for Deeper Formalization

The pinned Mathlib revision already provides InformationTheory.klDiv in R>=000, self-divergence, zero characterization for finite measures, Gibbs’ in-
equality, composition-product chain rules, the channel data-processing theorem InformationTheory.klDiv_comp_right_Lle, native posterior kernels, and a
real strong law. Rows fep-002, fep-014, fep-017, fep-034, and fep-041 use those measure APIs directly, while the maintained finite kernel supplies a real KL,
carrier, posterior VFE, mutual-information EFE decomposition, and exact policy model. H1 uses both layers on one shared finite model: two true observations
give posterior masses 1/10 and 9/10, one further true update is lifted to the sixteen-state Boolean blanket carrier, and the selected positive-time refresh
kernel strictly lowers both repository-real finite KL and Mathlib-native KL to the same full-support invariant uniform law. The frontier is therefore no longer
“define KL, Bayes, data processing, or EFE somehow”; it is comparison across alternative EFE conventions and broader measure-valued identities under explicit
finiteness, support, and absolute-continuity conditions.

10.1.4 Identified Mathlib Gaps
The remaining high-leverage obligations are:

1. Stronger empirical-Bayes statistical guarantees. The finite strong-law layer supplies almost-sure atomwise, whole-law, and finite-observable ex-
pectation consistency; the learning layer supplies scoped concentration and model-evidence bounds; and the risk family supplies finite-law Laplace
squared/Brier-risk transfer. H1’s selected Boolean model now has posterior bad-mass contraction, but contraction for the Laplace empirical-Bayes es-
timator or a generic model class, minimax or empirical-calibration guarantees, and a named empirical marginal-likelihood optimum remain distinct
extensions.

2. Measure-valued conditional information and EFE comparison. The finite carrier proves mutual-information and risk—-ambiguity decompositions,
while H1 connects one posterior-risk action to a native-KL-contracting kernel. Native random-variable or kernel statements are still needed to compare
broader EFE formulations and continuous models; H1’s decision is not EFE-optimal control.

3. Continuous-state stochastic dynamics. Langevin, 1t0, Fokker—Planck, invariant-measure, and continuous path-space results require substantially more
structure than the exact discrete semigroups, finite path laws, two-state continuous-time chain, and descent systems now present.

4. Smooth statistical-manifold geometry. The finite score carrier has matrix-valued metrics, categorical tangent positivity, pullbacks, scalar Cramér—Rao,
invertible-chart natural gradients, mirror/Bregman identities, and replicator equivalence; the finite scalar exponential family adds log-partition differenti-
ation, Fisher—variance, KL-Bregman, and local mean-coordinate duality. Multidimensional smooth atlases, dual connections, curvature, geodesics, and
general optimizer convergence remain to be developed.

5. Generic dynamical Markov blankets. A concrete finite joint and typed transition now exist, and the weighted-Dirac embedding proves one native
measure-theoretic CondIndepFun bridge plus rowwise closure. H1 further proves that one full-support uniform P(S, A)P(I | S,A)P(E | S, A) law
is invariant under its selected refresh kernel. A generic invariant-blanket interface, closure under arbitrary current-state mixtures, causal identification,
and a blanket-existence theorem remain open.
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Most are project-level model and theorem choices rather than confirmed Mathlib absences. The capability graph distinguishes a blocked project obligation from
an upstream-library gap so responsibility is not displaced automatically onto Mathlib.

10.1.5 A 6-12 Month Maturity Roadmap
The heading is retained for continuity, but the roadmap is dependency-ordered rather than calendar-promised:

1. connect the finite Laplace risk-transfer and learning-family concentration results to posterior contraction for that empirical-Bayes estimator, minimax
or empirical calibration, or a named empirical marginal-likelihood theorem on one sampling model, without generalizing from H1’s selected Boolean
contraction witness;

2. add probability laws or learning over the finite policy-tree carrier, compare alternative EFE formulations there, and then lift successful equivalences to
native measure-valued conditional information;

3. generalize H1’s selected factorized invariant blanket to an explicit reusable invariant predicate, arbitrary-mixture closure, and one blanket-existence
theorem for a specified dynamics;

4. generalize the exact two-state continuous-time chain to a finite CTMC construction, then choose one continuous-state diffusion, state existence and
regularity assumptions, and prove its invariant law before attempting continuous path measures or Fokker—Planck equations;

5. lift the finite scalar exponential family to a multidimensional smooth family with dual connections, curvature, and coordinate-change theorems;

6. lift finite stick conservation and finite NESS currents to countable/probabilistic limit theorems only after their convergence contracts are explicit.

A row changes semantic disposition only after exact theorem review, native acceptance, assumption analysis, and a non-vacuity check. A new Mathlib release
alone is not a promotion event.
10.1.6 Comparison to Other Mathlib4 Formalization Projects

Large Lean projects demonstrate that difficult mathematics can be organized into reviewable, kernel-checked libraries [Tao, 2023, Scholze and Commelin,
2022]. The present catalogue is smaller and has a different purpose: it maps a heterogeneous scientific theory into explicit proof obligations and records
semantic distance. It should not be compared by theorem count or compilation rate alone; the relevant measure is whether each mechanized statement captures
the intended scientific claim under defensible assumptions.
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11 Execution integrity

Every success claim in this project is tied to a concrete artifact or an observable computation. Catalogue mode validates and renders the 168 source entries, but
it makes no Lean or Hermes claim. Full mode first validates every required capability and then records the Hermes response, refined Lean source, compiler
result, SQLite session, and report manifest for each selected topic.

11.1 Evidence boundaries
The evidence boundary is deliberately explicit:

. YAML is loaded by the strict catalogue schema and checked against the sealed family-body registry and generated aggregate.

. Lean evidence comes only from lake env lean using the pinned workspace.

. Hermes evidence comes from an HTTP response accepted by the configured response parser; a missing credential or invalid response is an error.
. SQLite evidence is written transactionally and exported files are checked against their recorded hashes.

. Report manifests bind the run to source and configuration digests, the Lean/Mathlib pins, capabilities, topic counts, and artifact hashes.

[ O B N

An unavailable capability therefore ends a full run before a success report is created. The result is diagnostic JSON with complete: false and a structured
failure_reason. Offline work is available only through the explicitly named catalogue mode, whose result always reports zero verified topics.

11.2 Lean verification

LeanVerifier writes a temporary source file, invokes the real Lake command, captures diagnostics, removes the temporary file, and records the result. In full
mode, a topic succeeds only when the Hermes-refined source compiles without warnings or a proof placeholder; in native mode, the same compiler boundary
checks the canonical source directly. A prose-only review cannot replace the candidate that actually compiled. The original catalogue body and any refined
source are retained as separate fields; the original is never presented as the refined result.

The committed lean/FepSketches/fep_all.lean is generated from the canonical catalogue source, while manifested foundations, leaf compositions, and
their import-only aggregate are projected from src/fep_lean/formal/. Regeneration checks fail when either projection differs, and the Lean build compiles
the library against the exact pinned toolchain. The formalism audit then resolves reviewed declarations and checks their reported axioms; aggregate success
alone does not supply that semantic evidence roster.

11.3 HTTP and persistence

Hermes tests use a real loopback HTTP server and exercise response parsing, timeouts, retries, model-chain advancement, and review calls over sockets. SQLite
tests use temporary on-disk databases, concurrent writers, atomic file publication, restart recovery, and SHA-256 consistency checks. These boundaries make
provider, compiler, and filesystem drift visible in test results.

11.4 Reproducibility

Use uv.lock, fep-lean setup, and the documented fep-lean preflight command to reproduce the pinned environment. A complete run produces r
un_manifest. json, verification_manifest. json, summary. json, Markdown reports, deterministic figures, and manuscript projections. These artifacts
become evidence only when the independent receipt validator reconciles their rosters, digests, and hashes against the live source; no stored complete flag is
authoritative by itself.
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11.5 TImplications for the FEP Debate

Formalization can locate a disagreement more sharply, but it cannot decide which formal object best represents a biological system. The catalogue therefore
treats the critical literature as a source of proof obligations, not as a set of objections already answered by compilation. Its semantic audit asks, for every row,
what is actually invariant, which assumptions do the work, whether the statement has a non-vacuous witness, and what stronger theorem would have to compile
before the advertised interpretation was justified.

11.5.1 Blanket Conditions (Biehl et al.) — fep-005 Response
Biehl, Pollock, and Kanai [Biehl et al., 2021] challenge the generic use of Markov blankets in stochastic dynamics. At least three claims must be distinguished:

1. afinite set can be assigned to disjoint named blocks;
2. the random variables associated with those blocks satisfy a conditional-independence relation; and
3. atarget dynamical system admits and preserves the relevant partition.

fep-005 proves the first claim exactly. Given assign : Fin 20 — Fin 4, it defines each block by filtering the finite universe, proves blocks with unequal
labels are disjoint, characterizes membership, and proves that every state belongs to one and only one block. The assignment remains an input. No probability
measure, conditional distribution, transition kernel, or dynamical invariance appears in the theorem type.

The row is consequently a complete finite-partition theorem rather than a rebuttal to Biehl et al. The maintained FEP.MarkovBlanket foundation addresses
the next bounded layer with new objects: it constructs a normalized law P(b)P(i | b)P(e | b), proves positive-mass internal-external factorization and zero
conditional mutual information, and defines a nontrivial one-step transition whose allowed dependencies are enforced by kernel source types. This evidence
satisfies the deliberately finite blanket capability, while the fep-005-to-fep-009 edge remains conceptual because no theorem identifies that finite factorization
with the generic measure-theoretic conditional-independence predicate. H1 goes one bounded step further on a different shared carrier: the full-support uniform
law on sixteen Boolean (I, S, A, E) states factorizes as P(S, A)P(I | S, A)P(FE | S, A), and the exact positive-time refresh kernel selected by the emitted
true action preserves that same law. This is a concrete model-specific factorization and invariance theorem, not a derivation from every fep-005 assignment, a
blanket-existence theorem for arbitrary stochastic dynamics, causal identification, or a biological-boundary result.

11.5.2 Particular Partitions (Aguilera et al.) — fep-025 Response

Aguileraetal. [Aguilera et al., 2022] question whether the “particular partition” and NESS constructions used in Bayesian mechanics apply generically. A typical
informal decomposition invokes a stationary density, a drift decomposition, positive diffusion, an antisymmetric solenoidal operator, and regularity/divergence
conditions. Proving an elementary fact about one of those ingredients does not prove the conjunction.

fep-025 now formalizes a finite continuity-equation instance. It defines forward-minus-reverse probability current and node divergence, proves antisymmetry
and global conservation, and derives zero divergence from normalized transition rows and a stationary mass vector. A directed three-state cycle has a uniform
stationary law, zero divergence, and nonzero current, proving that finite stationarity need not imply detailed balance. It does not:

* construct a stationary density;

e prove existence or uniqueness of a NESS;

* express a state-dependent diffusion or solenoidal field;

¢ derive a Fokker—Planck or continuity equation; or

« establish that a physical flow admits the asserted decomposition.

This is a deliberate boundary. The row is a genuine finite NESS witness under its stated transition-matrix model, but it is not the continuous Helmholtz/Ao
decomposition challenged in the literature. That stronger target must quantify the continuous state space, generator or SDE, stationary measure, boundary and
regularity assumptions, and every term in the decomposition in one shared model.

11.5.3 Math and Territorialism (Andrews) — Type System Response

Andrews [Andrews, 2021] criticizes mathematical notation that shifts meaning or hides assumptions. Lean addresses part of this problem mechanically: a
Measure «, a density, an R-valued objective, and an R>=000 divergence cannot be silently identified. Hypotheses are explicit inputs, and theorem names
resolve to concrete declarations at a pinned library revision.

Two examples show both the benefit and the limit.

First, fep-014 uses InformationTheory.k1lDiv p v with the order of its measure arguments fixed by syntax. It proves non-negativity in the native extended
codomain, self-divergence under SigmaFinite, the zero/equality characterization under finite-measure instances, and Mathlib’s composition-product chain rule
for finite measures and Markov kernels. This is substantially stronger than a theorem about unrelated measure monotonicity. It still does not say that a particular
pair of FEP distributions satisfies the intended generative-model interpretation.

Second, fep-031 proves 0 < exp (-[SE) without assumptions because the exponential is always positive, while its monotonicity theorem requires the explicit
hypothesis @ < (. On any explicitly nonempty finite support, it also proves the partition sum positive and the normalized weights sum to one. These signatures
expose both the support and positive-inverse-temperature conditions that prose often leaves implicit; they do not derive the Gibbs law from a maximum-entropy
principle.

Type discipline therefore blocks some category errors and makes assumptions inspectable. It does not prove that the chosen types capture the target science,
and it does not rescue a theorem whose conclusion merely repeats a hypothesis.
11.5.4 Colombo & Seriés and the Empirical-Adequacy Critique

Empirical-adequacy critiques ask whether an FEP model rules out observations or predicts specific neural/behavioral phenomena. Lean has no access to those
observations. It can help by fixing the mathematical content of a model, exposing auxiliary assumptions, and making alternative formal readings comparable.
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The empirical step still requires an observation model, data provenance, parameter-identification procedure, and a falsifiable statistical test outside the proof
kernel.

11.5.5 Falsifiability and Precision
Formalization improves three forms of auditability:

1. Syntactic precision: every symbol has a type and every cited theorem has a resolvable identifier.
2. Deductive auditability: the kernel checks that the conclusion follows from the stated hypotheses.
3. Assumption localization: competing readings can be compared by diffing their types and hypotheses.

It does not automatically improve empirical falsifiability. A theorem can be perfectly proved yet vacuous, conditional on the desired conclusion, or disconnected
from measurable data. That is why the semantic disposition and non-vacuity fields are co-equal with the native compile result.

11.5.6 Theorems That Address Contested Claims
The most informative current rows occupy different maturity levels:

« fep-002 directly formalizes a narrow KL-remainder variational bound in R>=000, including exactness when the approximation equals the posterior. The
finite active-inference foundation separately constructs evidence and posterior from one normalized joint and proves posterior VFE attainment. H1’s
support-qualified composition identifies one finite recognition-to-posterior VFE gap with Mathlib-native KL; a general bridge across carriers and support
regimes remains open.

o fep-009 directly wraps generic conditional-independence symmetry and supplies conditional independence from the trivial o-algebra as a non-vacuity
witness. The finite blanket foundation supplies a nontrivial factorized law and zero conditional mutual information; fep-135-141 add a weighted-Dirac
embedding and one native CondIndepFun transfer. Neither result turns every fep-005 assignment or arbitrary dynamics into a blanket.

« fep-010 directly proves that a reversible Markov kernel preserves its reference measure and witnesses the contract with the identity kernel. Exact two-state
relaxation, finite path-law fluctuation and reversible-dissipation identities, and empirical-law strong laws exist elsewhere, but generic ergodic convergence
for fep-010’s measure-kernel carrier and continuous path-space theory remain absent.

 fep-014 directly wraps native KL non-negativity, self-zero, zero characterization, and the composition-product chain rule.

fep-030/fep-031 prove a binary entropy maximum and normalized finite Gibbs weights, with a composed theorem showing that the two-state zero-inverse-

temperature Gibbs law attains the binary maximum.

o fep-035 directly proves strict two-point Jensen for the logarithm under positive, nondegenerate weights; it does not discharge expectation-level integrability
obligations.

 fep-048 wraps native contraction uniqueness, supplies a concrete halving-map contraction witness, identifies its unique fixed point, and proves convergence
of all iterates to zero.

» fep-005 supplies a finite partition substrate but not probabilistic blanket independence.

fep-017/fep-034 use Mathlib’s posterior kernel to prove normalized Bayesian inversion and a one-step transition—observation filter with joint reconstruc-

tion and prior recovery.

fep-018/fep-038/fep-044 provide a complete Bernoulli geometry instance: Fisher information, natural gradient, Fisher—Rao distance, and Hellinger

separation. fep-100-106 extend the finite score carrier with categorical tangent positivity, rank/null witnesses, pullback, scalar Cramér—Rao, invertible-

chart equivariance, mirror and affine Bregman identities, and replicator equivalence. fep-142—148 add a finite scalar exponential family with log-partition
derivatives, Fisher—variance and KL-Bregman identities, and local mean-coordinate injection.

fep-025/fep-049 provide a finite non-detailed-balance stationary current and nonnegative current dissipation under an explicit diagonal resistance law.

* fep-021 defines expected free energy as pragmatic cost minus epistemic information in ENNRea', proves exact reconstruction under the visible value-at-

most-cost premise, and composes with native KL information gain. The maintained real-valued finite carrier separately derives both pragmatic-minus-

epistemic and risk-plus-ambiguity forms under full support; equivalence to every literature convention and the truncating real-to-ENNReal bridge remain
explicit limitations.

fep-028/fep-012 prove a full support-aware stochastic policy law and connect it to an entropy-regularized objective; optimality and sampling dynamics

remain separate claims.

fep-121-127 prove exact Laplace error and bias decompositions, finite-law squared/Brier-risk transfer, and bad-event containment, with a nonzero-bias

boundary; they do not prove posterior contraction or empirical calibration for their Laplace estimator. H1’s separate selected Boolean sampling model

does prove posterior bad-mass contraction, but that result does not transfer automatically to fep-036 or fep-121-127.

fep-128-134 prove arbitrary finite-depth policy-tree recursion, Bellman minimization, optimal-tree existence, open-loop embedding and dominance,

treewise EFE, and a strict Boolean feedback witness; they do not define distributions or learning over trees.

fep-149-155 construct an exact positive-rate two-state continuous-time semigroup, master equation, detailed-balance stationary law, exponential relax-

ation, and strict Lyapunov witness; they do not construct a continuous-state SDE or Fokker—Planck PDE.

The generated docs/formalism-coverage.md is the canonical row-by-row account; prose examples are illustrative rather than an alternate maturity registry.

Beyond individual rows, FEPComposed.FiniteReferenceAgent.finiteReferenceAgent_terminal is the strongest current H1 composition. Two true ob-
servations produce the exact posterior (1/10,9/10); one further true update is lifted to the sixteen-state blanket carrier. Under a four-to-one false-positive/false-
negative report loss, the posterior-dependent continuation selects true and strictly beats either fixed report. The emitted action selects the exact refresh kernel
described above, and that kernel strictly lowers both repository-real finite KL and Mathlib-native KL to the same invariant stationary law for the same lifted
updated posterior. This is a single finite synthetic one-step certificate, not an aggregation of unrelated endpoint witnesses.

11.5.7 Synthesis: What Formalization Reveals

The critical lines converge on a dependency problem. The maintained finite carrier discharges the first part of that order: a common probabilistic model produces
posterior/evidence identities and both EFE decompositions; the policy-tree carrier supplies finite observation-contingent control; and the blanket carrier exposes
an exact factorized joint, typed one-step dynamics, and one native conditional-independence transfer. H1 now discharges one deliberately selected connection
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across those interfaces: posterior learning, one further update, one asymmetric decision, one emitted action, a factorized invariant stationary law, and strict
finite/native KL decrease share exact intermediate values. The next layers still require probability laws or learning over trees, EFE comparison and transition-
aware planning on a shared carrier, blanket existence or invariance under broader dynamics and mixtures, and observation/refinement bridges before any of this
becomes empirically discriminating. Proving downstream algebra without those upstream objects would still produce valid lemmas rather than the advertised
system-level theory.

This dependency order is a constructive result of formalization. It turns “more rigor is needed” into specific interfaces and theorem obligations, and it prevents
compiler success at a shallow layer from being mistaken for closure at a deeper one.

11.5.8 Concrete Formalization Vignettes
Native KL (fep-014). The central zero characterization is:

theorem fep014_kl_eq_zero_iff (y v : Measure a)
[IsFiniteMeasure p] [IsFiniteMeasure v] :
InformationTheory.klDiv p v = 0 o p = v :=

InformationTheory.klDiv_eq_zero_iff

The theorem is strong and non-vacuous at its stated measure-theoretic scope. Its instances are not decoration: removing finite-measure assumptions changes the
available result.

Variational remainder (fep-002). The project defines variational free energy as surprisal plus native KL and proves that it is at least surprisal. Exactness
follows when both measure arguments are the same posterior under SigmaFinite. The proof does not smuggle a real-valued KL through .toReal, so infinite
divergence remains visible.

Global contraction (fep-048). Mathlib’s ContractingWith c f quantifies over every pair of real inputs and packages the strict coefficient bound. The concrete
map x > x/2 witnesses the contract, has zero as its unique fixed point, and its iterates tend to zero from every real start. This repairs the common vacuity
pattern in which a “contraction” premise applied only to two already fixed points or was never shown realizable, while keeping the claim narrower than general
variational-dynamics convergence.

Witnessed composition. Both derivational graph edges and formal pairings require a qualified Lean declaration, not just prose. The 138 current witnesses span
posterior filtering and Bayesian inversion, variational duality, controlled and temporal inference, causal blankets and interventions, predictive coding, finite path
thermodynamics, Fisher and geometric optimization, collective inference, learning/model evidence, and the original entropy, policy, Gaussian, convergence,
and partition-energy seams. Only 20 assert a derivation or identification; the other 118 deliberately place separately proved endpoint laws together without
implication. The maintained foundations add deeper within-carrier chains; these are counted separately from authored topic-to-topic edges. Conceptual edges
remain visibly non-proof evidence, and the graph schema retains an explicit blocker kind for any future gap.

These vignettes also explain why 149 catalogue rows currently carry the formalized disposition: directness, assumption quality, and a non-vacuity witness are
required in addition to compilation. For fep-036, posterior closure was insufficient until an explicit finite binomial law, outcome-indexed estimator, shrinkage
identity, and consistency-transfer theorem were added. The generated coverage projection is authoritative if that count changes.

11.5.9 Limitations: What Formalization Does Not Do
The current contribution does not:

« validate the FEP empirically;

« establish a general Markov-blanket theorem for stochastic dynamics;

derive causal identification from the H1 stationary factorization;

e turn H1’s posterior-risk decision into transition-aware planning or EFE-optimal control;

identify H1’s strict KL-to-stationarity decrease with measured heat, physical entropy production, or thermodynamic free-energy dissipation;

construct a continuous-state NESS or derive Fokker—Planck evolution;

lift the finite scalar exponential-family and categorical Fisher carriers to multidimensional smooth statistical manifolds with dual connections and curvature;
establish equivalence across broader EFE conventions and probability laws or learning over the finite policy-tree carrier;

make an LLM response trustworthy without independent compilation and review; or

* make every warning-free theorem semantically representative of its topic title.

The catalogue’s breadth is therefore a map of formalization surfaces, not 168 end-to-end domain theorems. Its value lies partly in refusing to erase that distinction.

11.5.10 Future: Machine-Verifiable Proofs in Journals
A publication-ready formal theory should grow in dependency order:

1. connect the finite Laplace risk-transfer and learning-family concentration laws to posterior contraction for that empirical-Bayes estimator, minimax or
empirical calibration, or an empirical marginal-likelihood theorem on one shared sampling model, without extrapolating from H1’s Boolean witness;

2. add probability laws or learning over the finite policy-tree carrier and compare alternative EFE formulations under explicit equivalence hypotheses;

3. generalize H1’s selected factorized invariant blanket to blanket existence, a reusable invariance interface, and arbitrary-mixture closure for a concrete
stochastic dynamics;

4. lift the finite scalar exponential-family and categorical Fisher carriers to a multidimensional smooth family with dual connections and curvature;

5. generalize the exact two-state continuous-time chain and add one continuous-state stochastic/PDE model with existence, invariant-law, and NESS obli-
gations; and

6. bind formal parameters to an auditable empirical model and falsification protocol.
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Each step should land with a narrowed theorem, a non-vacuity witness or concrete model, a semantic review, native evidence, and manuscript references that
resolve to the exact declaration. That workflow would let proponents and critics contribute competing formal statements without confusing “the kernel accepts
this implication” with “nature satisfies these hypotheses.”
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11.6 Comparative Analysis with Existing LLM-ITP Systems

FEP Lean is best understood as a domain catalogue and evidence pipeline, not as a new automated prover. Its canonical Lean bodies are researcher-curated;
the optional model reviews those bodies; the kernel checks the resulting term; and a semantic audit separately asks whether the compiled statement captures the
advertised concept. Comparing only “proof success” would therefore misstate the system’s task.

Table 31: LLM-ITP system families compared with FEP Lean by primary task, starting point and the evidence each typically reports.

System family Primary task Starting point Typical success evidence Relation to FEP Lean
LeanDojo / LEGO-Prover tactic/proof search formal theorem closed proof and benchmark  possible downstream
[Yang et al., 2024, Xin et al., result proof-search layer
2024b]
DeepSeek-Prover [Xin et al.,  formal proof generation formal or translated benchmark proof acceptance  complementary to statement
2024a, 2025] problems curation
Draft, Sketch, Prove [Jiang autoformalization plus proof  informal proof/problem formal statement and related translation workflow
etal., 2023] discharged obligations at theorem scale
PhysLean [Tooby-Smith, human-led physics library domain mathematics reviewed closest library-building
2024] definitions/theorems in Lean  analogue
FEP Lean catalogue curation, semantic  contested domain claims source parity + native receipt ~ formalization-surface map
audit, and evidence + semantic disposition for FEP
separation

The distinctive contribution is the coupling of breadth with claim calibration: every row has an exact source, declaration inventory, primary theorem, assumption
review, non-vacuity note, and disposition. This is not evidence that the approach outperforms proof-search systems on their benchmarks.

11.6.1 Manual vs Hermes-Assisted Formalization

No controlled human-time experiment is included, so the manuscript does not report speedups, first-pass error rates, or “weeks versus hours” estimates. The
defensible comparison is functional:

Table 32: Division of work between the researcher-owned path and the optional Hermes contribution, with the acceptance owner for each activity.

Activity Researcher-owned path Optional Hermes contribution Acceptance owner

Select domain claim and scope author/reviewer may summarize semantic review

Write canonical theorem and author/reviewer may suggest a revision in a full run canonical source review
imports

Establish type/proof correctness invoke Lean none Lean kernel + native receipt
Explain proof strategy write prose may draft commentary author/reviewer

Assert model/time/cost results inspect full run generates observed fields validated full receipt

This allocation is intentionally conservative. Uniform model commentary can reduce blank-page effort, but it also creates new review work: semantic drift,
invented library names, missing code fences, and provider-dependent output must be checked. A future comparison should randomize topics, preregister
editing-time and semantic-fidelity metrics, and distinguish initial draft, compile repair, and expert review.

11.6.2 Comparison to Similar Projects

PhysLean demonstrates the value of a human-reviewed, domain-specific Lean library. FEP Lean shares the commitment to a pinned formal substrate but pursues
a different shape: 168 deliberately bounded domain instances, 138 checked cross-topic witnesses with derivational and non-implicational pairing kinds kept
distinct, a reusable formal kernel, and a machine-readable capability/blocker graph rather than a single mature mathematical hierarchy. Its deepest strands include
native Bayesian kernels; posterior VFE and EFE on shared finite carriers; finite-dimensional Fisher geometry; concrete blanket factorization and dynamics; path-
space thermodynamics; collective inference; and asymptotic and finite-sample learning laws. Its breadth still contains intentionally small topic-scoped results.
LeanDojo, LEGO-Prover, DeepSeek-Prover, Lean Copilot [Song et al., 2025], and Draft, Sketch, Prove address premise selection, tactic generation, proof
completion, or autoformalization. Those capabilities could assist further strengthening, but they do not decide which formal statement resolves a contested FEP
interpretation.

The repository makes no priority claim about being the first FEP formalization or the largest thermodynamics corpus. Such claims require a systematic, dated
literature review and can become stale. Its inspectable claim is narrower: this release contains the exact catalogue and formalism coverage recorded by its
generated reports and bound native receipt.

11.6.3 State-Space Models, Domain-Specific Languages, and Generalized Notation

Executable Active-Inference tools and notations such as pymdp [Heins et al., 2022b] or GNN [Smékal and Friedman, 2023] occupy a different layer. They
specify and run model instances; Lean states and proves invariants. This package implements one such bridge from GNN. Four maintained modules carry
it. FEP.GnnDocument (lean/FepSketches/gnn_document.lean) fixes the GNN abstract syntax and a WellFormed predicate that is decidable, so document
validity is discharged by decide rather than asserted. FEP.GnnDenotation supplies denoteDiscrete, which sends a discrete-family document together with
a conforming numeric payload to a GenerativeModel of active_inference.lean — the same carrier the catalogue’s finite active-inference rows use — and
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symBoolDoc_denotation proves that the exemplar document’s denotation is definitionally the hand-written symmetricBoolModel trueBiasedPolicyPrior,
which is exactly the executable-refines-formal statement the next paragraph names as a requirement. FEP.GnnContinuous does the same for a linear-Gaussian
family. FEP.GnnRenderStatements states, and proves for the exemplar, that the pymdp, Activelnference.jl and JAX renderings of a document agree with its
denotation, and that a policy rollout equals the corresponding kernel power. Provenance runs through fep-lean bridge, whose certificates are pinned to source
digests in specs/gnn-bridge-w2-source-custody/source-pin. json.

The obligations the bridge discharges are the normalization ones: DiscreteConforms requires every row of the payload to be a probability vector, and the
denotation cannot be formed without those proofs. Conditional-independence obligations are not generated — no module in the bridge states one — and the
denotation is defined for the discrete and linear-Gaussian families rather than for arbitrary GNN documents. The specification slices are specs/gnn-bridge-x.

This distinction matters for validation. A numerical implementation can be tested on data while a theorem can be checked for deductive correctness; neither
subsumes the other. End-to-end assurance needs both, plus a proof that the executable representation refines the formal one.

11.6.4 Our Approach vs GPT-4-Class Direct Lean Generation

The project has not run a controlled direct-generation baseline, so it does not claim a higher compile rate than a named frontier model. Its architecture embodies
a testable hypothesis: separating deterministic theorem ownership from stochastic review should reduce run-to-run drift and make provenance easier to audit.

A valid future baseline would hold the topic statement, toolchain, Mathlib pin, prompt budget, number of repair attempts, and human-review budget fixed. It
would report at least:

* syntactic extraction rate;

* warning-free and sorry-free compile rate;

* theorem-statement preservation;

» semantic disposition under blinded expert review;

* time and token cost; and

« reproducibility across multiple model seeds or provider runs.

Without those controls, comparing a curated catalogue’s native compile rate to one-shot generated code would conflate authorship with verification.

11.6.5 Quality Metrics

The publication metrics are deliberately split:

Table 33: Publication metric families and the source each is currently drawn from.

Metric family Current source

roster, areas, maturity tags generated topics.yaml

semantic breadth/depth docs/formalism-coverage.md
declaration/import counts parsed canonical Lean source

native compile/warning/sorry outcomes validated output/native-verification. json
Hermes success, model, retries, tokens, latency validated full report only

The native compile rate rendered for this source state is 168/168 (100.0%); its evidence kind is native-lean, warning count 0, and claim-ready predicate true.
Full Hermes/OpenGauss claim readiness is separately false. These values are not interchangeable, and a false predicate is a result rather than a placeholder for
a preferred headline.

11.6.6 Time Comparison

Native duration is measured by the receipt (385.831 seconds for its exact roster and environment). No cross-person manual baseline is available. Full-model
duration is reported only when a current full receipt is claim-ready. This avoids turning hardware-, cache-, network-, and provider-specific observations into
general productivity claims.

11.6.7 Implications for Active Inference Practitioners

The catalogue and finite kernel already provide invariants that executable systems can use as specifications: support-aware policy normalization, exact transition—
observation posterior reconstruction, Bellman recursion, matrix—vector message propagation, finite policy minimizers, chronological rollout, action-law push-
forward, and both EFE decompositions. They do not prove that pymdp, SPM, or another implementation satisfies those statements, because no refinement
mapping from implementation state to Lean objects has been supplied.

The practical next step is therefore not to label the implementation “verified,” but to define that mapping and prove focused conformance lemmas. This would
connect formal breadth to software behavior while preserving the manuscript’s central distinction among a compiling theorem, a semantically adequate model,
and an empirically validated system.
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11.7 Broader Impact: Reproducible Science and Digital Mathematics

The strongest broader contribution is reviewability. A disputed informal formula can be translated into an exact proposition, checked by a small trusted kernel,
and discussed together with its assumptions and semantic disposition. The resulting artifact is more useful than a binary “formalized” label because it makes
disagreement local: readers can contest the translation, the assumptions, the proof, or the scientific model separately.

The package also demonstrates a publication pattern for computational mathematics: maintained authoring sources produce deterministic catalogue and coverage
projections; execution evidence is content-addressed; and manuscript rendering fails before publication when a value or theorem reference is stale. These
principles generalize beyond the FEP without implying that the current catalogue is training data of sufficient quality, a safety proof for active-inference systems,
or a completed digital theory.

11.8 Limitations and Threats to Validity

Table 34: Threats to validity, the consequence of each, and the control currently in place against it.

Threat Consequence Current control
Semantic distance A true scoped theorem may still be weaker than Per-topic disposition, assumptions, and
an informal universal reading non-vacuity review
Fragmentation 138 witnessed relations still do not form one Derivational edges, non-implicational formal
end-to-end FEP theory pairings, conceptual edges, and blockers remain
distinct
Model choice The formal object may not capture the intended Narrow claims and explicit capability boundaries
scientific system
Toolchain drift A later Lean/Mathlib release may alter APIs or Pins, generation checks, and native receipts bound
warnings to source/toolchain
External nondeterminism Provider output and availability vary Full mode is optional and has a separate claim
predicate
Catalogue selection 168 curated rows are not a census of FEP Stable scope and explicit extension criteria
mathematics
Publication drift Stale variables or identifiers can preserve obsolete  Fail-closed renderer and reference audits
claims

The most important limitation is compositional depth. The catalogue contains individually checkable fragments plus 138 witnessed cross-topic relations—only 20
of them derivational and 118 explicitly non-implicational. H1 now supplies one genuine end-to-end finite composition from posterior learning through a one-step
decision and action to factorized invariant dynamics and strict KL decrease. It does not supply a general derivation from stochastic dynamics to perception, action,
and physical thermodynamic behavior. The 149 formalized rows are deliberately narrowed: among them are KL identities, generic conditional-independence
and invariant-kernel laws, binary entropy optimality, strict two-point Jensen, and one concrete contraction-convergence theorem. They do not establish the
general FEP.

The second limitation is that the remaining frontiers belong largely to this project’s model choices rather than to confirmed Mathlib absence. Native KL and
its channel data-processing theorem, posterior kernels, Gaussian measures, a shared finite active-inference carrier with cumulative open-loop EFE, arbitrary
finite-depth policy trees, finite and native blanket laws, generalized-coordinate corrections, finite path thermodynamics, exact finite continuous-time semigroups,
categorical and scalar exponential-family geometry, collective inference, concentration, finite Laplace/Brier-risk transfer, and model-evidence algebra are in-
tegrated. H1 composes a selected subset: two true observations give posterior masses 1/10 and 9/10; one further true update is lifted to sixteen Boolean
(I, S, A, E) states; a four-to-one asymmetric report loss selects the true action; and that action chooses the exact positive-time refresh kernel. The full-support
uniform stationary law factorizes as P(S, A)P(I | S, A)P(E | S, A), is invariant under that kernel, and both repository-real finite KL and Mathlib-native
KL decrease strictly for the same lifted updated posterior.

That H1 certificate is finite, synthetic, model-specific, and one-step. It does not prove transition-aware planning, EFE-optimal control, causal identification,
empirical adequacy, or a universal Free Energy Principle. Its strict KL-to-stationarity inequalities are not measured heat, physical entropy production, or
thermodynamic free-energy dissipation. The open obligations are therefore broader: probability laws or learning over policy trees, transition-aware and EFE-
based control on shared carriers, generic blanket existence and causal identification, multidimensional smooth information geometry with dual connections,
continuous-state stochastic processes, and posterior contraction, minimax or empirical calibration beyond the selected Boolean learning model.

11.8.1 Model-Quality Ceiling

Hermes is an advisory commentary and drafting layer. A stronger model might produce better explanations or proof suggestions, but it cannot change the
evidence boundary: the Lean kernel decides compilation, the semantic audit decides claim alignment, and report validation decides provenance. No model
benchmark is inferred from this catalogue.

11.8.2 Scope Limitations: 168 Topics of Many

The stable roster samples 5 areas but omits many important targets: generic CTMC and continuous-state SDE/PDE existence, infinite-horizon or continuous-
belief active inference, probability laws and learning over policy trees, generic blanket existence and arbitrary-mixture closure beyond H1’s selected invariant
law, causal identification, multidimensional Fisher geometry and dual connections, posterior contraction for broader model classes and empirical calibration, and
quantitative equivalence among competing FEP or EFE formulations. New topics should be added only with a clear invariant, carrier delta, explicit assumptions,
non-vacuity plan, required composition bridge, and acceptance probe; topic count alone is not progress.
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11.8.3 Ethical Considerations: Authorship and AI-Assisted Proof

Responsibility attaches to the people who choose the statement, accept its assumptions, review the proof, and make the scientific claim. Model identity and
full-run provenance should be retained when LLM output contributes to a publication, but kernel checking does not settle authorship or semantic responsibility.
Generated prose remains draft material until reviewed.

11.8.4 Future Work: From Topic Bodies to End-to-End Proofs
Priority should follow dependency and scientific value:

1. connect finite Laplace risk transfer and the learning family’s concentration theorems to posterior contraction for that empirical-Bayes estimator, minimax
or empirical calibration, or a named empirical marginal-likelihood objective on one sampling model, without extrapolating from H1’s selected Boolean
witness;

2. add probability laws or learning over finite policy trees and prove carefully scoped equivalences among EFE formulations;

3. generalize H1’s selected factorized invariant blanket to blanket existence, a reusable invariance interface, and arbitrary-mixture closure in one stochastic
dynamics;

4. generalize the finite scalar exponential-family and categorical Fisher carriers to multidimensional smooth families, dual connections, and curvature;

. extend a manifested composition leaf only when reviewed theorems genuinely share objects, and require every formal graph edge to name its witness;

6. generalize the exact two-state continuous-time chain and select one continuous-state stochastic model for a deep end-to-end case study before broadening
the roster.

|9}

Each step should change semantic disposition only after mathematical review and new native evidence.
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12 Conclusion and Future Work

This work turns a broad FEP-facing catalogue into an auditable Lean package with explicit semantic maturity, composition, provenance, and visual diagnostics.
Its principal result is inspectable semantic reach: 149 of 168 rows directly formalize their deliberately bounded claims, while the remaining rows retain explicit
conditional or structural classifications rather than inheriting strength from compilation. The 138 authored cross-topic theorems make reuse inspectable, while
the graph distinguishes 20 derivations or identifications from 118 checked pairings. Capability status totals remain visible in the same generated graph. A
manifested reusable kernel spans normalized finite and measure-theoretic probability, Bayesian inversion, variational and expected free energy, controlled and
temporal inference, finite policy trees, causal interventions, native finite blankets, predictive coding, finite path and finite-state continuous-time thermodynamics,
categorical and scalar exponential-family geometry, collective inference, finite risk, and learning/model evidence. H1 composes one selected subset into a
single model-specific theorem: an exact learned and further-updated posterior, an asymmetric one-step decision, its emitted action and refresh transition, a full-
support factorized invariant blanket law, and strict repository-real and Mathlib-native KL decrease on the same lifted posterior. It still does not supply generic
blanket existence, transition-aware or EFE-optimal planning on that carrier, causal identification, unrestricted continuous-state active inference, multidimensional
smooth-manifold geometry with dual connections, physical thermodynamic dissipation, or empirical validation of a biological model. This is not a proof of a
universal FEP; it is a deep, inspectable library of exact finite, measure-theoretic, geometric, dynamical, learning-theoretic, and thermodynamic instances.

The mathematical supplement (Section sec. 15) makes this library’s location and transfer requirements explicit. Compact finite-law topology, positive statistical
charts, native measurable kernels and projected process laws contribute different parts of the theory. Worked passports connect exact results to proof routes and
obstruction examples; the portable methods and shared visual model preserve their canonical contracts. The next mathematical step is a reviewed commuting
bridge or substantive theorem under declared conditions, with its failure cases retained, rather than a semantic promotion from vocabulary or proximity in a
feature representation.

12.1 Theoretical Synthesis: What Machine-Checked FEP Establishes
12.1.1 Formal Adequacy as a Distinct Dimension of Theory Evaluation

Formal adequacy asks whether a proposition is well-typed, proved, explicit about assumptions, and non-vacuous at the intended scope. It is distinct from
empirical adequacy and explanatory value. Lean can establish the first for an exact statement; it cannot infer that the statement is the right model of a living
system.

12.1.2 Typology of Results: Definitional, Structural, Quantitative

The catalogue contains definitions, structural laws, and quantitative inequalities, but these categories do not form an automatic ladder of scientific strength. A
scalar inequality may be mathematically complete and scientifically remote; a definition may expose the precise object needed for a later deep theorem. The
per-topic semantic review is therefore more informative than classifying declarations by syntax alone.

12.1.3 Definitional Commitment via the Type System

The fep-005 row illustrates both the value and limit of definitional commitment. fep005_partitionCover, fep05_disjoint, and fep0O5_existsUniq
ue_block give an exact finite labeled partition with unique membership. Those row declarations do not establish conditional independence, stationarity, or
a dynamical Markov blanket. The maintained blanket foundation then introduces the missing probabilistic objects explicitly and proves finite positive-mass
factorization, zero conditional mutual information, and a typed nontrivial one-step dynamic; fep-135-141 embed that carrier into native measures and prove
one CondIndepFun instance plus rowwise preservation. H1 further proves that one full-support uniform law on sixteen Boolean (1, .5, A, F) states has the
P(S,A)P(I | S,A)P(E | S, A) factorization and is invariant under its selected refresh kernel. The remaining boundary is therefore generic existence,
arbitrary-mixture closure, causal identification, and biological interpretation—not the absence of a concrete factorized invariant blanket model or every native
bridge.

12.1.4 The Catalogue as Formal Review Infrastructure

The catalogue is most useful as review infrastructure. A proposed extension must identify its primary invariant, theorem statement, assumptions, non-vacuity
evidence, and acceptance probe. Generated coverage and receipt checks then make it difficult for a narrow compiler success to acquire a stronger title through
prose drift.

12.2 Summary of Contributions
The package contributes:

. areal fep_lean import namespace and isolated-wheel contract;

. one typed generation graph for metadata, semantic review, Lean bodies, YAML, and package data;

. native Mathlib posterior, KL, Gaussian, conditional-independence, and Markov-kernel formalizations;

. a manifested reusable kernel of foundations and leaf compositions for probability, information, variational and expected free energy, finite policy trees,
temporal and causal inference, native blanket transfer, predictive coding, stochastic thermodynamics, scalar exponential-family geometry, collective
inference, finite risk, and learning;

5. one H1 finite synthetic reference-agent certificate connecting the exact two-observation posterior, one further update, a four-to-one asymmetric report

decision, the selected positive-time refresh kernel, stationary blanket factorization and invariance, and same-posterior strict finite/native KL decrease;

6. exact Bernoulli Fisher—Rao, Hellinger, stochastic-dynamics, entropy-production, and Landauer surfaces in the topic catalogue;

7. manifested composition leaves with 138 declaration-witnessed cross-topic relations, typed as derivational edges or non-implicational formal pairings, and

an import-only aggregate;

8. a warning-free aggregate plus declaration-resolution and axiom-audit acceptance target;

9. source-bound native and full-report evidence contracts;
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10. generated formalism coverage, an offline SVG/HTML atlas whose import dependencies remain distinct from scientific edges, and a deterministic numerical
formal-kernel dashboard with typed per-check relations and tolerances, plus fail-closed manuscript and theorem-reference audits.

12.3 TImplications for the Active Inference Community

The practical implication is a change in review questions. Instead of asking only whether an equation looks familiar, readers can ask: which Lean object
represents it, which theorem is primary, what hypotheses are used, is the hypothesis inhabited, does the theorem match the title, and what receipt proves that
the current bytes compiled? These questions sharpen rather than settle the ongoing scientific debate.

12.4 Engineering Outcomes and Lessons
12.4.1 Compilation Headline

The rendered native rate is 168/168 (100.0%) from evidence kind native-lean. Claim readiness is true, with O warnings and O admitted proofs. Catalogue
generation alone cannot populate this headline.

12.4.2 Mathlib Integration Lessons

The most important correction was source-grounded: the pinned Mathlib already has native KL definitions and chain rules, the general KL data-processing
theorem InformationTheory.klDiv_comp_right_1le, posterior kernels, Gaussian laws, conditional independence, kernel invariance, and a real strong law.
Directly compiling minimal probes prevented the manuscript from repeating obsolete ecosystem claims and enabled stronger theorem-level constructions. H1
uses the native data-processing surface for nonincrease and proves strict native and repository-real KL decrease separately on its explicit refresh model. That
does not promote fep-063 beyond its conditional, full-support, real-valued finite-channel result or identify the H1 inequality with physical dissipation. Nor does
the pin justify claiming multidimensional smooth statistical-manifold geometry, generic blanket existence, or continuous-state stochastic dynamics; the finite
continuous-time witnesses are deliberately narrower than the last target.

12.4.3 LLM-ITP Synergy

LLM:s can help translate, explain, and review candidate statements. Their output remains proposal material. Compiler acceptance, semantic adequacy, and
publication provenance are independent gates, and a baseline fallback must not be presented as validation of an LLM-refined proof.

12.5 Future Work

Posterior contraction itself is already proved on the selected two-hypothesis Gaussian-mean carrier of FEP.PosteriorConvergence. The highest-value next
step for the empirical-prior strand is therefore to carry it across carriers: to connect finite Laplace risk transfer and the concentration machinery to posterior
contraction for that estimator, minimax or empirical calibration on one sampling model, and to formalize a named empirical marginal-likelihood objective
without extrapolating from H1’s selected Boolean witness. Beyond that, depth should proceed through probability laws or learning over finite policy trees
and EFE equivalence conditions, generalization of H1’s selected invariant blanket to blanket existence and arbitrary-mixture closure, multidimensional smooth
exponential-family geometry with dual connections, a general constrained maximum-entropy theorem, generic finite CTMC infrastructure, and one continuous-
state diffusion case study. Shared library extraction should follow demonstrated cross-topic proof reuse rather than precede it.

12.6 Reproducibility Statement

The Python environment is lockfile-controlled; Lean and Mathlib are pinned in the Lake workspace; generated artifacts have drift checks; and native evidence
can be reproduced with the sequence below. fep-lean catalogue appears before the manuscript drift check because manuscript/manuscript_vars.yaml
and the generated appendix are build products rather than tracked sources: on a fresh checkout they do not exist yet, and the check that compares them to
canonical data has nothing to compare.

uv sync --locked --extra dev

uv run fep-lean setup

uv run python scripts/_maint_build_topics_catalogue.py --check

uv run python scripts/_maint_build_fep_all_lean.py --check

uv run python scripts/_maint_build_formal_modules.py --check

uv run python scripts/theorem_maturity_audit.py

uv run python scripts/build_formalism_coverage.py --check

uv run fep-lean atlas --check

uv run python scripts/build_formal_kernel_dashboard.py --check

uv run python scripts/audit_formalisms.py --receipt output/formalism-audit.json
uv tun fep-lean verify --fail-on-warnings --receipt output/native-verification. json
uv run fep-lean catalogue

uv tun python scripts/render_manuscript.py --check

uv run python docs/theorem_ref_audit.py

Full Hermes/OpenGauss reproduction additionally requires the declared external capabilities and a validated full report. It is not required to reproduce native
Lean results.

12.7 Data Availability

Canonical sources, generated catalogue data, topic and maintained foundation/composition Lean modules, semantic review records, coverage/atlas projections,
and validation scripts are distributed with the repository. Provider credentials, local caches, and transient receipts are not source artifacts.
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12.8 Closing Remark

Formalization is most valuable here not as a seal of approval but as a disciplined way to discover exactly what has and has not been proved. The strengthened
catalogue now makes that distinction visible at the level of theorem, package, receipt, and manuscript.
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14 Appendix A: Formalisms Overview

This catalogue index is Appendix A. The separate Supplement A (sec. 15) develops the mathematical positioning, exact Lean-to-language analysis and selected
OpenAl-result comparisons behind the portable methods interface. Its corpus feature map is an interpretive comparison; the canonical declarations indexed
here retain their own carriers, assumptions and semantic reviews.

Appendices B and C (material) are one auto-generated file, 09z_unified_formalism_catalogue.md, produced during Manuscript Artifacts. It juxtaposes,
per fep-NNN topic, the fenced Lean body and the typeset display-math blocks (former appendices B and C). Stable descriptive metadata comes from config
/catalogue_metadata.yaml, semantic review from config/theorem_maturity.yaml, canonical Lean bodies from family modules under src/fep_lean/
catalogue/bodies/, and equation signatures from src/fep_lean/catalogue/latex.py; scripts/_maint_build_topics_catalogue.py joins them into
the generated catalogue. Each topic has one display-math block per theorem (typically aligned), with a unique stable id eq: fep-NNN-k. Counts and validated
evidence projections come from manuscript_vars.yaml.

14.1 Complete Topic Catalogue

The per-topic index (id, human title, area, primary Mathlib path, and full lean_sketch) is not duplicated here: it appears in the unified formalism appendix
(sec. 16), with stable per-topic anchors #sec:catalogue-fep-NNN (Lean sketch) and #sec:eqs-fep-NNN (typeset LaTeX equations) for each fep-NNN. That
file is regenerated from config/topics.yaml on every Manuscript Artifacts pass, so titles and bodies cannot drift from the committed catalogue.

Native compilation status for the full roster is 168/168 (100.0%) against Mathlib v4.34.1 / Lean leanprover/lean4:v4.34.1. manuscript_vars.yaml
prefers an independently validated, live-source-bound native receipt and accepts a full-run verification manifest only through its separate claim-ready report
contract. Diagnostics and verifier fields are summarized in sec. 6.5.

Summary: All 168 rows are mathlib_status: realin topics.yaml. Per-area rates are 41/41 (100.0%) (FEP core), 37/37 (100.0%) (Active Inference),
21/21 (100.0%) (Information Geometry), 41/41 (100.0%) (Bayesian Mechanics), and 28/28 (100.0%) (Thermodynamics); see sec. 6.5.1.

14.2 Area Breakdown

Table 35: Per-area topic counts, native compile status from the verifier, and the Mathlib domains each area reaches.

Area (topics) Native compile (verifier) Mathlib domains

FEP core (41) 41/41 (100.0%) Measures, real logarithms

Active Inference (37) 37/37 (100.0%) Finite sets, big operators, order
Information Geometry (21) 21/21 (100.0%) Inner products, metric spaces
Bayesian Mechanics (41) 41/41 (100.0%) Matrices, probability measures
Thermodynamics (28) 28/28 (100.0%) Real logarithms and exponentials
Total (168) 168/168 (100.0%) —

Rates come from the selected validated evidence projected into manuscript_vars.yaml:

* Receipt: native-3d5abbclabes.
» Native verifier ran: true.
* Clean / failed / recorded topics: 168 /0 / 168.

After any toolchain or sketch change, regenerate a source-bound receipt with:

uv run fep-lean verify \
--fail-on-warnings \
--receipt output/native-verification. json

Then refresh the catalogue and manuscript projections.

14.3 Representative topics (pointers only)

To avoid duplicating Lean that can drift from the SSOT, this appendix does not paste catalogue fences. The pointers below cover the variational-bound backbone
(fep-001), Boltzmann—Gibbs weights (fep-031), and stick-breaking bookkeeping (fep-046).

Table 36: Representative topics, with pointers to the Lean body in Appendix B and the display math in Appendix C.

Topic Appendix B (Lean)  Appendix C (display math)

fep-001  sec. 16.1 sec. 17.1
fep-031  sec. 16.31 sec. 17.31
fep-046  sec. 16.46 sec. 17.46

14.4 Mathlib4 Imports Used Across the Catalogue

Every shipped row in Appendix B declares its own Mathlib imports rather than relying on an implicit global prelude. The project uses measure/probability
kernels and conditional independence, finite sums and sets, real logarithm/exponential and calculus, finite-dimensional matrices and metrics, information theory,
contraction limits, and the real strong law. Pedagogical snippets may use broader imports for exposition only; they are not catalogue sources.
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The generated formalism coverage report is the exact import and declaration roster. It owns both the topic-to-Mathlib incidence table and the maintained formal-
module dependency graph. The atlas renders those import dependencies separately from scientific edges, while formal relations require named declarations.
This avoids a static appendix roster that would drift whenever a sketch narrows an import.

14.5 Formalization Epistemology: Realism vs. Illusionism

The catalogue offers a structural way to inspect claims that appear in debates about FEP and consciousness (Solms, Dotgga, Wiese, 2023-2025) [Beni et al.,
2023]. Its typed measure-theoretic rows illustrate how candidate belief objects can receive explicit domains and assumptions, and its finite kernel composes one
bounded generative-model instance through posterior, VFE, EFE, policy, and rollout layers. It does not formalize consciousness, establish that the finite model
describes a living system, or adjudicate realist and illusionist positions.

For machine-checked native compilation, run:

uv run fep-lean verify \

--fail-on-warnings \

--receipt output/native-verification. json
uv run fep-lean catalogue

Validate the receipt against the live tree before using its result. Full-run manifests under output/reports/run_s/ are a separate Hermes/OpenGauss evidence
class and cannot substitute for the native receipt.
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15 Supplement A: Mathematical Positioning and Result-Family Methods

FEP Formal is best located as a collection of conditional mathematical results about probability laws, information functionals, inference, and control, with
selected connections to stochastic mechanics. Its 168 canonical topic bodies provide theorem proxies; the maintained foundations and compositions supply
reusable mathematical objects and cross-domain results. This is a many-to-many placement in mathematics. A topic’s scientific title, its carrier, the theorem
actually proved, and the intended interpretation are four different objects of review.

This supplement adopts the result-family organization of the OpenAl mathematics collection, inspected at commit adc7f1241b42e322a6451854ab7e4b4cl
46bf78a on 2026-10-06, with the selected-result source review extended on 2026-10-07 [OpenAl, 2026a]. That upstream is a collection of manuscripts and
supporting proof artifacts, with results at different verification stages. It is not a general numerical dependency. Its useful methodological pattern is to connect
a family, individual manuscripts, explicit formalization scope, and selected challenge statements. The upstream authors’ descriptions and deposited proofs are
source material for comparison, not scientific acceptance inherited by FEP Formal.

15.1 Mathematical objects before disciplinary labels

A reusable result passport has the following components:

R=(X,P,0,K,®,A, T,W,BE). (93)
Here X is the state or outcome carrier; 2 the class of laws; © a parameter space; K a transition or observation kernel; ® an objective or information functional;
A the assumptions; 7" the fully quantified claim; W its qualified formal witness; B the boundary examples; and E the evidence needed to accept it. Unused
components should be marked absent. For example, a diagonal quadratic form with input weights does not acquire a statistical model merely by being named
Fisher information. A statement about a measurable map does not acquire a differentiable manifold, stochastic process, or generative interpretation.

This object-first approach places the major subparts as follows. The exact family crosswalk and exact joined topic contracts are projected from canonical
metadata and semantic records in the accompanying methods slice. Family domain labels give inherited editorial context, not a certification that each topic
proves a result in every assigned domain. The grouping below explains the mathematical roles rather than introducing new catalogue families.

Table 37: Mathematical roles of FEP subparts, their carriers, connections, and essential scope boundaries.

Subpart

Mathematical home and carrier

What connects it to FEP

Essential boundary

Variational free energy and Bayesian
inversion

Information geometry and
exponential families
Planning, EFE, policy trees
Blankets, interventions, native
transfer

Predictive coding and generalized
coordinates

Temporal and hierarchical inference

Collective inference

Learning, concentration, calibration,
risk

Thermodynamics and path-space
information

Geometric-mechanics notation

Measure-theoretic probability, finite
probability, convex variational
analysis

Differential geometry of statistical
models, convex duality, linear
algebra

Decision theory, finite dynamic
programming, partially observed
control

Conditional probability, graphical
models, selected Gaussian
conditioning

Optimization, differential calculus,
local dynamical systems

Stochastic kernels,
filtering/smoothing, probability on
sequences

Product probability, consensus,
graph-based averaging, coupled
potentials

Mathematical statistics, decision
theory, learning theory

Markov processes, semigroups,
information-theoretic irreversibility

Finite real matrix/skew/symmetric
algebra, graph divergence, Frobenius
projection, and remainder bounds

Posterior/evidence decompositions,
KL remainder, normalized inference

Score/Fisher pairing, KL/Bregman
identification, coordinate pullbacks

Policy-conditioned prediction,
epistemic/pragmatic decomposition,
observation-dependent continuation
Conditional factorization,
intervention invariants, finite/native
identities

Prediction-error objectives and
specified descent directions

Chronological prediction/update and
conditional inference

Additivity under independence,
conserved mass, contraction

Bayes-risk comparisons,
finite-sample bounds, selected
posterior limits

Finite fluctuation identities, two-state
evolution, selected Gaussian path KL

Makes proposed mechanics
identities and omitted terms explicit

Absolute continuity, finite evidence,
and the chosen real or extended-real
convention

Identifiability and tangent
constraints; a redundant
parameterization may have a null
metric

Model-specific objective, finite
horizon, admissible policy class,
support assumptions

Conditional independence does not
alone identify a causal graph or a
causal effect

Descent does not establish Bayesian
correctness, stability of every
trajectory, or biological realization
Zero evidence and
almost-everywhere versions of
conditional distributions
Independence and contraction
hypotheses; no agency conclusion
follows from a product law
Convergence, calibration,
identifiability, and empirical
adequacy require different
assumptions

Physical energy units, heat, work,
and constitutive laws need additional
identification

Skewness alone does not remove
every divergence term; these results
do not establish general symplectic
or contact geometry

The formal setting is Lean’s dependent type theory plus the declared imports, definitions, assumptions, and allowed axioms. Scientific semantics is an additional
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Family key - full topic contracts remain in the accessible HTML tables

FO1 - core-free-energy F12 - path-space-stochastic-thermodynamics

FO2 - core-active-inference F13 - information-geometry-and-geometric-optimization
FO3 - core-bayesian-mechanics F14 - collective-and-multiagent-active-inference
FO4 - core-information-geometry F15 - learning-concentration-and-model-evidence
FO5 - core-thermodynamics F16 - finite-sample-risk-and-calibration

FO6 - measure-bayesian-inversion F17 - closed-loop-policy-trees-and-efe

FO7 - variational-duality-and-information-bounds F18 - finite-to-native-blanket-transfer

FO8 - control-and-planning-as-inference F19 - finite-exponential-family-dual-geometry
FO9 - temporal-and-hierarchical-inference F20 - two-state-continuous-time-thermodynamics
F10 - causal-blankets-and-interventions F21 - standalone-efe-formalizations

F11 - predictive-coding-and-generalized-coordinates F22 - geometric-mechanics-notation

Figure 7: Authored family-domain incidence. A filled cell records a selected mathematical context for the family and is inherited by its rows as editorial context;
it does not certify that every row proves a result in that domain. The accompanying model retains each row’s primary declaration and reviewed scope.
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review obligation. A proof of A = T does not assert that a biological or physical system satisfies A. The same distinction applies to a model-generated
manuscript and to a hand-written proof.

Maintained semantic dispositions
Copied semantic review; no native receipt validation.
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Canonical topic records
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Family key - full topic contracts remain in the accessible HTML tables

FO1 - core-free-energy F12 - path-space-stochastic-thermodynamics

FO2 - core-active-inference F13 - information-geometry-and-geometric-optimization
FO3 - core-bayesian-mechanics F14 - collective-and-multiagent-active-inference
FO4 - core-information-geometry F15 - learning-concentration-and-model-evidence
FO5 - core-thermodynamics F16 - finite-sample-risk-and-calibration

FO6 - measure-bayesian-inversion F17 - closed-loop-policy-trees-and-efe

FO7 - variational-duality-and-information-bounds F18 - finite-to-native-blanket-transfer

FO8 - control-and-planning-as-inference F19 - finite-exponential-family-dual-geometry
FO9 - temporal-and-hierarchical-inference F20 - two-state-continuous-time-thermodynamics
F10 - causal-blankets-and-interventions F21 - standalone-efe-formalizations

F11 - predictive-coding-and-generalized-coordinates F22 - geometric-mechanics-notation

Figure 8: Maintained semantic dispositions shown by family. The panel copies the semantic review records and preserves the distinction between formalized,
conditional, and structural proxies. These labels describe reviewed mathematical reach; this figure does not provide current native compilation or empirical
acceptance.

The interactive mathematical map provides the associated tables and boundary values. The family incidence and semantic panels answer different questions:
where a comparison may be useful, and what the selected row’s maintained review permits one to claim.

15.2 Topology, geometry, and embedding spaces

There are at least four embedding questions, and answering one does not answer the others: how finite laws become native measures; how statistical laws are
parameterized; how a full process is observed or reduced; and how papers or topics are represented for retrieval.

15.2.1 Faithful probability transfer and kernel composition

The weighted-Dirac map sends a normalized finite mass function to a native probability measure. FEP.NativeBlanket.embeddedLaw_injective establishes
faithfulness on this carrier, while embeddedLaw_integral_eq_sum and embeddedLaw_map establish exact expectation and mapping identities. Representing a
discrete law as a native measure does not make its support continuous. Support-sensitive KL identities require their additional bridge assumptions even when
the map itself is injective.

Finite kernels also have identity and associative composition, with prediction preserved by composition. These laws support a compositional reading in which
objects are finite carriers and arrows are stochastic maps. Native transfer can then be assessed through preservation of identities and composition. This is useful
categorical structure to analyze; it is not a claim that the repository implements a general Markov-category equivalence or a prior-independent Bayesian-inversion
functor. Inversion depends on the prior, and native conditional laws may be determined only almost everywhere.

15.2.2 Statistical model geometry

For n outcomes, the probability simplex is

A, ={peRm:ip; >0, p =1} (94)
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Its relative interior has strictly positive masses and tangent vectors obey Zl v; = 0. On that interior the categorical Fisher pairing is

golvw) =305 95)

The ambient coordinate count is n, whereas the simplex dimension is n — 1. A singular ambient representation can therefore coexist with a positive metric
on the actual tangent space. The maintained geometric-optimization foundation supplies an exact two-outcome tangent-spanning and full-rank example. The
diagonal weighted quadratic form of fep-004 and the Bernoulli calculation of fep-038 should be interpreted through their own assumptions and the reviewed
specialization, rather than as a universal Fisher manifold.

More generally, for an identifiable smooth family p,, the score Gram matrix is

1,,(0) = E4[0, logpg(X) 9 log py(X)]. (96)

On full support, differentiability and normalization center finite scores in an (n — 1)-dimensional space. Hence a d-parameter finite model has rank I <
min(d, n — 1). This is a mathematical derivation proposed for a future general rank audit, not a newly proved Lean theorem in this supplement. It explains why
declaring extra coordinates cannot create identifiable statistical dimensions. Natural-gradient interpretation requires the metric on the admissible tangent, or an
explicit quotient, to be suitable for inversion [Amari, 1998, 2016].

The continuous geometric evidence is stronger than an abstract weighted form, but narrower than arbitrary manifold geometry. FEP.GaussianInformation
Geometry uses the fixed-variance Gaussian mean family and proves native KL, Fisher, and Bregman identities. FEP.SmoothInformationGeometry proves the
corresponding coordinate pullback and constructs a duplicated mean parameterization whose nonzero null tangent makes its pullback fail positive definiteness.
These results give both a positive instance and a formal non-identifiability boundary. Multidimensional dual connections, a general statistical-manifold atlas, and
coordinate-invariant mechanics remain separate extensions, as explained in sec. 9.4.

Tangent information and a redundant coordinate
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Figure 9: Fisher geometry of explicit formula examples. The Bernoulli interior information is 1/(p(1 — p)). For the independent duplicated-mean Gaussian
example with variance two, the pullback matrix has eigenvalues zero and one, so the direction (1, —1) is unidentifiable. This explanatory Gaussian example is
distinct from the source’s duplicated Bernoulli matrix, and the plotted values are numerical analysis rather than a proof receipt.

15.2.3 Boundary topology and optimization

The closed simplex includes lower-dimensional support faces. Compactness of a closed feasible subset and continuity of the actual objective can give an attained
optimum without an interior optimizer or a Lagrange multiplier. The maintained variational-duality foundation does exactly this for nonempty finite fixed-source
rate-distortion problems: FEP.VariationalDuality.isCompact_rateDistortionFeasibleMasses and FEP.VariationalDuality.rateDistortion_ex
ists_minimizer. This is substantive topology already present in FEP Formal. It is neither general strong duality nor a sharp closed-form distortion curve.

Boundary conventions matter independently of compactness. In the maintained finite information foundation, disjoint Boolean point masses have totalized cross-
entropy zero and totalized finite KL one. Native measure KL for those disjoint laws is infinite. The bridge in FEP.DecisionRisk explicitly requires relative
support for its finite/native KL identity. Thus expressions valid on the positive simplex must not be extended to its boundary by replacing infinite divergence
with a real number. Entropy can extend continuously to faces even while a KL comparison becomes infinite.



Weak convergence of laws, convergence of moments, convergence in KL, and almost-sure convergence along an observation filtration are also distinct. For
instance, p, = (1 — &, &) converges to the first point mass even in total variation as € | 0, but KL(p,|d,) = oo for every 0 < & < 1. A manuscript must
name the topology or mode of convergence proved. The selected Gaussian semigroup modules and the two-hypothesis posterior-convergence module do so;
their quantifiers must survive any comparison with upstream probability results.

Support controls the direction of KL convergence
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Figure 10: Support and convergence on a two-atom carrier. For p, = (1 — €, ¢), total variation from the first point mass and the supported divergence
KL(dy|lp.) tend to zero. The reverse native divergence remains infinite for positive . Values illustrate exact finite formulas and an analytic support obstruction;
they do not supply a general convergence theorem.

15.2.4 Observation and process embeddings

An embedding ¢ : Z — X and a projection 7 : X — Z with 7 o ¢ = id preserve represented states, but do not make 7 injective on all of X. Reduction of
dynamics requires a separate kernel-intertwining statement. For each full state x, the projected law of K, (z, -) must equal the selected reduced kernel at 7(z);
otherwise discarded coordinates may affect subsequent predictions.

The H2/H3 Gaussian constructions establish selected native/scalar projection identities, chronological filtering, finite-grid path identities, and bounded control
comparisons. FEPComposed.H3CaseStudy.hidden_mode_marginal_nonidentifiability also supplies two different full initial laws with the same observed
one-time marginal at every nonnegative time. The stronger FEPComposed.H3CaseStudy.hidden_mode_nonidentifiability supplies identical finite projected
joint paths and noisy-observation joint laws. The full carrier retains the hidden mode. Accurate projected prediction therefore does not identify the full latent
law. This is a direct answer to the embedding-space question: the observation image is a smaller statistical experiment, and its fibers contain distinctions that
the selected observation cannot resolve.

15.2.5 Corpus representations

The methods slice gives each family an explicit binary incidence vector over reviewed mathematical domains. Its Jaccard comparison is a deterministic retrieval
aid. Equal vectors mean equal assigned domains at that coarse resolution; they do not mean equivalent theorem types. This is a feature representation, not an
injective mathematical embedding of the catalogue.

A future text embedding should freeze document units, exact source bytes, model/tokenizer revision, normalization, distance, and preprocessing. Evaluate
retrieval against held-out human-reviewed associations and negative controls, including shared terminology with incompatible carriers. Split by family to avoid
counting near-duplicate supporting results as independent tests. A low-dimensional layout, neighborhood, or apparent cluster does not establish the topology
of a probability model, a theorem dependency, or a scientific unification. The current methods require no model calls or vector service. Likewise, cycles or
neighborhoods in an authored topic-relation graph do not establish process cycles or homology classes in a statistical manifold. The common FEP/upstream
coordinates and their projection are developed in sec. 15.8.3, with exact statement analysis in sec. 15.8.2.

15.3 Statistical, dynamical, and physical interpretations

Variational inference is posterior approximation by optimization within a chosen class of laws [Blei et al., 2017]. The free-energy decomposition locates FEP
Formal within this framework when the posterior, evidence, KL orientation, and finite/infinite conventions are explicit. An identity defined as surprisal plus KL
should be distinguished from a derivation of that identity from a generative joint law. The shared finite active-inference carrier makes many such joins explicit;
topic proxies retain their narrower contracts. KL orientation must also survive the comparison: proper logarithmic risk is truth-to-report, whereas variational
free energy is recognition-to-posterior. Reversing arguments changes the divergence and its support requirements.
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Equal observed laws retain unequal hidden laws

—— full Gaussian KL
projected Gaussian KL = 0
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Figure 11: An independent elementary OU obstruction to latent identification. Independent coordinates have decay rates one and two, identity covariance, and
initial means (1, 0) and (1, 3). Full one-time Gaussian KL is 4.5¢~%!, while observation of the first coordinate has zero KL between the hypotheses. This
explanatory model uses different coordinates and normalization from the native H3 construction and supplies no H3 receipt.

Expected free energy adds a decision problem. Preferences, an observation channel, policy-conditioned prediction, epistemic value, and admissible feedback
determine the objective. Comparing two EFE formulations requires matching these objects and the signs and conditioning of every term. The policy-tree
and controlled-Markov results establish exact finite-horizon instances, including strict feedback advantage. They do not supply arbitrary continuous-belief or
infinite-horizon control. The distinct formulations in the literature remain a semantic comparison problem rather than an equation matching exercise [Champion
et al., 2026].

Statistical conclusions should be reported along separate axes:

Table 38: Statistical conclusions require distinct evidence and leave separate interpretive obligations.

Conclusion What would support it What remains separate

Correct posterior recursion Normalized joint, evidence law, conditional Truth of the selected observation model
distribution identity, almost-everywhere boundary

Posterior consistency Identifiability, observation assumptions, specified Uniform rates or consistency under
probability law and convergence mode misspecification

Calibrated predictions A declared calibration target and distributional or ~ Low loss on one deterministic example
repeated-sampling argument

Better decisions Same loss, admissible policies, observation Physical or biological utility
budgets, and attained or bounded Bayes risk

Causal identification A causal model plus assumptions distinguishing Conditional independence or predictive accuracy
observationally equivalent mechanisms alone

The current two-hypothesis Gaussian consistency result is under its stated sampled-parameter joint law. It should not silently become a uniform fixed-truth
consistency theorem or an empirical result. Selected H3 formal case-study declarations also remain deductive content; the governed empirical program has its
own protocol and acceptance gates.

At the dynamical level, stationary laws, semigroup composition, relaxation, Lyapunov descent, filtering, and control are different results. A decreasing potential
may justify a stability claim under stated hypotheses without identifying its value as thermodynamic energy. At the physical level, a KL value is dimensionless.
Converting it to heat requires an energy-per-nat parameter and a constitutive relation. The exact FEPComposed.H3CaseStudy.constitutive_nonidentifi
cation witness holds the probability and path-information laws fixed while changing hypothetical assigned heat. Even a proved finite-grid irreversibility value
cannot determine measured heat from the probability model alone.

15.4 Worked result passports and proof strategies

A disciplinary map becomes useful when it changes how a particular statement is read. The passports below select exact maintained results and expose the
mathematical work each performs. The displayed statements are explanatory restatements of the named declarations, with carrier assumptions written in
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ordinary mathematical notation. They introduce no new canonical topic body, Lean theorem, native receipt, or semantic disposition. The generated catalogue
appendix remains the authority for complete topic bodies; a rendered compile status remains governed by sec. 6.5.

15.4.1 Passport: finite prediction survives native representation

Let A and B be finite carriers with their discrete measurable structures. A finite law p has nonnegative real masses summing to one, and a finite kernel K has
a normalized law in each row. Write

(K.p)(b) =Y pla)K(a,b),  E4(p) = pla)d, ©7)

acA acA

The coefficients in the native measure are embedded into R-, U {oo}; the expression above abbreviates that codomain conversion. The kernel embedding is
rowwise: £(K)(a,-) = E(K(a,-)). The substantive commutation law is

FEP.NativeBlanket.embeddedPredictive_eq_comp proves this equality. embeddedLaw_apply_singleton recovers every source mass, while embeddedL
aw_injective rules out collapse of distinct finite laws. For a real observable f, embeddedLaw_integral_eq_sum proves

//; Fdeam) =Y pla)f(a). (©9)

acA

The proof strategy reduces equality of finite discrete measures to equality on singletons, expands the finite integral, and uses nonnegativity and normalization
to justify conversion of sums and products. It does not argue that two implementations produce approximately similar output. The objects on both sides are
exactly the same measures after representation.

There is a second commuting law for chronological composition:

E(LoK)=&(L)o&(K),  &(idy) =id,. (100)

Here K acts first and L second. The source witnesses are FEP.NativeBlanket.embeddedKernel_comp and embeddedKernel_identity. Together with FE
P.FiniteKernel.comp_assoc, these laws make finite prediction an appropriate candidate for compositional probability semantics. Markov categories supply a
broader published framework for such probability and conditional-independence reasoning [Fritz, 2020]. The present declarations provide particular preservation
laws, not a completed categorical equivalence.

The boundary example is important: embedding a point mass yields a Dirac measure, not a smooth Gaussian density. Preserving normalization, expectation,
and composition does not imply convergence of an approximation scheme or increase the source carrier’s dimensionality. Information preservation also needs
its own theorem. In particular, FEP.DecisionRisk.weightedDirac_klDiv_eq_finiteKL_of_relativeSupport requires that every positive actual mass has
positive reference mass. The probability embedding is unconditional on support; this KL identification is not. One passport can therefore contain a successful
representation transfer and a refused information transfer at the same boundary.

15.4.2 Passport: posterior exactness is an attained variational bound

The finite active-inference carrier combines an initial state law, a policy-indexed transition, an observation kernel, preferences, and a policy prior. For a fixed
policy m, let p,. be the predicted state law and L the observation kernel. A selected observation o has evidence

z.(0) = Zpﬂ(s)L(s,o) >0, r.(s|o)="——"22 (101)

FEP.ActiveInference.posteriorState_mul_evidence proves the reconstruction identity r (s | 0)z.(0) = p.(s)L(s,0). This connects the posterior to
the generative joint, rather than merely giving the symbol “posterior” to a normalized input law.

For a recognition law g, the maintained posterior-form objective is

F(g;0,m) = Dpin(qlr< (- | 0)) —log z,(0). (102)

The exact statement is

F(qa 0, ’/T) > _logzﬂ'(o)v F(Qvovﬂ-) = _logzﬂ'(o) = q= err(. ‘ 0)' (103)

The witnesses are FEP.ActiveInference.outcomeSurprisal_le_variationalFreeEnergy and variationalFreeEnergy_eq_surprisal_iff; variat
ionalFreeEnergy_posterior supplies the attaining law. The proof uses the already established nonnegativity and zero-separation of the normalized finite
divergence. It does not require an optimizer-existence assumption because the posterior itself is the explicit witness.

Two limits should be read directly into the statement. First, evidence is positive: no posterior is constructed by this theorem at a zero-evidence observation.
Second, Dy, is the repository’s totalized real functional. Equality characterizes the posterior even when some posterior atoms vanish, but a conventional native
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KL interpretation for an arbitrary g still needs relative support. A recognition law charging a posterior-impossible state is exactly where the real and extended-real
interpretations separate.

This passport also separates mathematical exactness from approximation quality. If a restricted recognition family Q excludes the exact posterior, the displayed
equality cannot be attained inside Q. Existence of a best element of O, convergence of an optimization algorithm, and the size of its residual gap are further
questions. None is settled by writing F as a KL remainder. This distinction is the bridge from a formal variational identity to an actual inference method [Blei
et al., 2017].

15.4.3 Passport: Fisher positivity identifies admissible directions

The finite score carrier stores a law p and score covectors s(z) € R? with >, p(x)s(z) = 0. It does not, by itself, assert that s was obtained by differentiating
a statistical family. Its Fisher matrix and tangent pairing are constructed from the scores:

1= p)s(@)s(x)T,  glv,w) =D p(x)(s(x),v)(s(x), w). (104)
This Gram form proves symmetry and g(v,v) > 0 without a differentiability or invertibility premise. Under full support,

g(v,v) =0 < (s(x),v) =0 foreveryx. (105)

FEP.InformationGeometry.fisherMetric_eq_zero_iff proves this characterization by reducing a zero sum of nonnegative terms to zero at every outcome.
fisherMetric_pos then adds score identifiability: only the zero vector can annihilate every score. This is why a positive matrix cannot be inferred solely from
the name “Fisher.”

For the interior Bernoulli family, the maintained construction discharges support and identifiability and derives

1

I(p) = od—p)’

VMF = p(1—p) 9, F. (106)

The declarations are FEP. InformationGeometry.bernoulli_fisherMatrix_entry and bernoulli_naturalGradient_eq. At p = 1/2, the information is
four. The duplicated score construction instead has Fisher matrix (4 1) and a nonzero null tangent (1, —1). Its failure of identifiability is proved by duplica

tedFairBernoulli_not_identifiable, not merely observed in a numerical eigensolver.

The categorical example explains an apparent discrepancy. Its ambient two-coordinate score representation is redundant, yet on the simplex tangent {(v;, v) :
vy + vy = 0} the pairing is positive for every nonzero tangent. FEP.GeometricOptimization.twoCategoricalTangent_spans proves that all those tangents
are multiples of (1, —1); twoCategorical_simplexMetric_fullRank proves positivity on that actual one-dimensional carrier. An ambient null direction and
an identifiable statistical tangent are different tests.

The smooth fixed-variance Gaussian family provides a complementary passport. For v > 0, its mean-coordinate Fisher information is 1/v and

(m —m’)?

Dy (N (m, v)[N(m,v)) = 2v

(107)

FEP.GaussianInformationGeometry.FixedVarianceGaussian.klDiv_law_eq_meanSquare proves the native extended-real equality after establishing ab-
solute continuity and integrability of the log likelihood ratio. The source proof then integrates an affine log ratio under the actual Gaussian law. Its meanF
isher_eq_naturalFisher_pullback relates the mean and natural coordinates. Thus the smooth identity is grounded in density and integration, rather than
obtained by reusing a quadratic formula with a Gaussian label.

These examples motivate an identifiable quotient or tangent restriction for redundant coordinates. They do not implement that construction for every score model.
A general quotient-compatible natural gradient is an explicit research problem in sec. 15.9, where existence and uniqueness must be stated on the quotient before
interpreting a matrix pseudoinverse as a geometric answer.

15.4.4 Passport: topology derives a rate-distortion minimizer

Let A and B be finite alphabets, p the fixed source law, d(a, b) a real distortion table, and D a budget. A joint mass table w is feasible when
wyy, > 0, Zwab = p(a), Zwabd(a, b) < D. (108)
b a,b

The row-sum condition derives normalization of w; no second probability carrier is introduced. Nonnegativity and the fixed source imply 0 < w,;, < p(a) < 1.
Equalities and the distortion inequality define a closed subset of this finite coordinate cube. Compactness follows.

The objective is represented by the entropy identity

I,(A;B) = Hwy) + Hwg) — H(w), H(u) :—Zuilogui7 (109)

using the continuous zero-safe entropy function on the boundary. Continuity is proved on the mass coordinates, and the source identifies this expression with
its finite mutual information. If the feasible set is nonempty, compactness and continuity give



w*eF, YweFp: I,.(A;B) <I,(A;B). (110)

FEP.VariationalDuality.rateDistortion_exists_minimizer is the exact attainment witness. The proof first obtains a coordinate minimizer, then recon-
structs a normalized finite law and transfers feasibility and minimality. Neither a preselected optimizer nor strictly positive atoms are supplied.

This supporting result is stronger than the primary structural-proxy statement of fep-064, which combines separately certified component lower bounds. Keeping
both facts visible respects the maintained semantic review: a strengthened supporting theorem does not silently change the primary theorem or its disposition.

The Boolean Hamming examples further separate questions often conflated in informal variational prose. At zero budget, the source derives the unique perfect-
reproduction joint. At half budget, distinct independent joints attain zero information. At quarter budget, a feasible informative problem has an attained
strictly positive information minimum, proved by FEP.VariationalDuality.boolQuarterBudget_exists_positive_minimizer. The last statement does
not assert that the explicit quarter-crossover feasibility witness is the optimizer. A closed-form curve, general strong duality, and interior optimizer uniqueness
would need additional proofs.

The native-information reading is nevertheless sound here: a joint law cannot charge an atom where its product marginal is zero. Hence the mutual-information
comparison has the relative-support property even on sparse joints. This is a useful example of deriving the correct support condition from the carrier rather
than banning all zero atoms.

15.4.5 Passport: a policy class changes the optimization problem

A depth-indexed policy tree chooses an action and, at each possible observation, a continuation tree of one smaller depth. Write b for the finite belief index,
P(o | b, a) for the normalized observation law, U (b, a, o) for its authored update, and ¢;, (b, a) for the stage cost. The backward recursion is

VO(b) = 07 Vh+1 (b) = min ch<b7 a) + Z P(O | ba G)Vh(U(ZL a, 0)) . (111)

All relevant carriers are finite and the action carrier is nonempty. The minimum is therefore attained at each node. The proof constructs an optimal tree
recursively, proves its value equals V},, and compares it with every other tree on the same carrier. The declarations FEP.PolicyTrees.optimalPolicyTree
_value, optimalTreeValue_le_tree, and exists_optimalPolicyTree encode these separate steps.

An open-loop plan embeds by repeating the same continuation on every observation branch. openLoopEmbedding_value proves value preservation; optimal
Tree_le_openLoop obtains weak dominance by evaluating the optimal tree against an embedded plan. The embedding proves containment of one policy class
in another. It is not a statement about every possible feedback controller or an approximation to an infinite tree.

The non-vacuity witness is exact. In the maintained Boolean two-stage model, the observation-dependent continuation has value zero, while every fixed second
action in the authored comparison has value one half. FEP.PolicyTrees.boolFeedbackTree_value_zero, boolOpenLoop_value_half, and boolFeedba
ckTree_strictlyBetter make the gap explicit. The theorem changes the admissible continuation, not the data budget or objective.

The EFE connection requires another layer. A generic real stage cost is not automatically expected free energy. The generative-model interface and its
branchwise full-support conditions supply the risk/ambiguity identities used by FEP.PolicyTrees.policyTree_efe_eq_risk_add_ambiguity. Similarly, the
policy posterior is not an action kernel until an action interface proves that the selected action reproduces the policy transition. FEP.ActiveInference.actio
nPredictedState_eq_predictedState and inferSelectActActionMarginal_eq_actionLaw are the relevant exact seams. These interfaces explain which
mathematical subpart turns prediction into policy evaluation and which turns selected policies into state transitions.

The selected H3 Gaussian control result extends one aspect of this picture: observations are real-valued, actions are Boolean, and the second action is a measurable
function of the observation. Its policy_attainment result is an attained two-step risk comparison for that continuous experiment. It does not establish the
finite-tree theorem on all measurable belief spaces. Matching horizon, observation law, loss, and admissible policy class is part of the correspondence, not
something inferred from both proofs using a minimum.

15.4.6 Passport: policy inference minimizes a declared regularized objective

The one-step generative carrier specifies an outcome preference law r. Under the model’s full-support contract—strictly positive predicted state masses, predicted
outcome masses, and preference masses—the maintained EFE identity is

G(m) = H(p,(0),r) =1, (5;0) = Dyy(pr(O)[r) + H,, (O]5). (112)

Here the first H is cross-entropy, while the last is conditional entropy under the policy’s actual predicted state/observation joint. FEP.ActiveInference.expe
ctedFreeEnergy_eq_risk_add_ambiguity proves the equality by combining the joint entropy chain rule with the risk/cross-entropy identity. Its nonnegativity
follows under the same full-support convention. A zero preference atom is therefore a support boundary for this interpretation, not permission to totalize the
logarithm and retain the same scientific statement.

Now let a(7) > 0 be a normalized policy prior, let v > 0, and let ¢(7) be a finite real cost, which can be the matched EFE. The selected policy law is

—ve(m)
Q(r) = a(?f)ez7 L Z2=Y a(m)e . (113)

The formal objective over normalized candidate laws is
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J(Q) = Egle] + 7 ' D, (Qlla). (114)

FEP.EFEPolicy.efeControlObjective_sub_eq_kl proves the exact gap

J(Q)—J(Q") =7 Dy (QIQ*)- (115)

The Gibbs certificate proves Q* is normalized and strictly positive; the gap, nonnegativity, and zero-separation prove unique optimality. FEP.EFEPolicy.b
oltzmann_control_posterior_minimizes_efe states that conclusion, while boltzmann_control_posterior_minimal_value identifies the minimum as
—~~!log Z. This is optimization of a policy law with a prior penalty. It differs from selecting a single policy that minimizes c, even though the same cost enters
both problems.

The equal-cost boundary exposes the prior explicitly. FEP.ActiveInference.symmetricBoolModel_policyPosterior_eq_prior proves that the symmetric
Boolean model returns the supplied policy prior at every precision. Changing only that prior changes the posterior’s selected mass, as the source’s explicit
biased-prior witness shows. Thus inferred policy preference cannot be attributed to epistemic advantage without checking the costs, prior, and precision. The
passport specifies the normalization and the optimized functional before giving the result a planning-as-inference interpretation.

15.4.7 Passport: projection can preserve paths and lose identification

For the selected Fin4 Gaussian carrier, let 7 : X — R be the all-ones scalar projection and K, the full native transition kernel. The scalar transition K, satisfies
the rowwise relation

7. K,(z,-) = K,(m(z),-) forevery full state x. (116)

FEPComposed.H3CaseStudy.arbitrary_state_projection_native proves this intertwining for arbitrary full states, including states outside the scalar em-
bedding image. Integrating the identity transfers an arbitrary initial probability law to the reduced evolution. Recursively composing the kernels then gives a
stronger joint statement. If II projects every coordinate of a finite path, full_native_path_projection proves

ST
H*[Pfﬂ,m,th = ﬂDto,N.,th' (117)
The proof proceeds by finite-path induction, transporting each composition product through the observation map. It does not infer equality of path laws from

equality of their one-time marginals. Repeated times are retained through the actual zero-time kernels.

There is still no inverse identification of 1 from the projected law. The hidden-mode construction shifts the full Gaussian mean in a nonzero direction annihilated
by 7. Its hidden_mode_nonidentifiability theorem proves that two distinct native initial laws generate identical projected finite joint paths and the selected
noisy-observation joints. Consequently, collecting those particular observations cannot distinguish the two initial hypotheses, even though their full-state means
differ.

This is an obstruction to a proposed inference task, not an obstruction to all possible measurements. An added channel that observes the hidden mode would
define a different experiment. A valid extension would have to specify that channel, prove its normalization, and show that the previously equal observation laws
now separate. Calling a learned low-dimensional vector a “latent state” does not discharge those obligations.

15.4.8 Passport: information along a selected Gaussian grid

The same H3 source constructs an actual nonstationary full Gaussian law, projects its chronological joint at a selected time grid, and compares that law with its
coordinate-reversed joint. The result is

y=2(1—¢1)>0. (118)

DKL (Pgrid ”]Drev
This expression restates FEPComposed.H3CaseStudy.finite_grid_k1l with the source’s controlDecay = e /2. The grid times are 0,1/4,1/2 and the
initial law is the authored nonstationary Gaussian. The proof identifies the native joint, transports KL through invertible measurable coordinates, and computes
Gaussian product KL in innovation coordinates. Thus the scalar value is derived from the path law; it is not a supplied log-determinant certificate.

finite_grid_support separately derives absolute continuity and log-ratio integrability. Those premises are not automatic for every time grid. On the repeated
erid 0,0,1/4, singular_grid_infinite_k1 proves native KL is infinite by an actual support obstruction. On the all-zero grid, all_zero_grid_k1 proves
zero. Repetition alone therefore neither guarantees finiteness nor forces infinity; the induced forward and reverse supports must be compared.

A selected finite-grid law is a measure on a finite product of real state spaces. It does not supply an unrestricted continuous-path density, a Girsanov theorem,
or a physical entropy-production rate. In particular, constitutive_nonidentification keeps this probability comparison fixed while changing hypothetical
energy-per-nat assignments. A positive path KL is evidence of the named distributional distinction; measured heat requires more structure.



15.4.9 Passport: a mechanics identity keeps its remainder

The geometric-mechanics family provides a compact example of how a formal manuscript should expose an attractive but incomplete cancellation. Let () be
a finite skew-symmetric matrix, H a symmetric matrix, g a real vector, and D() the explicitly supplied derivative-role data. The source’s weighted divergence
expression expands as

D=u(QH)+ (divQ) - g+ (Qg) - dlogp. (119)
Under the stated coupling d log p = —g, skewness cancels the quadratic term and skew/symmetric pairing cancels the trace term. What remains is
D=(divQ) - g. (120)

FEP.GeometricMechanics.fep168_weightedDivergence_eq_remainderDot proves that identity. The data called H and D() are finite matrix inputs; this
theorem does not independently derive them by differentiating a smooth field. An additional orthogonality premise or the supplied condition D@} = 0 (the
source’s constant-() input contract) makes the remainder vanish. The source’s two-node graph witness instead shows a candidate current with nonzero node
divergence, so plain skewness cannot justify an unconditional solenoidal drop.

The residual can be controlled rather than erased. Writing = div (), FEP.GeometricMechanics.fep168_remainder_sq_budget proves

D2 < (r-r)(g-g). (121)

The proof is finite Cauchy—Schwarz, and an aligned witness attains equality. This yields a quantitative statement with observable premise slots: a bound on the
transport-divergence vector and a bound on the objective gradient. It is stronger scientific guidance than assuming the omitted term is zero.

The same owner also separates a constructed Hessian-role matrix from a smooth Hessian theorem. Symmetrization S(H) = (H + H')/2 is a deterministic
projection. For symmetric M, FEP.GeometricMechanics.fep167_frobenius_pythagoras proves

|H — M|% = |H — S(H)|% +|S(H) — M]3, (122)

and fep167_projection_unique identifies the unique Frobenius minimizer. The proof splits the residual into orthogonal skew and symmetric parts. Nothing in
this minimization supplies a noise model or an estimator-risk bound. A least-squares formula can be exact matrix geometry without being a statistical guarantee.

15.5 Transfer across finite, native, and smooth regimes

The passports show that “more general mathematics” is not a single ordered scale. At least four transformations occur, and each preserves different structure.

Table 39: Four mathematical transfers, the structure each must preserve, and a common failed inference.

Transformation Preserved structure that needs a witness Common failed inference

Representation of a finite law as a native measure  Singleton mass, normalization, integration, Native syntax makes a discrete support continuous
mapping, kernel composition

Coordinate change in a statistical family Law equality or injection, Jacobian transport, Additional coordinates create additional
Fisher pullback, oriented divergence identifiable parameters

Observation or coarse-graining Pushforward law and, for dynamics, kernel/path Exact reduced prediction identifies the full latent
intertwining system

Limit of a family of experiments Specified convergence mode, uniform or Finite-grid identities imply a continuous-path or
integrable control where required physical limit

The first is an exact representation on the same atom carrier. The second can be invertible, redundant, or many-to-one. The third intentionally loses distinctions
and must account for that loss. The fourth changes the problem by introducing a limiting parameter. Their obligations should not be merged under a generic
“embedding” heading.

15.5.1 Commuting statements before transport of conclusions

For deterministic maps f : A — B, the finite/native square is the identity

Ep(fip) = [EA(D)- (123)
For statistical reparameterization § = 1(n), the geometric square is expressed through its derivative:
I, = Ji]er 9, (u,v) = go(Jyu, Jyv). (124)

FEP.InformationGeometry.pullbackMetric_comp proves that successive Jacobian pullbacks agree with the composite pullback. Positivity under an injective
Jacobian is a different theorem from nonnegativity under an arbitrary Jacobian. Coordinate natural-gradient equivariance requires the invertibility premises
retained by fep-103; a rank-deficient map cannot inherit an unrestricted inverse-metric statement.
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For observation reduction, the square concerns stochastic transition rows: 7, K, (z, -) = Ft (m(x), ). The H3 proof shows why the rowwise statement is useful:
it is strong enough to derive finite joint-path consistency for arbitrary initial probability laws. A fitted agreement of one-time means is much weaker and cannot
replace the square.

For Bayesian inversion, the relevant reconstruction is instead a joint measure identity:

P, (do) P(ds | o) = Pg(ds) P(do | s), (125)

with coordinate order stated explicitly. A native inverse kernel is often unique only under predictive-almost-everywhere equivalence. Composition of Bayesian
inverses must carry the intermediate prior induced by the first prediction; it is not ordinary inversion of a bijective state map. The measure-level compositions
in the catalogue preserve these priors and almost-everywhere qualifications.

15.5.2 Quantifiers and clocks distinguish statistical results

Several valid convergence statements occur in this project, but they concern different sequences. An iteration index measures repeated application of an
authored update. A time parameter indexes a semigroup. A sample size indexes an experiment. A filtration indexes the information acquired along a sampled
path. Substituting one clock for another changes a theorem.

For example, the exact scalar quadratic update has multiplier 1 — 1. The closed interval 0 < 7 < 2 gives nonincreasing energy, while 0 < 7 < 2 gives
scalar convergence. A constant unobserved coordinate can remain arbitrary throughout that descent. The Gaussian semigroup instead proves convergence of a
selected state law under real time, and bounded continuous observables have their own convergence statements.

The H3 finite known-prior batch experiments have an explicit posterior-mean MSE:

~ g

—9)2]:m, o> 0. (126)

Here o denotes the source’s positive observation-noise variance parameter, not a standard deviation. FEPComposed.H3CaseStudy.consistency_mse proves the
identity, consistency_tail transfers it to a Chebyshev bound, and consistency_limit proves consistency in probability across the authored finite experiments.
The source explicitly makes no almost-sure or changing-latent-state claim at this seam.

By contrast, FEP.PosteriorConvergence.posteriorProbability_consistent_ae is an almost-everywhere statement on the sampled-parameter observa-
tion path of a two-hypothesis Gaussian-mean model. Both are consistency results, but their probability spaces, estimands, and quantifiers differ. Neither is
empirical acceptance of a recorded data set.

Even the word “uniform” needs an argument slot. Uniformity over finite topic IDs, over outcomes at a fixed parameter, over parameters in a compact set, and
over all admissible data-generating laws are different requirements. A source theorem quantified over one of them should never be summarized as uniform over
the others.

15.6 Association, derivation, and theorem pairing

The mathematical map is most useful as a typed relation system. A shared carrier can motivate an adapter; a shared objective can motivate a comparison; a
shared keyword motivates retrieval only. Their evidential strengths depend on the exact statement, not on visual proximity in an atlas.

A derivational relation consumes a result or identifies two mathematical objects under explicit premises. A formal pairing gives both endpoint laws in one
checked theorem without proving an implication between them. A conceptual relation records why a comparison is interesting. A blocker names a missing
capability. The maintained relation contract distinguishes these four roles, and the methods preserve their labels.

An instructive example is FEPComposed. fep@51_rn_reconstruction_refines_fep017. Its conclusion contains Radon—Nikodym reconstruction and poste-
rior joint reconstruction as a conjunction. Its proof invokes the two endpoint laws. That is useful co-location of measure-level evidence, but it does not prove
that Radon—Nikodym reconstruction alone constructs a posterior kernel in every measurable space. Standard-Borel and finite-kernel assumptions remain visible
on the posterior side.

Conversely, the finite/native prediction passport proves an actual commuting equality. An information identity added on top requires relative support, and a
blanket transfer requires identification with the native conditional-independence predicate. These are different bridges even when they use the same embedding
function.

This distinction changes graph analysis. Paths consisting of conceptual edges cannot be composed as proofs. Pairing edges should not be treated as directed
implications. Formal edges still need compatible carriers and assumptions before chaining. A transitive path in a drawing is therefore a candidate proof route
whose middle objects must be checked, not a new theorem already certified by the graph.

The same discipline resolves several common FEP associations. A state partition does not establish conditional independence. Rowwise blanket factorization
does not establish a factorized stationary law. A stationary blanket does not select a recognition map or a descending objective flow. Observational independence
does not identify a causal intervention. The finite scientific-implications owner includes explicit countermodels for these transitions, and the H3 hidden-mode
and preference counterexamples extend the obstruction method to the selected smooth carrier.

15.7 Relation to selected upstream result families

An upstream result becomes useful when it exposes a missing mathematical interface, not merely a shared word. The comparisons below use the pinned
manuscript statements and their deposited scope records [OpenAl, 2026a]. They distinguish a paper’s theorem, a linked challenge specification, and the
acceptance evidence available here. No upstream solution closure was compiled or Comparator-checked by this integration. A scope record therefore reports
what the upstream formalization is described as proving; it does not supply an FEP native receipt or an imported cross-repository theorem.
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Formal derivations

Source rows — target columns - numbers count original topic edges

F22

Family key - full topic contracts remain in the accessible HTML tables

FO1 - core-free-energy F12 -
FO2 - core-active-inference F13 -
FO3 - core-bayesian-mechanics F14 -
FO4 - core-information-geometry F15 -
FO5 - core-thermodynamics F16 -
FO6 - measure-bayesian-inversion F17 -
FO7 - variational-duality-and-information-bounds F18 -
FO8 - control-and-planning-as-inference F19 -
FO9 - temporal-and-hierarchical-inference F20 -
F10 - causal-blankets-and-interventions F21 -
F11 - predictive-coding-and-generalized-coordinates F22 -

path-space-stochastic-thermodynamics
information-geometry-and-geometric-optimization
collective-and-multiagent-active-inference
learning-concentration-and-model-evidence
finite-sample-risk-and-calibration
closed-loop-policy-trees-and-efe
finite-to-native-blanket-transfer
finite-exponential-family-dual-geometry
two-state-continuous-time-thermodynamics
standalone-efe-formalizations
geometric-mechanics-notation

Family aggregation adds no theorem; editorial upstream affinities are separate.

Figure 12: Authored formal derivations aggregated by family. Rows denote source families and columns denote target families; each count records maintained
topic edges with qualified witnesses. The 20 edges retain their exact endpoints in the accessible table. Family aggregation does not compose relations into new

theorems.
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Formal theorem pairings
Source rows — target columns - numbers count original topic edges
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Family key - full topic contracts remain in the accessible HTML tables

FO1 -
FO2 -
FO3 -
FO4 -
FO5 -
FO6 -
FO7 -
FO8 -
FO9 -
F10 -
F11 -

core-free-energy

core-active-inference
core-bayesian-mechanics
core-information-geometry
core-thermodynamics
measure-bayesian-inversion
variational-duality-and-information-bounds
control-and-planning-as-inference
temporal-and-hierarchical-inference
causal-blankets-and-interventions
predictive-coding-and-generalized-coordinates

F12 -
F13-
F14 -
F15 -
F16 -
F17 -
F18 -
F19 -
F20 -
F21 -
F22 -

path-space-stochastic-thermodynamics
information-geometry-and-geometric-optimization
collective-and-multiagent-active-inference
learning-concentration-and-model-evidence
finite-sample-risk-and-calibration
closed-loop-policy-trees-and-efe
finite-to-native-blanket-transfer
finite-exponential-family-dual-geometry
two-state-continuous-time-thermodynamics
standalone-efe-formalizations
geometric-mechanics-notation

Family aggregation adds no theorem; editorial upstream affinities are separate.

Figure 13: Authored formal pairings aggregated by family. The recorded source and target orientation locates 118 checked pairings; it does not turn a conjunction
or co-location of endpoint results into a directed implication. Exact topic endpoints and qualified witnesses remain in the accessible edge table.
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Conceptual associations
Source rows — target columns - numbers count original topic edges
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F02

FO3
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FO6

FO7

FO8

FO9

F10

F11

F12

F13

Fl4

F15

F16

F17

F18

F19

F20

F21

F22
Family key - full topic contracts remain in the accessible HTML tables
FO1 - core-free-energy F12 - path-space-stochastic-thermodynamics
FO2 - core-active-inference F13 - information-geometry-and-geometric-optimization
FO3 - core-bayesian-mechanics F14 - collective-and-multiagent-active-inference
FO4 - core-information-geometry F15 - learning-concentration-and-model-evidence
FO5 - core-thermodynamics F16 - finite-sample-risk-and-calibration
FO6 - measure-bayesian-inversion F17 - closed-loop-policy-trees-and-efe
FO7 - variational-duality-and-information-bounds F18 - finite-to-native-blanket-transfer
FO8 - control-and-planning-as-inference F19 - finite-exponential-family-dual-geometry
FO9 - temporal-and-hierarchical-inference F20 - two-state-continuous-time-thermodynamics
F10 - causal-blankets-and-interventions F21 - standalone-efe-formalizations
F11 - predictive-coding-and-generalized-coordinates F22 - geometric-mechanics-notation

Family aggregation adds no theorem; editorial upstream affinities are separate.

Figure 14: Authored conceptual associations aggregated by family. Rows and columns retain the source and target orientation of eight maintained associations.
These edges supply research context rather than theorem witnesses. Editorial upstream affinities remain separate from every maintained relation layer.
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A family is also not a single theorem. The logarithmic Sobolev theorem and its transport corollary have different conclusions; Gaussian replica bounds and
streaming lower bounds have different quantifiers; finiteness of an Ising variational value differs from convergence of spherical pressure. These result units
remain separate even when they share one family ID.

Table 40: Selected pinned upstream result families, their editorial affinities, and the hypotheses separating them from FEP results.

Upstream family

Useful affinity

Required separation

093: logarithmic Sobolev inequalities Entropy, gradients, log-concavity, Gaussian/OU The inspected family has no linked Lean scope
relaxation, and uniform constants record; an affinity supplies no imported
entropy-dissipation theorem
140: memory/sample bounds and Gaussian Conditional information, observation fibers, High-dimensional noiseless finite-memory

posterior replicas

Gaussian inference, computational limits of
learning

regression differs from the selected FEP Gaussian
filtering and two-hypothesis carriers

221: diluted spin-glass variational formulas Gibbs laws, variational pressure, random systems,  Thermodynamic-limit/random-disorder results do
collective behavior not follow from finite product-agent additivity
222: perceptron free energies Log-partition functionals, variational values, finite ~ The Ising scope records supporting finiteness only;
versus asymptotic systems the spherical scope has different convergence
claims and hypotheses
360: weak MTW and transport geometry Cost geometry and regularity of transport A KL/Fisher identity does not establish
potentials optimal-transport curvature or MTW conditions
374: stability of Brenier maps Sensitivity of transport maps to perturbations of Posterior stability and transport-map stability use
laws different objects, norms, and regularity
131: mixing of degree-preserving graph switches Finite Markov kernels, spectral gaps, quantitative A chain-specific polynomial mixing bound is
convergence stronger than a generic data-processing inequality
and differs from an exact sampler
139: log-concave sampling query complexity Convex potentials, Gibbs measures, computational ~ Exact real oracle queries do not measure
passports arithmetic, storage, or bit running time
148: entropy-rate dimension of self-similar laws Quotients of symbolic descriptions, overlapping Entropy of exact composed maps differs from
representations, geometric dimension entropy of their address labels; dimension one
does not assert absolute continuity
145: multiple mixing for one transformation Temporal dependence, joint laws, conditional Stationarity and one-time convergence differ from
independence, inverse limits higher-order mixing; a qualitative mixing limit
supplies no finite-sample rate
327: Markov type and superreflexivity Metric control of reversible walks, Banach A bound for every finite chain and every map
geometry, equivalent norms differs from one selected semigroup or a corpus
projection
332: metric Markov cotype of ¢, Nonlinear smoothing of point configurations, cut Existence of modified points in the ambient space

representations, Lipschitz extension

does not preserve an arbitrary subspace,
probability simplex, or inference semantics

These associations are editorial affinities. No row adds an upstream import, checked cross-repository theorem edge, or accepted proof. In particular, statistical-
mechanical pressure, variational Bayesian free energy, and the expected-free-energy policy objective can share algebraic motifs without being the same functional.
Temperature, normalization, scaling with system size, and the underlying probability ensemble must be stated before moving between them.

15.7.1 Entropy inequalities: a quantitative route beyond monotonicity

The selected family-093 manuscript, A dimension-free logarithmic Sobolev inequality for subgaussian log-concave measures [OpenAl, 2026f], states its main
theorem for a centered log-concave law 1 with a Lebesgue density on R™, n > 1. For X ~ p, assume an a > 0 such that every unit direction 6 satisfies

X, 6)?
[Eexp<%> <. (127)
a
Its statement thm:main supplies one absolute, dimension-independent constant C' with
B, (%) < Ca? [IVfPdn, € Co®n). (128)

The hypothesis is stronger than a covariance bound: it controls the tails of every linear functional. It does not require a smooth density or a strictly positive lower
bound on the potential Hessian. The separately stated cor: intro-transport bounds W, (v, )2 by Ca? H (v | p) for every v € Po(R™), with native relative
entropy that can be infinite. The inspected catalogue has no linked Lean scope record for this family. Both statements are compared as manuscript results.

The paper’s proof route is substantially more than Gaussian integration. It normalizes a hypothetical sequence violating the inequality, constructs an extremal
vector field, compares its prediction under independent Gaussian observations, and derives near-equalities for a hierarchy of symmetric tensors. A matrix-
valued fluctuation law then produces incompatible upper and lower information bounds. This route links analysis, probability, spectral structure, and conditional
information; copying a scalar Gaussian normalizer from FEP would not reproduce the argument.
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The precise FEP seam is entropy decay. The native declaration FEP.MarkovSemigroup.NativeKernelSemigroup.nativeKL_to_invariant_nonincrease
obtains monotonicity from a Markov semigroup and an invariant reference. Neither an entropy derivative nor a uniform decay rate is assumed there. For a
proposed smooth reversible diffusion adapter, write v, =, and H, = f r, logr, dp. If the adapter separately establishes the entropy-dissipation identity

dH.
A (129)

and, for L > 0, extends an inequality Ent,,(f?) < L [|V f|*dpu to f = /7, then

H, <

=

T, H,<e*lmH,. (130)

This is a conditional derivation and a proposed proof obligation, not a new repository theorem. It fixes the coefficient convention, the orientation to the
invariant law, and the finite-initial-entropy requirement. The adapter must justify generator provenance, integration by parts or boundary conditions, square-
root approximation in the energy domain, and the differential comparison. Monotonicity alone cannot supply the rate: the identity Markov semigroup leaves
every law unchanged. Likewise, a linear subgaussian assumption cannot be replaced by an informal assertion of “Gaussian-like” behavior in observations.

15.7.2 Posterior replicas: information on observation fibers

Family 140 makes the distinction between accurate inference and feasible information retention especially sharp. In Posterior replicas and conditional information
in Gaussian regression [OpenAl, 2026k], the signal is a unit vector S € S?1, independent Gaussian rows form a matrix A, and exact labels are AS. A finite
message W is produced from (A, AS) by a measurable kernel. An independent Gaussian matrix B supplies side information (B, B.S) to the analyst, not to
the learner producing W. For a prior p = fo, with 0 < f < L, the named Gaussian block theorem states, at its prescribed row and replica counts and for
sufficiently large dimension,

H(W)

I(S:W | B.BS) < —,

+Cd + Clog(2 +log L), (131)

where k = 2|d/16|,t = k + 1, and B has 4k rows. Entropy is in nats. These counts are part of this result unit, rather than free parameters of the displayed
bound.

The proof resamples posterior replicas conditionally on the common data. Each replica preserves the original signal-message pair law, while the replicas remain
correlated after the common data are forgotten. If K is their total correlation and K’ the conditional total correlation after the independent projection, the key
comparison is

tI(S;W | B,BS) < HW)+ K — K'. (132)

The difference K — K is the information lost under that particular observation map. Bounding K alone would discard the useful dependence remaining visible
in the side information. The equal-label calculation includes an inverse Gram-volume factor, then a projected comparison and a dyadic integrability estimate.
Exact fiber normalization and exceptional sets are therefore central; an informal conditional-density expression at an exact, probability-zero label cannot replace
them.

The separate streaming statement assumes a uniform sphere prior, M (d) = o(d?) bits of persistent memory, fresh independent Gaussian rows, measurable
randomized updates, a prescribed deterministic horizon, and angular recovery with probability at least 2/3. It concludes T'(d) > cd log(1/e(d)) eventually for
0 < €(d) < 1/10. The companion Memory and precision in noiseless Gaussian regression records a fixed-A version for M < Ad?, with a constant depending
on A. These are separate quantifier patterns. The selected replicas challenge retains the subquadratic-memory streaming statement; one should not silently
substitute the fixed-A result or a different success threshold.

The inspected challenge declaration OAI.PosteriorReplicas.source_main conjoins its separately defined equal-label, replica-block, and streaming proposi-
tions. That conjunction specifies several endpoints; it does not make a finite FEP posterior identity imply the block or streaming bounds. The challenge’s proof
hole is part of its specification role, not an accepted proof in this integration.

This comparison suggests two FEP extensions. First, posterior reconstruction and prior-dependent inversion could support a general replica identity, with an
actual disintegration theorem and joint-law preservation. Second, an observation-fiber information budget could quantify what a compressed belief state retains.
The current weighted-Dirac bridge, Gaussian conditioning, and hidden-mode obstruction provide useful endpoint objects, but not the sphere-prior equal-label
measure, multi-replica determinant estimate, finite-memory learner model, or streaming iteration. The current H3 batch MSE formula averages over its sampled
prior and noisy finite experiment; it gives no memory lower bound. Conversely, without a storage constraint, d independent exact Gaussian rows determine the
unit-vector signal almost surely. Identifiability of a model and efficiency under a memory constraint are distinct questions.

15.7.3 Spin-glass pressure: finite Gibbs algebra versus a limit theorem

For family 221, The Mézard—Parisi formula for diluted spin glasses uses an even interaction arity p > 2, positive interaction density, Poisson-distributed inter-
actions, independent disorder and site indices, and an integrable interaction/field envelope. Its factorization and positivity assumptions are explicit Panchenko—
Talagrand conditions, rather than arbitrary dependence between agents [OpenAl, 2026d]. With

1
Zy= Y, elino, Fy = Elog Zy, (133)

oe{—1,1}N
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the manuscript’s main:theorem identifies the limit of F; with an infimum over finite hierarchy depths and trial laws. The associated OAI.DilutedSpinGl
ass.mezard_parisi in the DilutedSpin.lean challenge specifies the model, admissibility, and variational equality. It does not require that the infimum be
attained by one finite hierarchy or describe a limiting infinite-depth Gibbs state.

The proof obtains an interpolation upper bound, selects cavity reservoirs with vanishing pressure perturbations, uses finite probability trees to control branching
patterns and multioverlaps, then recovers independent cavity messages for the lower bound. Removing boundedness requires estimates uniform over trial laws.
Product-agent additivity does not do this work: the interacting Hamiltonian is not an independent sum of two agent models, and the disorder expectation and
N~ normalization survive every comparison.

There is nevertheless an exact local algebraic connection. For a finite state set, a positive normalized reference a, a real energy E, and § > 0, set Z =
S a(z)e PE®) and g(x) = a(x)e PF®) /Z. In the supported regime, the FEP Gibbs certificate yields

E,[E]+ 67 'D(glla) = =5 log Z + 57" D(q|g)- (134)

With the uniform reference on {—1, l}N and 8 = 1, the normalized partition is 2=~ Z - Its minimum free-energy value is therefore —log Z + N log2,
not F'y;. Division by IV, a sign change, and a disorder expectation relate the functionals. This calculation explains both the common KL motif and the missing
thermodynamic argument. A transfer packet would construct the random finite certificate for each realization, prove its measurable and integrable dependence
on disorder, and then add the interpolation and limit bounds. It would not infer the limit by calling two objectives “free energy.”

15.7.4 Perceptrons: well-defined values and pressure convergence

The family-222 scope distinguishes two mathematical achievements. For the Ising perceptron, the recorded supporting formalization proves that the infimum
over admissible overlap paths is a finite real value for nonnegative pattern density and a bounded continuous log-potential. It does not record convergence of
the finite-system pressure or the paper’s broader bounded-Borel extension. For the spherical perceptron, the recorded scope includes finiteness and pressure
convergence in expectation and in probability for positive pattern density, positive inverse temperature, and bounded continuous single-pattern potential. These
conclusions are not interchangeable, and neither implies almost-sure convergence without another argument. The spherical manuscript is the selected primary
result record [OpenAl, 20261].

The spherical declaration OAI.SphericalPerceptronFreeEnergy.main also keeps its Brownian-law interface and both convergence conclusions explicit. Its
existential real limit is identified with an extended-real variational value before the expectation and probability statements. This is stronger than simply storing
a real-valued candidate formula, and narrower than replacing its bounded continuous potential by every Borel potential.

The bounded-potential hypothesis supplies a basic comparison before any limiting formula. If a normalized base law carries a sum of m terms of absolute value
at most 3B, then

e MPB < 7 < emPB, (135)

For an unnormalized counting measure, its total mass contributes an additional log-normalization term. This bound explains why a finite log-partition value
is plausible under the chosen convention. It does not prove convergence as m, N — o0, nor identify the variational formula. The spherical proof treats the
nonlinear pattern Hamiltonian through its own structure rather than substituting a Gaussian-process covariance formula. Perturbations establish overlap identities
and a marked cascade structure. The upper bound uses a density—field contact comparison; the lower bound combines a two-pattern covariance calculation,
tangential spherical integration, cavity increments, and telescoping. Approximation and concentration then complete the matching variational bounds. The
independent Gaussian remainder in the one-pattern evaluation remains even when replicas share a leaf. An FEP adapter would need the spherical carrier and
reference measure, independent Gaussian patterns, exact size and temperature normalization, and the overlap-path variational domain. A finite Gibbs optimizer
or a finite rate-distortion minimizer is a different object from this random large-system limit.

15.7.5 Transport geometry: curvature of a cost is additional structure

Family 360 illustrates why information geometry and transport geometry cannot be equated by a word match. The source fixes a smooth connected compact
Riemannian manifold without boundary, of dimension at least two, and uses c(x,y) = d(z,y)?/2. Its weak MTW condition controls a specified mixed fourth
derivative of this cost at smooth cost pairs, on orthogonal tangent directions. The companion Global Support and Convex Injectivity Domains under Weak MTW
derives convex injectivity domains and global supporting inequalities without adding prior convexity or nonfocality. That geometric foundation is a separate
result unit. Its inspected declaration is OAI.WeakMTWGlobalSupport.current_main_convexity; its carrier is a Riemannian manifold with the stated geometric
instances, not an arbitrary finite Fisher matrix.

The transport result [OpenAl, 2026b] then fixes density bounds 0 < A < p, < A almost everywhere. On this fixed manifold, it records a homeomorphic
representative of the almost-everywhere unique optimal map, with a common Hoélder exponent and constant for both the map and its inverse. The constants
may depend on the manifold and density bounds; the statement does not supply an explicit exponent or uniformity across varying metrics. Its proof controls
lifted gap sections, compares spectral behavior near conjugate pairs, and derives a class-wide oscillation bound before obtaining the two continuity estimates.
The geometric foundation and the density argument have distinct hypotheses.

FEP’s Fisher pullback is a quadratic form on statistical tangents. The MTW condition is a fourth-order property of a transport cost coupling two points. One does
not determine the other. A proposed connection must first construct a Riemannian statistical carrier with actual derivative provenance, specify the transport cost,
and prove its MTW and global support properties. Positive Fisher information alone supplies none of those fourth-order estimates. Moreover, an observation
projection with a nontrivial hidden fiber is not a homeomorphism and cannot inherit the inverse estimate. The H3 hidden-mode example thus supplies an
immediate obstruction to interpreting every belief reduction as a regular transport coordinate.
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15.7.6 Brenier stability: laws, representations, and sharp exponents

In family 374, Sharp One-Third Stability of Brenier Maps [OpenAl, 2026c¢] fixes a compact convex body K C R? with nonempty interior, d > 2, a uniform
source p, and a nonempty compact target set Y. For arbitrary Borel targets 1, v supported on Y, the manuscript’s main:stability states

IT, — Tl 12 < C(K, Y)Wy (p,v)/3. (136)

The quadratic-cost optimal maps are defined up to source-null sets. Targets may be atomic or singular, and the constant does not acquire dependence on atom
masses or separations. The separately specified sharpness result rules out every larger uniform exponent, including 1/2, already for a cube and three-atom
targets.

The proof first controls cell-mass and cell-moment variations for finite maxima of affine functions. It obtains potential stability through a weighted graph-
Laplacian equation without a uniform inverse-Laplacian bound, then interpolates convex gradients and passes to general targets by finite approximation. The
last balance has the form

IVu—Vol2s,, < C (h2lu—vl3s, +h)- (137)

With a potential difference of order W, choosing h of order W22 /3 explains the final map exponent. The three-cell construction tests the endpoint rather than
merely illustrating a small perturbation.

This is stability of a particular representation of laws by optimal maps. FEP’s weighted-Dirac injection is a different representation, and its Gaussian mean-
coordinate injection uses a different source and support. Neither already defines the Brenier map from a uniform convex source. A useful finite-law bridge
would instead realize catalogue laws as atomic targets inside a fixed compact Y, construct their semi-discrete transport maps, and compare the native target
metric with a controlled map norm. Its proof obligations include existence, source-null uniqueness, normalization, and constants that remain valid as target atoms
disappear. The sharpness example blocks a blanket square-root stability promise. An unrestricted Gaussian target family also violates the fixed compact-support
hypothesis, so Gaussian KL formulas cannot be substituted directly into this theorem. The selected specifications are OAI.Problem358.one_third_stability
and OAI.Problem358.0ne_third_exponent_is_sharp in Brenier.lean. The family number and the qualified namespace differ in the source; a numerical
family label is therefore insufficient to resolve a theorem.

15.7.7 Mixing, query budgets, and entropy dimension

Three further source results make the placement more discriminating. Family 131 fixes the half-lazy degree-preserving switch chain on labeled simple undirected
graphs. For every graphical degree vector with n > 4, its main mixing result gives total-variation mixing time at tolerance 1/4 at most 2n% [OpenAl, 2026m],
and a gap of at least [24n> ( Z)] ~1 when more than one realization exists. The proof compares conditional pair-resampling projections and bounds their squared
generator before comparing to the specified switches. This is a concrete chain-specific convergence theorem. FEP’s generic Markov data processing, finite
refresh chain, and two-state exact relaxation occupy different levels of specificity. A bridge would preserve the switch proposal probabilities, stationary uniform
law, graph carrier, and time convention; changing the host graph or update rule invalidates that transfer. The paper’s exact uniform sampling corollary further
needs a correction algorithm and expected bit-cost analysis, outside the recorded chain formalization scope.

Family 139 fixes a C? potential on R? with V(0) = 0, VV(0) = 0, and I, < V2V (z) < 21, everywhere, and samples its normalized Gibbs law. At
fixed total-variation tolerance, its exact value-and-gradient oracle complexity )(d) has an upper bound C.d° for every ¢ > 0 and an eventual lower bound
clogd. The query budget is bounded on every execution, while computation between queries is unrestricted. This determines a zero polynomial dimension
exponent, not a polylogarithmic upper bound or practical bit running time [OpenAl, 2026g]. The distinction applies directly to FEP’s noncomputable finite
minima and compactness-based optimizers: existence, query complexity, storage, and certified numerical cost require separate passports. A transport adapter
would preserve the oracle and error metric, not simply replace them by “efficient inference.”

Family 148 treats a different embedding problem: stationary self-similar laws for signed nonzero affine contractions of the line with positive weights, allowing
exact overlaps. Its entropy rate counts the law of exact composed affine maps. If several address sequences produce the same map, their probabilities are
combined before entropy is taken. The source’s dimension formula is

h,
(LmHu:min( %) (138)

with a common logarithm base and contraction exponent y > (. It concerns measure Hausdorff’ dimension, not absolute continuity [OpenAl, 2026e]. The
structural lesson is close to the FEP distinctions between parameter labels, laws, and observation fibers: entropy of descriptions can exceed entropy of the
mathematical objects they denote. This affinity provides no theorem about learned FEP embeddings. A real transfer would first define the iterated affine law,
its quotient of descriptions, and its dimension invariant; the binary corpus embedding below lives in a different mathematical space.

15.7.8 Multiple mixing: asymptotic joint independence has its own carrier

Family 145, Rokhlin’s multiple-mixing problem for one transformation, starts from an invertible measurable probability-preserving transformation 7", with
measurable inverse, and ordinary two-set mixing. The pinned main statement asserts mixing of every finite order [OpenAl, 2026]]: for fixed measurable sets
Ay, AL E >3,

k k
I (ﬂ TtiAi> — HM(Ai), I}E}cl(t”l —t;) — oo. (139)

i=1
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All times are iterates of one transformation. No standardness or countable generation of the original probability space is imposed in this main statement. Its
recorded formal scope retains the all-orders implication for this carrier; extensions to endomorphisms and strongly continuous flows are separate manuscript
corollaries. The assertion is reported from the pinned source, with no independent upstream compile or mathematical acceptance claimed here.

The proof route reduces a least failing order to a finite-alphabet zero-entropy process and builds ordered array joinings. Proper-marginal independence does not
already make the full joining a product. Sated extensions, exact conditional-expectation operator identities, and a measurable organization of multiplicatively
matched function lines produce the contradiction. The array category preserves specified conditional product laws through countable inverse limits. This is a
deeper compositional obligation than associativity of finite stochastic kernels: the conditional laws and limiting constructions must survive together.

For FEP, the relevance is the distinction between one-time, pairwise, and higher-order dependence. A stationary law does not establish ordinary mixing: a fair
Boolean variable transported by the identity transformation remains stationary, but its two-time self-event has probability 1/2 rather than 1/4. An observation
projection preserving a selected law also does not imply mixing of its full process. The H3 finite-grid construction has a different path carrier and does not
supply this measure-preserving transformation. Even if a future adapter established qualitative mixing, the displayed limit supplies no rate, summable dependence
coefficient, or finite-sample concentration bound. Applying the current independent-sample concentration theorem would require its own independence premise
or a newly proved dependent-sample replacement. Similarly, several independently indexed updates do not automatically satisfy a theorem whose times are
powers of one transformation.

15.7.9 Markov type: testing the geometry of every reversible walk

Family 327, Nontrivial Markov Type Forces Superreflexivity, treats a real Banach space X. Markov type p means that one constant /X works for every finite
stationary reversible chain (Z, ), every map from its state set to X, and every positive integer time:

Elf(Z,) = F(Zo)IP < KPEE|f(Z1) — f(Zo)]P- (140)

The manuscript’s main theorem asserts that existence of such a bound for some p > 1 forces an equivalent uniformly convex norm. Together with the converse,
the recorded scope characterizes superreflexivity [OpenAl, 2026i]. The exponent, constant, and equivalent norm can depend on the space. The quantification
over all finite chains is essential; a well-behaved two-state walk is not a witness for the universal property.

The proof uses finite representability to obtain an ordered spreading norm from a hypothetical nonsuperreflexive space. It constructs reversible walks with
accumulated displacement linear in time at a fixed positive probability. Their edge labels initially need not be differences of state values. A finite lattice lift
turns them into actual increments away from a controlled boundary, preserving reversibility. This is the critical adapter before the walk can be inserted into
the defining Markov-type inequality. It illustrates a general FEP discipline: supplied directional or edge data must be connected to a genuine potential before a
theorem about potential differences can be applied.

The nearby FEP objects are law-weighted finite generators, Fisher quadratic forms, and coarse-grained dynamics. A transfer would name a Banach or metric
target for belief states, show that its distance matches the proposed inference discrepancy, and establish the bound uniformly over the specified chain class. A
single KL-contraction inequality does not do this: KL is oriented and can be infinite, while the displayed metric norm is symmetric and finite. Replacing KL
by a norm, or replacing one selected kernel by all stationary reversible kernels, is a new mathematical claim. The binary corpus map has a Euclidean feature
target by construction; that geometry describes its annotations and provides no superreflexivity conclusion about biological state spaces or arbitrary families of
probability laws.

15.7.10 Metric Markov cotype: representation plus a nonlinear reconstruction

The family-332 manuscript Metric Markov Cotype Two of ¢, dated 5 October 2026, states N,(¢;) < 12+4/21 [OpenAl, 2026h]. Its main assertion is a
manuscript result without a linked formalization record in the inspected corpus. For every finite reversible stochastic matrix A, probability vector 7, positive
integer ¢, and points x; in real £, it supplies modified points y; with

0,J

I~ .
Zﬂ—iHmi_yi”%—i_tzﬂiaijﬂyi_yj”% < 0227% ;ZA'S ||%‘_$j||%a C =12v21. (141)
i i s=1 i

Zero stationary masses are allowed. The y, are existentially chosen in the ambient space; they are not required to be specified linear averages of the x,. That
freedom distinguishes metric Markov cotype from the stronger linear averaging condition and from the Markov-type bound on the original mapped walk. A
separate consequence gives Lipschitz extension from arbitrary subsets of real Hilbert space into £, with a universal loss, rather than an isometric inverse for
every embedding.

The proof first represents the finite input configuration by weighted binary cuts z;, preserving ||z; — 2, = |#; — 2], and retains a reconstruction map into
the original ambient ¢; that is contractive for the weighted ¢; norm on cut coordinates. This contraction uses a different norm from the Hilbert norm in the
squared-distance identity. Geometric stopping of the reversible walk yields averaged cut coordinates. The cubic 372 — 21 is applied before reconstruction; its
derivative vanishes at the binary endpoints, enabling a martingale energy estimate that controls both modification and one-step variation. A comparison converts
the geometric endpoint cost to the required Cesaro average. The resulting points also have an expected-median interpretation. The cut map, nonlinear operation,
and reconstruction are each needed for the theorem.

This gives an especially useful contrast with a corpus embedding. Its binary cuts are derived to preserve a previously specified metric and come with an explicit
reconstruction. The feature coordinates in sec. 15.8.3 are authored annotations; no such map recovers the source theorem or its meaning. Their squared
Euclidean distance equals a Hamming annotation distance, which is a precise but different invariant. For an FEP belief-state application, a metric cotype
construction in ambient £; would also need to preserve or restore normalization, nonnegativity, any required support, and the inference meaning of the modified
laws. The points y, need not lie in an arbitrary subspace containing the original configuration. A probability-simplex retraction and a controlled distortion bound
would therefore be separate proof obligations. Nonlinear smoothing of metric data should not be interpreted as an automatically valid Bayesian update.
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15.7.11 What an upstream integration would actually accept

The upstream challenge configuration provides another useful pattern: select the challenge and solution modules, exact theorem names, and permitted axioms
explicitly. A challenge file may intentionally contain proof holes because it is a specification. Acceptance instead concerns the solution closure and the trusted
challenge definitions. Upstream catalogue review is marked unchecked in the inspected release. Here, the pinned metadata review does not assert that upstream
solutions were compiled or compared.

15.8 Modular methods and acceptance

The companion slice implements three immediately reusable operations: canonical inventory joining, authored mathematical positioning, and deterministic
comparison/diagnostics. It projects the semantic invariant, assumption review, non-vacuity, qualified primary theorem, and authored relations for every topic.
Existing formal and formal_pairing edges keep their distinct meanings; conceptual associations remain conceptual. Generated similarity never produces a
proof edge. Maintained H2/H3 module scopes are listed separately from catalogue family classifications.

For a substantial integration candidate, use the following sequence:

1. Select one named result and pin both repositories and source statements. State the mathematical carrier and what observation or parameter map is intended
to relate them.

2. Compare quantifiers, support, measurability, normalization, integrability, smoothness, dimension, finite/asymptotic regime, constants, units, and allowed
axioms. Record every extra assumption and every lost conclusion.

3. Write a definition-preserving adapter or commuting-diagram obligation. A pairing of two endpoint laws is recorded separately from a derivation.

4. Construct an attaining/nonzero instance and a boundary or counterexample. Test the proposed correspondence where support vanishes, parameters
become redundant, observations discard a mode, or physical units change.

5. Run the relevant native proof and axiom checks on isolated, exact source slices. Same Lean and Mathlib pins reduce a version obstacle but do not establish
namespace, transitive-dependency, or semantic compatibility.

6. Conduct a fresh statement and interpretation review. Only then add a maintained theorem-backed relation or revise a semantic disposition using the
repository’s coordinated acceptance process.

15.8.1 Analysis modules with explicit inputs and outputs

Each operation should consume the smallest sufficient source contract and produce an artifact whose interpretation is independently reviewable. The inventory,
authored positioning, typed relations, deterministic feature comparison, and selected numerical diagnostics are implemented analysis operations. The theorem-
transport and research packets below specify further mathematical work rather than claiming an automated prover implements them.

The inventory join takes the sealed roster, canonical body registry, maintained maturity records, relation contract, and formal-module manifest. Its output
retains a topic’s own primary declaration, invariant, assumptions, semantic disposition, and source provenance. Resolving a qualified declaration establishes that
the named source exists. It is not a substitute for elaborating its closure with the pinned compiler. A row’s reviewed disposition is copied from its authority, not
recomputed from a keyword match or a successful numerical probe.

The positioning join adds an authored family profile to each member row. Its binary domain vector records the union of mathematical contexts selected for
that family. Consequently, a family containing a native-measure theorem and a finite algebraic proxy can place both rows near measure theory without asserting
that both rows prove a native-measure statement. An adequate output therefore displays inherited context and row-owned theorem scope separately. Domain
overlap is useful for finding a collaborator or a likely adapter; it is unsuitable as an accepted-proof score.

The relation analysis consumes exact endpoint IDs and the maintained relation kind. Family aggregation retains the underlying edge list so that a reader can
recover every counted connection. It keeps formal derivations, formal pairings, conceptual edges, and blockers distinguishable. A diagram that merges them
into one unlabeled edge destroys the evidence needed to interpret the result. A search for a composable proof route must additionally unify the middle carriers
and discharge the combined assumptions; graph reachability alone does neither.

The feature comparison consumes the declared binary vector and produces a reproducible set overlap, such as

_unv|

(142)

when the union is nonempty. Empty-union behavior is part of the declared implementation. The comparison is deterministic editorial geometry. It neither
learns a manifold nor estimates semantic equivalence. If a future learned embedding is evaluated, the task must be external to the labels used to train it: held-out
statement matching, hypothesis retrieval, or detecting a known missing support condition are suitable targets. Recovering the same family tags used to construct
a vector would measure reconstruction of the annotation, not mathematical understanding.

The boundary diagnostics consume named laws or matrix parameters and return values together with their domains and failure reasons. A supported finite
KL probe checks normalization and relative support; an unsupported probe distinguishes the repository’s finite functional from native infinite KL. A Bernoulli
Fisher probe requires an interior parameter, then separately checks floating-point representability of the displayed value. A valid real number may exceed the
numerical format even when the mathematical theorem applies. Rejecting that input numerically must not be described as a failed Fisher theorem, and silently
clipping it would change the diagnostic.

The four explanatory publication grids use exact rational grid indices and coefficients; their pi-dependent angles and logarithmic epsilon grid are evaluated in an
explicit 80-digit Decimal context. Logarithms, exponentials, square roots, and range-reduced alternating trigonometric series produce the displayed values; each
series fails if its fixed cap is reached before the declared first-omitted-term bound. The shared model discloses these truncation bounds and their reconstruction
factors, separately from rounded arithmetic error. Derived grid values are quantized to 24 decimal places with half-even rounding before finite JSON serialization.
This publication rule removes platform-dependent elementary-function low bits; it neither rounds arbitrary probe inputs nor changes the arithmetic acceptance
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tolerance. Exact formulas remain authoritative, and artifact freshness still compares exact bytes. These computations provide reproducible explanatory values,
not certified interval enclosures or additional Lean proofs.

The transport review consumes two complete result passports and a proposed map. It emits a commuting obligation, a premise comparison, and three possible
outcomes: an exact transfer with a qualified proof; a theorem pairing with no claimed implication; or an editorial affinity with a concrete missing obligation. The
minimum premise comparison records carrier, support, sigma-algebra, integrability, differentiability, identifiability, time or sample regime, objective orientation,
admissible policies, constants, and physical units. Its negative controls are drawn from the passports rather than invented after observing a desired agreement.

Finally, artifact freshness compares a deterministic projection against the current named inputs. A non-mutating check reports drift and does not repair it.
A numerical figure, table, and accessible description should be renderings of the same model values, rather than independent calculations whose captions can
diverge. Source hashes bind that projection to the source bytes it used. They do not create a native receipt or establish currency of an independently governed
empirical or publication gate.

15.8.2 From Lean statements to intelligible mathematical language

A natural-language analysis should explain a theorem’s logical interface before interpreting its scientific title. This is particularly important in a catalogue where
a familiar phrase can name a finite proxy, a supplied identity, or a native measure theorem. The task is to reconstruct what a reader may substitute into the
declaration, what the declaration returns, and where that interpretation stops. A readable explanation is a separate artifact from the Lean proof term.

The analysis contract has three layers. The source layer retains the qualified name, exact declaration, namespace and surrounding variable context, source
identity, selected lexical theorem mentions, and import context. The logical layer retains typed and instance binders and the conclusion, preserving binder order
and dependence. Reading those binders as mathematical inputs or propositional premises remains an interpretation obligation; the extractor does not claim
to elaborate their types. The interpretive layer attaches the maintained invariant, explicit assumptions, non-vacuity example, and semantic disposition, with
those records identified as reviewed prose. analyze_topic(model, topic_id) joins the primary, supporting, and boundary declarations to that maintained
review; inspect_theorem(model, qualified_name) returns an exact indexed declaration and rejects an unknown or unqualified identity. Source extraction
and maintained prose provide traceability; they do not constitute a certified translation from Lean to English or an independent elaboration of the theorem.

Lean statement passports and semantic ownership
Exact signatures + maintained row review + separately inherited family context

fep-005 - fep005_existsUnique_block

Typed binder groups: 2 - context groups: 0 - review: formalized
Resolved source mentions - statement: 0 - proof: 1

Reviewed supporting refs: 3 - boundary refs: 0

fep-038 - fep038_fisherInformation_eq

Typed binder groups: 3 * context groups: 0 - review: formalized
Resolved source mentions - statement: 0 - proof: 0

Reviewed supporting refs: 7 - boundary refs: 0

fep-043 - fep043_quadratic_critical_iff

Typed binder groups: 2 - context groups: 0 - review: formalized
Resolved source mentions - statement: 0 - proof: 1

Reviewed supporting refs: 5 - boundary refs: 0

fep-104 - fep104_mirrorDescent_threePoint_identity
Typed binder groups: 3 - context groups: 1 - review: formalized
Resolved source mentions - statement: 0 - proof: 0

Reviewed supporting refs: 0 - boundary refs: 0

fep-137 - fepl37_embeddedPredictive_eq_comp

Typed binder groups: 2 - context groups: 7 - review: formalized
Resolved source mentions - statement: 0 - proof: 1

Reviewed supporting refs: 0 - boundary refs: 0

fep-168 - fepl68_weightedDivergence_eq_remainderDot
Typed binder groups: 6 - context groups: 0 - review: formalized

Resolved source mentions - statement: 0 - proof: 1
Reviewed supporting refs: 3 - boundary refs: 0

Binder counts are syntax, not elaborated premise counts or scientific guarantees.
Exact statements, binder types, conclusions and maintained assumptions: HTML + API
Lexical mentions are not kernel dependency certificates. No certified translation runs.

Figure 15: Three layers of a theorem contract: exact primary declaration and syntactic binder information, maintained row-owned semantic review, and inherited
family context. The distinction supports source-grounded explanation without treating binder counts or shared mathematical tags as proof strength or certified
translation.

For example, the declaration FEP.ActiveInference.variationalFreeEnergy_eq_surprisal_iff has finite policy, state, and outcome types in its sur-
rounding variable context. Its inputs are a GenerativeModel, one policy, one outcome, a proof of strictly positive predicted outcome mass, and a normalized
nonnegative recognition law. The evidence premise depends on the preceding model, policy, and outcome: moving it to an unrelated context would change the
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statement. Its conclusion is a biconditional between attaining the specified objective value and equality with the model’s posterior. A faithful explanation is
therefore: for every such finite model and positive-evidence observation, a recognition law attains the posterior-form variational bound exactly when it equals
the constructed posterior. The converse is part of the result, and the carrier includes sparse posteriors. This statement neither promises an optimizer in an
arbitrary restricted variational family nor asserts positive evidence for every outcome.

The short proof also matters. It unfolds the posterior-form objective, cancels its surprisal term, and invokes FEP.FiniteInformation.finiteKL_eq_zero_
iff. This is an exact reduction to a previously established separation property of the declared finite functional. An explanation that instead describes numerical
gradient descent, asymptotic approximation, or a general continuous ELBO has changed the proof’s mathematical task. Definition unfolding is not intrinsically
a weak proof; it is informative when the unfolded definition reveals precisely which additional construction or analytic estimate is, and is not, needed.

A second example tests whether a language system respects orientation. FEP.DecisionRisk.weightedDirac_k1Div_eq_finiteKL_of_relativeSupport
accepts two finite laws p, ¢ and the pointwise premise

Ve, p(z) #0 = ¢(z) > 0. (143)

It concludes an equality between native extended-real KL of their embedded laws and ENNReal.ofReal of the finite functional. The English explanation must
preserve which law supplies mass and which supplies the reference. Replacing the premise by g(x) # 0 = p(x) > 0 yields a different theorem. Suppressing
the codomain conversion would hide the difference between a finite real value and native infinity. The proof reconstructs the Radon—Nikodym density and
integrates it; resolving the theorem’s name is insufficient evidence that either argument can be exchanged.

Several forms of scope need their own language tests. An almost-everywhere conclusion must name its governing measure; a limit must name its filter and the
sequence or time variable; an existence theorem must distinguish a chosen mathematical witness from an executable algorithm. A matrix identity must state
whether the matrix is supplied or derived from a function. A conjunction of two endpoints must preserve the conjunction rather than become an implication.
A theorem with a fixed Gaussian variance must not become uniform over arbitrary covariance matrices. These are semantic properties of the mathematical
interface, not stylistic preferences.

Syntactic dependency roles are useful but limited. A symbol in a type, a definition body, and a proof term plays a different visible role; a parser can expose those
occurrences and link them to source. It cannot infer every elaborated implicit argument, typeclass resolution, definitional equality, or mathematical entailment
from a lexical match. The retained surrounding context therefore remains essential. For canonical topic bodies, a standalone excerpt must also retain the
generated namespace in which the body is placed. The maintained primary theorem is the entry point; other declarations in the same topic can supply auxiliary
results without silently replacing that reviewed invariant.

Source coordinates also need an explicit convention. A canonical topic’s line number refers to the embedded Lean body literal, whereas a manifested formal
resource’s line number refers to its physical . lean file. The source owner and coordinate kind prevent a reader from treating the former as a Python-file offset.
Preceding include and omit directives are retained as contextual syntax; this does not infer which context binders Lean ultimately includes after elaboration.

An evaluation set should ask whether an explanation preserves a contract, not whether it sounds fluent. Suitable negative controls exchange the two KL arguments,
drop positive evidence, replace a finite carrier by a smooth one, change “almost everywhere” to “everywhere”, or replace a finite-grid law by a continuous-path
law. Human reviewers should identify the exact changed binder or conclusion before inspecting the generated explanation. The assessment can record premise
coverage, quantifier coverage, carrier fidelity, objective orientation, and correct handling of counterexamples. Each item has an exact source reference and an
independently authored expected distinction. These proposed tests evaluate mathematical language; passing them would not prove the original theorem again.

No external language-model execution is required for the current source-grounded analysis. A future model-assisted explanation would need its own input
provenance, versioned output, and reviewed error record. Its output would remain an explanation until a separately checked formal construction established any
new equivalence or implication.

15.8.3 Cross-corpus embeddings with an inspectable meaning

The cross-corpus map addresses retrieval and comparison of mathematical contracts. It does not embed probability laws by weighted Dirac masses, parameterize
a statistical model, or reduce a stochastic state. Its points are source-indexed research objects. On the FEP side, a point is an authored family context joined to
exact member rows; on the upstream side, a point is a reviewed pinned result record with its selected statements and scope. The units remain visible because a
family union is broader than any one theorem. The source passports above provide the detailed comparison needed after a point is retrieved.

The implemented common coordinate registry distinguishes mathematical domains, literal carrier contexts, and hypothesis or regime contexts. A positive
carrier coordinate such as finite-discrete, general-measurable, or path-space records a selected source carrier. A hypothesis coordinate such as full-support,
independence, or compactness records an explicitly selected contract context; asymptotic-limit records a regime, rather than a logical premise. These annotations
have source rationales. In a FEP family, they are positive unions across selected owned declarations. A measure theorem and a finite matrix theorem may
contribute different coordinates to the same family point. Neither coordinate is thereby added to every member’s theorem statement.

An absent feature means unassigned, not mathematically false. Normalization does not imply full support; positive evidence does not imply full support of every
latent state; relative support is oriented and differs from the positivity of both laws. Likewise, compactness of a finite-channel feasible set does not make every
probability space in the family compact. A binary registry is useful only if these limitations accompany its interpretation. Its zero entries allow a reproducible
numerical comparison of annotations, while preserving their epistemic status as unassigned contexts.

Write the shared binary incidence row as z; € {0, 1}™. The common Euclidean distance is

m

4% = (24— 2j0)* (144)

a=1

For binary inputs this counts coordinates assigned to exactly one endpoint. Each coordinate has unit weight. Domain, carrier, and hypothesis groups with
more coordinates can contribute more mismatches; the implementation does not secretly normalize groups to equal weight. Unlike Jaccard overlap, it does not
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normalize by union size. A broad family with many assigned contexts can therefore be distant from a narrowly stated result even when they share a useful core
construction. Both statistics must be interpreted through their explicit inputs. Neither is a metric on mathematical truth, and choosing the larger similarity value
cannot turn a proposed adapter into a derivation.

Explicit cross-corpus feature incidence

Assigned = filled; absent = unassigned. Every coordinate has unit weight.
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F: family context unions - U: individually reviewed source result units
C: common domain / carrier / premise-or-regime coordinates; complete keys in HTML
Binary mismatches define squared Euclidean distance; no hidden learned weights.

Figure 16: Inspectably authored cross-corpus coordinates. Domain, carrier, and hypothesis or regime assignments are positive source contexts; missing assign-
ments are not negated hypotheses. FEP family rows are unions across selected owned statements, while pinned upstream records retain their own declared
scope. This incidence display exposes what determines the accompanying distance map.

Table 41: Printed coordinate key for the shared cross-corpus incidence. Codes identify authored domain, carrier, and hypothesis or regime contexts; an absent
assignment is not a negated premise.

Code Context group  Assigned coordinate
Co1 domain algebra

C02  domain analysis

C03  domain topology

C04  domain probability

CO05  domain measure-theory

C06  domain information-theory
C07  domain statistics

C08  domain optimization

C09  domain control

C10  domain dynamical-systems
Cl11 domain differential-geometry
Cl12  domain graph-theory

C13  domain causal-inference

Cl4  domain thermodynamics
C15 carrier finite-discrete

Cl16  carrier finite-dimensional-real
C17  carrier general-measurable
C18  carrier euclidean-space

C19  carrier function-space
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Code Context group  Assigned coordinate

C20 carrier metric-space
C21 carrier graph

C22 carrier path-space
C23 hypothesis normalization
C24 hypothesis full-support
C25 hypothesis regularity
C26  hypothesis convexity
C27  hypothesis compactness
C28  hypothesis independence
C29  hypothesis finite-horizon
C30  hypothesis asymptotic-limit

2

;> ot the matrix

The display uses classical multidimensional scaling. For IV indexed rows, let H = Iy — N~*117, and let D@ be the matrix whose entry is d
product D D. The centered Gram matrix is

1
B= —§HD<2>H. (145)

Since the input distances are Euclidean, exact B is positive semidefinite and equals the Gram matrix of the centered feature rows. Its positive eigenvalues
identify the rank of this finite annotation geometry. Retaining the leading two eigenvectors gives a display, with coordinate scale set by the square roots of their
eigenvalues. The map is a projection of declared binary data; it is not a learned semantic manifold or an estimate of the dimension of FEP models.

The numerical producer preserves the binary rows and integer squared distances as exact inputs. It computes the centered Gram matrix and its spectral display
through a fixed 80-digit Decimal Jacobi procedure, checks an off-diagonal residual bound, and only then serializes derived publication values with declared
rounding. The reported numerical rank and repeated eigenvalue groups use an explicit residual-based threshold. They are diagnostics of this finite computation,
rather than newly proved statements about an exact mathematical spectrum. The model retains the eigenspectrum, residual, threshold, iteration bound, and
serialization convention so that a regenerated projection can be compared without relying on a hidden platform eigensolver.

The full distances remain authoritative for this comparison. The two-axis display reports normalized stress

1/2

- (dy; —d;;)?
stress = (W) ; (146)
i<j ij

where Jij is distance in the two-axis projection. The numerical stress uses the internal Decimal coordinates before publication rounding; serialized point
coordinates can differ by the declared rounding error. The declared zero-denominator case has stress zero because all feature rows coincide; it contains no
discriminating information. Rank, eigenvalues, and this residual separate a useful display from a faithful reconstruction of every distance. Apparent overlap of
points in two dimensions can reflect projection loss rather than identical feature rows.

Eigenvector signs, rotations inside repeated eigenspaces, and orientation of the entire display have no mathematical interpretation. The producer uses determin-
istic row ordering and a reproducible basis convention, while retaining the ambiguity in its metadata. A named axis must therefore not be called an intelligence,
maturity, complexity, or verification axis. Likewise, a close upstream/FEP pair may be a good reading recommendation without being a better candidate for
formal transfer than a more distant pair with exactly matching carriers and support.

Table 42: Printed row and coincidence-group key for the cross-corpus figures. F and U codes retain exact family or pinned-result identities; G codes collect
identical feature vectors, rather than equivalent theorems.

Point group Incidence row Family context or selected result

GO1 FO1 core free energy

G02 FO2 core active inference

GO03 FO3 core bayesian mechanics

G04 F04 core information geometry

GO05 FO5 core thermodynamics

G06 F06 measure bayesian inversion

GO07 FO7 variational duality and information bounds
GO08 FO8 control and planning as inference

G09 F09 temporal and hierarchical inference

G10 F10 causal blankets and interventions

Gl11 F11 predictive coding and generalized coordinates
GI12 F12 path space stochastic thermodynamics

Gl13 F13 information geometry and geometric optimization
Gl4 F14 collective and multiagent active inference
G15 F15 learning concentration and model evidence
Gl16 F16 finite sample risk and calibration

G17 F17 closed loop policy trees and efe
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Point group Incidence row Family context or selected result

GI18 F18 finite to native blanket transfer

G19 F19 finite exponential family dual geometry

G20 F20 two state continuous time thermodynamics

G21 F21 standalone efe formalizations

G22 F22 geometric mechanics notation

G23 uo01 A dimension-free logarithmic Sobolev inequality
for subgaussian log-concave measures

G24 uo02 Posterior replicas and conditional information in
Gaussian regression

G25 uo3 The Mézard—Parisi formula for diluted spin
glasses

G26 uo4 The free energy of the spherical random
perceptron

G27 uo0s5 Uniform Bi-Holder Transport from Weak MTW

G28 uo6 Sharp One-Third Stability of Brenier Maps

G29 uo7 Polynomial mixing of the switch chain for every
graphical degree sequence

G30 uo08 Subpolynomial query complexity for
well-conditioned log-concave sampling

G31 u09 Rokhlin’s multiple-mixing problem for one
transformation

G32 U10 The entropy-rate dimension formula for
self-similar measures on the line

G33 Ul1 Nontrivial Markov Type Forces Superreflexivity

G34 Ul12 Metric Markov Cotype Two of ¢;

The printed coordinate and row keys in tbl. 41 and tbl. 42 make every displayed code recoverable without the interactive explorer. Coincidence groups identify
equal input feature rows. Their source statements and maintained evidence scopes remain distinct even when the plane assigns them one point.

The most informative visual workflow alternates between this coarse map and exact source. Selecting an entropy-and-dynamics neighborhood should reveal
whether the endpoint supplies only data processing, a spectral gap, an entropy-dissipation identity, or a quantitative rate. Selecting a geometry neighborhood
should expose whether its carrier is a supplied Gram matrix, a differentiated law family, a transport cost, or an optimal map representation. The paired incidence
table and statement analysis make these distinctions recoverable. A line drawn between two selected points is labeled editorial affinity until an exact maintained
relation supports a stronger kind.

Several checks would make a future comparison scientifically evaluable. First, hold out source families or manuscripts before selecting a retrieval target; a
second manuscript with an almost identical statement is not an independent test. Second, keep native acceptance, semantic disposition, and review outcome out
of mathematical similarity coordinates so that the retriever cannot predict its own evidence labels. Third, compare declared baselines: domain-only, carrier-only,
hypothesis-only, full incidence, and source-text retrieval. Their errors reveal which representation supplies useful information. Fourth, review an endpoint pair
without seeing its plot distance, then score whether retrieval found a compatible carrier, identified the missing premise, or merely matched terminology.

Boundary controls should be drawn from actual contrasts. The same keyword “free energy” connects Bayesian evidence, finite policy regularization, and
quenched pressure with different normalization and quantifiers. The same word “embedding” connects faithful law representation, redundant parameterization,
information-losing observation, and corpus coordinates. The same word “convergence” can mean a fixed scalar iteration, a weak law limit, a finite-grid result,
pressure convergence in probability, or a worst-case mixing estimate. A representation that places these objects nearby should still expose their different passports.
Its success is recovering a mathematically useful comparison and its obstruction, not erasing the obstruction.

The present map implements deterministic annotation geometry and source-grounded analysis. Held-out matching, theorem entailment, formal adapter synthesis,
and the proposed language evaluation remain separate research tasks. New corpus points, coordinates, or reviewed correspondences must retain their source
identities and refresh the shared numerical model, tables, accessible descriptions, and figures together. cross_corpus_embedding(model) exposes this common
model, including the source-indexed rows, coordinate registry, full distances, and projection diagnostics; it creates no relation edge from a neighborhood query.

15.8.4 Mathematical existence and executable computation

The methods also need a computational passport. A theorem constructing an optimal policy tree by choosing a finite minimum is different from a specified
executable search with complexity and precision bounds. A compactness proof of a rate-distortion minimizer is different from a certified numerical solver. The
maintained sources use noncomputable constructions where their mathematical interfaces require them; replacing those constructions with a solver is additional
work.

For finite policy trees, an executable dynamic program would need a decidable representation of the stage costs and comparison rule, a proof that its recurrence
realizes the existing tree value, and a complexity statement in horizon and carrier sizes. For rate distortion, a numerical optimizer would need a feasibility
certificate, an upper bound from its reconstructed joint, a justified lower bound from an admissible dual multiplier, and a controlled gap. Merely returning a
mass table with a small reported objective does not establish optimality.

Even an exact real formula has a computational boundary. The Bernoulli information diverges as an interior parameter approaches an endpoint; native KL
may be infinite because of support; numerical natural-gradient inversion can be ill conditioned near redundancy. A computational module should expose these
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Figure 17: Classical multidimensional scaling of the declared shared feature distances. Proximity denotes authored domain, carrier, and hypothesis or regime

overlap. The plotted coordinates retain rank, eigenvalue, stress, and axis-ambiguity diagnostics in the shared model; they do not establish theorem equivalence,

imported proofs, or scientific acceptance.
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cases as mathematical regimes, representability failures, or certified approximation errors with distinct labels. The current explanatory probes evaluate selected
formulas; they do not supply general optimization or conditioning guarantees.

15.9 Next mathematical packets and precise proof obligations

The strongest research program follows the seams already exposed by exact results. The packets below are proposed extensions. Each starts from a named
source capability, identifies a specific new statement, and includes an obstruction that prevents an overly broad conclusion. None is counted as a new canonical
theorem in this supplement.

15.9.1 Score rank, identifiable quotients, and natural gradients

Start with the centered finite FEP. InformationGeometry.ScoreModel. Let S = {x : p(z) > 0} and define a weighted score map A : R¢ — RS by
Av(z) = \/p(z)(s(x),v). Then I = AT A. The prospective rank theorem is

rank I = rank A < min(d, |S| —1). (147)

The proof route is explicit: establish the Gram-kernel identity, then use centering to show that the nonzero vector (1/p(x)),cg lies in the left nullspace of A.
This avoids requiring positive masses at outcomes outside the actual support. In a fixed-support smooth family the same bound constrains the statistical tangent;
at a changing-support boundary the score representation needs a separate domain argument.

The quotient target is R% / ker I with the induced positive pairing. For an objective covector ¢, solving [v = ¢ requires that ¢ annihilate ker . A well
specified theorem would give a unique quotient class satisfying the metric duality, not a unique ambient vector. A chosen complement or pseudoinverse adds a
representative convention that must be recorded separately. The duplicated Bernoulli null tangent and the simplex-tangent example provide negative and positive
controls. A claim of coordinate invariance must prove independence from that representative choice and compatibility with the intended parameter map.

15.9.2 Support-safe information transfer and convergence

The exact weighted-Dirac KL bridge supplies the representation step. A useful next theorem would package the relative-support premise and its behavior under
mapping, joint construction, and kernel composition, rather than ask every application to rediscover it. The joint/product-marginal comparison is an attaining
example because support inclusion follows from marginalization; a point mass compared with a reference assigning it zero mass is the refusal case.

For limits, the desired statement must choose the topology. On a finite alphabet with reference masses uniformly bounded below by § > 0, the ordinary KL
formula is continuous in the actual masses, including actual zero atoms. This proposed finite-dimensional theorem can be proved from the zero-safe entropy
term and continuity of the bounded reference logarithms. Allowing reference masses to vanish removes that argument. Total-variation convergence alone cannot
substitute for the missing support and integrability control.

The simplest control is p, = (1 — €,¢) and §, = (1,0). Their total variation tends to zero, and D(Jy|p,) = —log(l — €) tends to zero, whereas
D(p.||dy) = oo forevery 0 < & < 1. An accepted extension must retain orientation and show which direction its conclusion covers. Passing a real totalized
functional through this limit does not prove the corresponding native extended-real statement.

15.9.3 From an attained rate-distortion problem to a sharp certificate

The present compactness theorem already supplies primal attainment. The next target should begin with the fair Boolean Hamming carrier, rather than assume
general strong duality. A precise candidate is to derive the crossover optimizer and its value on 0 < D < 1/2, including the endpoint distinctions, and connect
it to the source’s attained minimizer. A proof must show optimality against every feasible joint, not only compute the information of the symmetric crossover
witness.

The dual certificate should state the multiplier domain and the exact normalization. The maintained FEP.VariationalDuality.rateDistortionDual_le_
feasible_information gives a lower bound under its nonnegative-distortion and multiplier premises. A new sharp theorem would construct a multiplier and
prove zero primal-dual gap, or explain why an endpoint needs a limit of multipliers. Uniqueness at zero budget and nonuniqueness at half budget are mandatory
controls. An infeasible negative budget must remain infeasible; changing the feasible set to obtain a smooth-looking curve would change the question.

This packet would also support a computational certificate: compare a feasible joint’s objective with a proved dual lower bound and report their gap. General
alphabets, arbitrary distortion, and boundary regularity would remain later statements with their own hypotheses.

15.9.4 Observation intertwining as a reusable theorem interface

The H3 rowwise projection result suggests a generic interface comprising measurable 7, normalized kernels K, and Ft, and the intertwining equality for
every state and time. The target is a reusable finite-path pushforward theorem for arbitrary initial probability laws, followed by composition with a separately
normalized noisy observation kernel. The existing selected proof supplies a model and an induction route; a new abstraction must remove the selected Gaussian
coordinates without losing measurability or kernel normalizations.

Identification is a different packet. Define equivalence of full hypotheses by equality of their induced observation laws, then ask whether the chosen family
is injective modulo that equivalence. The hidden-mode pair proves that unrestricted injectivity fails in the present channel. An added channel or restricted
hypothesis family could restore it, but would need an exact separation theorem. This formulation gives a mathematical meaning to sufficient observations
without presupposing that every latent coordinate is observable.
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15.9.5 Quantitative entropy decay beyond data processing

FEP.MarkovSemigroup.NativeKernelSemigroup.nativeKL_to_invariant_nonincrease derives nonincrease from semigroup composition, data process-
ing, and an invariant reference. Its conclusion is an extended-real inequality; it neither differentiates KL nor supplies a convergence rate. A quantitative packet
should name a selected semigroup, an initial-law class with finite KL, and constants C', X before seeking a bound such as D(y,[p) < C e M,

For an entropy-dissipation route, the added obligations include a generator, a density class preserved by the evolution, differentiation under the integral, integration
by parts, and the functional inequality with its normalization. The upstream logarithmic-Sobolev family motivates this packet, but an inspected manuscript does
not provide these obligations in the FEP namespace. Degenerate invariant laws and infinite initial KL are useful boundary controls. A selected Gaussian
closed-form decay result would be a bounded first target; a general nonlinear theorem should not be inferred from it.

15.9.6 Continuous paths, singular grids, and constitutive calibration

A continuous-path extension should first choose its target: a process law on a product sigma-algebra, a measure supported on continuous trajectories, or a
finite-time path-space likelihood comparison. These are distinct objects. The source’s finite joint laws provide starting data, but consistency under deleting grid
coordinates must be proved before any extension theorem can consume them. A continuous version needs additional regularity or moment control. A path-space
KL statement needs the appropriate absolute-continuity and integrability hypotheses on that space.

The selected nonsingular, repeated-time singular, and all-zero H3 grids are three compulsory controls. Any proposed continuous theorem must explain how
their different finite-dimensional supports are treated. A derivative of finite-grid KL with respect to spacing is not, by itself, a physical entropy-production rate.
The constitutive counterexample further requires that any physical interpretation name energy-per-nat, time and temperature units, the observational calibration,
and an independently justified constitutive relation. Probabilistic extension and physical calibration should have separate acceptance statements.

15.9.7 Statistical identification, preferences, and decision losses

The selected Gaussian posterior proves parameter identification from an infinite observation sequence by connecting conditional expectation, martingale con-
vergence, and a separating empirical statistic. The nonidentifiable kernel instead leaves the posterior equal to its prior. These results suggest a reusable packet
with positive prior support, a declared observation family, a statistic that separates its hypotheses, and a convergence theorem on the specified probability space.
A dynamic latent filter, misspecified likelihood, or learned approximation would require new premises and a different target statement.

Decision evaluation must then specify the loss. For a Bernoulli truth p and report g, the scalar Brier expectation is p(1 — p) + (¢ — p)?; it is minimized at the
truth. A KL preference objective D(Bern(q)| Bern(r)) is instead minimized at the preferred law 7. This comparison explains why predictive calibration and
preference fulfillment cannot be identified merely because both have minima. The Brier interpretation is grounded in its original forecasting setting [Brier, 1950];
the exact excess-risk identity is FEP.EmpiricalRisk.brierExcess_eq_sqError. The displayed KL preference term is a selected surrogate, not a restatement
of every EFE objective.

Preference matching and predictive risk select different forecasts

: —— expected Brier risk, truth 0.7
1.50 1 preference KL, preference 0.2

1.25
1.00
0.751

0.50

Specified dimensionless objective

0.0 0.2 0.4 0.6 0.8 1.0
Forecast q

Figure 18: Prediction and preference optimize different declared functions. For Bernoulli truth 0.7, expected scalar Brier loss is minimized at report 0.7. The
selected preference surrogate KL(Bern(g)| Bern(0.2)) is minimized at 0.2. This formula comparison distinguishes calibration from preference fulfillment; it
is not a generic EFE identity or a simulated policy experiment.

A policy comparison additionally fixes the information budget and admissible class. The finite open-loop embedding and H3 measurable two-step comparison
provide exact containment witnesses. A new claim about the value of sensing, memory, or feedback should specify what is held fixed and prove either containment,
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a strict gap, or non-comparability. This makes memory-limited learning a concrete later correspondence problem with upstream family 140, rather than a generic
assertion that Bayesian inference solves computational learning limits.

15.9.8 Smooth derivative provenance and controlled mechanics remainders

The finite mechanics identities suggest two separate extensions. First, define actual differentiable fields Q (x) and an objective U (), derive g = VU, H = V2U,
and D( from them, and prove that the analytic weighted divergence equals the finite expression. This supplies derivative provenance rather than assuming the
matrix-role inputs already have it. Domain regularity and the equality of mixed partials belong in that statement.

Second, quantify the residual. If a region has ||div Q| < e and |[VU| < M, the finite Cauchy—Schwarz identity suggests a region-wise bound | D| < e M after
the analytic bridge is established. The aligned equality witness checks sharpness; the nonzero graph example checks that plain skewness still cannot erase the
remainder. An integrated or long-time consequence additionally needs trajectory and integrability estimates. The matrix theorem supplies a controlled local
term, not an automatic global stability theorem.

The generated positioning artifacts and numerical boundary probes are analysis evidence. A static upstream byte comparison establishes only that the selected
files match the pin. Neither operation establishes native upstream execution, current FEP native acceptance, publication acceptance, or scientific validity. Those
evidence planes remain governed by their own receipts. This supplement therefore supports a precise research program without promoting a geometric analogy,
an upstream research claim, or a source inspection into a theorem.
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16 Appendix B: Full Lean Catalogue

16.1 fep-001 — Variational Free Energy Bound

Surprisal plus Mathlib’s native measure KL upper-bounds surprisal; for finite measures and finite surprisal, equality holds exactly when the approximate and
exact posterior laws coincide. Assumption scope: The inequality is unconditional in ENNReal. Gap separation requires finite measures, and bound equality
additionally requires surprisal below infinity so additive cancellation is sound. Semantic disposition: formalized.

16.1.1 Lean sketch

import Mathlib.InformationTheory.KullbackLeibler.Basic
namespace FEP0OO1
variable {a : Typex} [MeasurableSpace o]

open MeasureTheory
open scoped ENNReal

/-- Native variational gap between an approximate and exact posterior law. -/
noncomputable def fep0O@i_variationalGap
(approximation posterior : Measure a) : ENNReal :=
InformationTheory.klDiv approximation posterior

/-- Surprisal plus the native KL variational gap. -/
noncomputable def fep00i_variationalUpperBound
(approximation posterior : Measure a) (surprisal : ENNReal) : ENNReal :=
surprisal + fep001_variationalGap approximation posterior

/-- The KL remainder makes the variational quantity an upper bound. -/
theorem fepOO1_variationalUpperBound_ge
(approximation posterior : Measure a) (surprisal : ENNReal) :
surprisal =<
fep001_variationalUpperBound approximation posterior surprisal := by
exact le_add_right (le_refl _)

/-- For finite measures, the variational gap vanishes exactly at the posterior. -/
theorem fep001_variationalGap_eq_zero_iff
(approximation posterior : Measure a)
[IsFiniteMeasure approximation] [IsFiniteMeasure posterior] :
fepO01_variationalGap approximation posterior = 0 e
approximation = posterior := by
exact InformationTheory.klDiv_eq_zero_iff

/-- At finite surprisal, the variational bound is exact exactly when the
approximation equals the posterior. -/
theorem fepOO1_variationalUpperBound_eq_iff
(approximation posterior : Measure a)
[IsFiniteMeasure approximation] [IsFiniteMeasure posterior]
{surprisal : ENNReal} (hsurprisal : surprisal # =) :
fepO01_variationalUpperBound approximation posterior surprisal = surprisal e
approximation = posterior := by
constructor
- intro hbound
have hadd : surprisal + fepOOli_variationalGap approximation posterior =
surprisal + 0 := by
simpa [fep001_variationalUpperBound] using hbound
have hgap : fep@Ol_variationalGap approximation posterior = 0 :=
(ENNReal.add_right_inj hsurprisal).mp hadd
exact (fepO0l_variationalGap_eq_zero_iff approximation posterior).mp hgap
- intro hequal
subst posterior
simp [fepO0i_variationalUpperBound, fep@01_variationalGap,
InformationTheory.klDiv_self]

end FEPOO1

12



16.1.2 Typeset statement signatures
{a : Type"} [MeasurableSpace «]
(approximation posterior : Measure o) (surprisal : Rj) (148)

surprisal < fep001_variationalUpperBound approximation posterior surprisal

{a : Type"} [MeasurableSpace «]

(approximation posterior : Measure «) [IsFiniteMeasure approximation]

[IsFiniteMeasure posterior] (149)
fep001_variationalGap approximation posterior = 0 <+ approximation = posterior

{a : Type"} [MeasurableSpace a]

(approximation posterior : Measure «) [IsFiniteMeasure approximation]

[IsFiniteMeasure posterior] {surprisal : R%y} (hsurprisal : surprisal # co) (150)

fep001_variationalUpperBound approximation posterior surprisal = surprisal

<> approximation = posterior

16.2 fep-002 — Variational Evidence Bound via KL Divergence

Variational free energy, defined as surprisal plus Mathlib KL divergence, upper-bounds surprisal and is exact at the posterior. Assumption scope: The bound is
unconditional over measures in a measurable space; exactness uses Mathlib’s SigmaFinite assumption for KL self-divergence. The codomain is ENNReal, so
infinite divergences are represented without a finiteness side condition. Semantic disposition: formalized.

16.2.1 Lean sketch

import Mathlib.InformationTheory.KullbackLeibler.Basic
import Mathlib.MeasureTheory.Measure.Typeclasses.Probability

namespace FEP0QO2
variable {a : Typex} [MeasurableSpace o]

open MeasureTheory
open scoped ENNReal

-- [proof strategy: IsProbabilityMeasure.measure_univ + measure_compl for complement; linarith for ELBO]
/-- A probability measure assigns unit total mass. -/
theorem fep002_prob_measure_univ (u : Measure a) [IsProbabilityMeasure p] :
M Set.univ = 1 :=
IsProbabilityMeasure.measure_univ

/-- Complement: p(s¢) = 1 - y(s) for probability measures on measurable sets. -/
theorem fep0O2_prob_compl (u : Measure a) [IsProbabilityMeasure p] {s : Set a}
(hs : MeasurableSet s) (hfin : ps # 1) :
s =1-pys :=by
rw [measure_compl hs hfin, IsProbabilityMeasure.measure_univ]

/-- A scalar ELBO decomposition: free energy < log marginal likelihood when the
KL remainder is nonnegative. -/
theorem fep002_elbo_bound (logEvidence freeEnergy klDiv : R)

(h_decomp : logEvidence = freeEnergy + klDiv)

(h_kl_nonneg : 0 < klDiv) :

freeEnergy < logEvidence := by linarith

/-- Variational free energy in Mathlib's native nonnegative extended-real KL
codomain: surprisal plus the divergence from an approximate posterior to the
exact posterior. -/
noncomputable def fep0O2_variationalFreeEnergy
(q posterior : Measure a) (surprisal : ENNReal) : ENNReal :=
surprisal + InformationTheory.klDiv g posterior

/-- The KL remainder makes variational free energy an upper bound on

surprisal. -/

theorem fep002_vfe_ge_surprisal (q posterior : Measure o) (surprisal : ENNReal) :
surprisal < fepO@O2_variationalFreeEnergy g posterior surprisal := by
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simp only [fep002_variationalFreeEnergy]
exact le_add_right (le_refl surprisal)

/-- The variational bound is exact when the approximation is the posterior
itself. -/
theorem fep002_vfe_exact_at_posterior (posterior : Measure )
[SigmaFinite posterior] (surprisal : ENNReal) :
fep002_variationalFreeEnergy posterior posterior surprisal = surprisal := by
simp [fep002_variationalFreeEnergy, InformationTheory.klDiv_self]

end FEP0O2

16.2.2 Typeset statement signatures

{a : Type"} [MeasurableSpace o]
(1 : Measure «) [IsProbabilityMeasure ] (151)
pl=1

{a : Type"} [MeasurableSpace o]
(1 : Measure «) [IsProbabilityMeasure 1] {s : Set o} (hs : MeasurableSets)

152
(hfin: pus#T) (152)
ps=1—pus
{a : Type"} [MeasurableSpace a]
(logEvidence freeEnergy kIDiv : R) (h_decomp : logEvidence = freeEnergy + kIDiv) (153)
(h_kl_nonneg : 0 < kIDiv)
freeEnergy < logEvidence
{a : Type"} [MeasurableSpace o]
(g posterior : Measure a) (surprisal : R3Y) (154)
surprisal < fep002_variationalFreeEnergy g posterior surprisal
{a : Type"} [MeasurableSpace a]
(posterior : Measure o) [SigmaFinite posterior] (surprisal : Rj) (155)

fep002_variationalFreeEnergy posterior posterior surprisal = surprisal

16.3 fep-003 — Discounted Pragmatic Cost

Finite-horizon pragmatic cost is the discounted ENNReal sum of stage costs; horizon extension exposes the exact terminal increment, costs are pointwise
monotone, and horizon extension is monotone. Assumption scope: All costs and the discount live in ENNReal, so nonnegativity and infinity are represented
directly. This is the pragmatic-cost input to EFE; epistemic value and its sign are owned by fep-021. Semantic disposition: formalized.

16.3.1 Lean sketch

import Mathlib.Algebra.Order.BigOperators.Group.Finset
import Mathlib.Basic.ENNReal.Inv

namespace FEPOO3
open scoped ENNReal

/-- Discounted pragmatic expected-cost input to the EFE convention. -/
noncomputable def fep0O3_pragmaticCost
(discount : ENNReal) (stageCost : N - ENNReal) (horizon : IN) : ENNReal :=
Y t € Finset.range horizon, discount * t % stageCost t

/-- A zero planning horizon has zero pragmatic cost. -/
theorem fep0O3_pragmaticCost_zero
(discount : ENNReal) (stageCost : N - ENNReal)
fep003_pragmaticCost discount stageCost 0 = 0 := by
simp [fep0O03_pragmaticCost]

/-- Extending the horizon exposes the exact discounted terminal increment. -/
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theorem fep0O3_pragmaticCost_succ
(discount : ENNReal) (stageCost : N - ENNReal) (horizon : IN)
fep003_pragmaticCost discount stageCost (horizon + 1) =
fep003_pragmaticCost discount stageCost horizon +
discount * horizon % stageCost horizon := by
simp [fepOO03_pragmaticCost, Finset.sum_range_succ]

/-- Pointwise larger stage costs produce larger pragmatic cost. -/
theorem fep0O3_pragmaticCost_mono
(discount : ENNReal) {costi cost. : N » ENNReal}
(hcost : ¥ t, costs t < costz t) (horizon : N)
fep0O03_pragmaticCost discount costi horizon <
fepOO3_pragmaticCost discount costz. horizon := by
exact Finset.sum_le_sum fun t _ = mul_le_mul_right (hcost t) _

/-- Every additional nonnegative stage weakly increases finite-horizon cost. -/
theorem fep0O3_pragmaticCost_horizon_succ
(discount : ENNReal) (stageCost : N - ENNReal) (horizon : IN)
fep003_pragmaticCost discount stageCost horizon =
fep003_pragmaticCost discount stageCost (horizon + 1) := by
Tw [fep003_pragmaticCost_succ]
exact le_add_right (le_refl _)

end FEPOO3

16.3.2 Typeset statement signatures
(discount : RYy) (stageCost : N = R3Y)
fep003_pragmaticCost discount stageCost 0 = 0

(discount : RY) (stageCost : N = RZY) (horizon : N)
fep003_pragmaticCost discount stageCost (horizon 4 1) = fep003_pragmaticCost

horizon

discount stageCost horizon + discount - stageCost horizon

(discount : RSY) {cost, cost, : N = R,
(hcost : Vi, costy t < costyt) (horizon : N)
fep003_pragmaticCost discount cost; horizon < fep003_pragmaticCost discount

cost, horizon

(discount : RY) (stageCost : N = RY) (horizon : N)
fep003_pragmaticCost discount stageCost horizon < fep003_pragmaticCost discount
stageCost (horizon + 1)

16.4 fep-004 — Finite Diagonal Fisher Metric

(156)

(157)

(158)

(159)

A finite diagonal Fisher metric is symmetric and positive semidefinite under nonnegative information weights, and becomes positive definite under strictly positive
weights. Assumption scope: The information weights are explicit inputs rather than derived from a statistical family in this row. Positive definiteness requires
every coordinate weight to be strictly positive; fep-038 computes the one-dimensional Bernoulli weight and the composed theorem identifies that specialization.

Semantic disposition: formalized.

16.4.1 Lean sketch

import Mathlib.Algebra.Order.BigOperators.Group.Finset
import Mathlib.Tactic
namespace FEP004

open Finset

/-- A finite diagonal Fisher metric with explicitly supplied information
weights. Statistical models such as fep-038 compute these weights from
expected squared scores. -/
def fep004_fisherMetric {1 : Typex} [Fintype 1]

(information u v : 1 > R) : R :=
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Y i, information i * u i % v i

/-- The finite Fisher metric is symmetric. -/

theorem fep004_fisherMetric_symm {1 : Typex} [Fintype 1]
(information u v : 1 > R) :
fep004_fisherMetric information u v =

fep004_fisherMetric information v u := by
apply Finset.sum_congr rfl
intro i _
ring

/-- Nonnegative information weights make every tangent self-pairing

nonnegative. -/

theorem fep004_fisherMetric_nonneg {1 : Typex} [Fintype 1]
(information v : 1 » R) (hinformation : V i, 0 < information i) :
0 = fep004_fisherMetric information v v := by

exact Finset.sum_nonneg fun i _ = by
simpa [mul_assoc] using
mul_nonneg (hinformation i) (mul_self_nonneg (v i))

/-- Strictly positive information weights make the metric positive definite:
zero tangent norm is equivalent to the zero tangent vector. -/
theorem fep004_fisherMetric_eq_zero_iff {1 : Typex} [Fintype 1]
(information v : 1 » R) (hinformation : V i, 0 < information i) :
fep004_fisherMetric information v v =0e ¥ i, vi =0 := by
constructor
+ intro hzero i
have hterm : information i * v i * v i =0 :=
(Finset.sum_eq_zero_iff_of_nonneg
(fun j - = by
simpa [mul_assoc] using
mul_nonneg (hinformation j).le (mul_self_nonneg (v j)))).mp
hzero i (Finset.mem_univ i)
have hvv : v i * vi=0 :=by
apply (mul_eg_zero.mp (by simpa [mul_assoc] using hterm)).resolve_left
exact ne_of_gt (hinformation i)
exact mul_self_eq_zero.mp hvv
- intro hv
simp [fep004_fisherMetric, hv]

end FEPOO4

16.4.2 Typeset statement signatures

{¢: Type*} [Fintype ] (informationuv : ¢ = R)

fep004_fisherMetric information u v = fep004_fisherMetric information v u

{v: Type*} [Fintype ¢] (informationv : t = R)
(hinformation : Vi,0 < information 7)
0 < fep004_fisherMetric information v v

{¢: Type"} [Fintype ¢] (information v : ¢ = R)
(hinformation : Vi,0 < information )

fep004_fisherMetric informationvv = 0 <> Vi,vi =0

16.5 fep-005 — Four-Block State Partition

(160)

(161)

(162)

A function-valued assignment partitions a 20-state finite space into four pairwise-disjoint blocks, and every state belongs to exactly one block. Assumption
scope: Unconditional for any assignment Fin 20 — Fin 4. This establishes an exact finite partition only; it does not infer conditional independence or identify

any block as a learned Markov blanket. Semantic disposition: formalized.

16.5.1 Lean sketch

import Mathlib.Data.Finset.Basic
import Mathlib.Data.Finset.Filter
import Mathlib.Data.Fintype.Basic
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namespace FEPOO5
open Finset
abbrev BlkPart := Fin 4 -- internal(0), sensory(l), active(2), active/external(3)

/-- Markov blanket partition: four components cover the full state space exactly. -/
def fep@B5_partitionCover (assign : Fin 20 > BlkPart) (k : BlkPart) : Finset (Fin 20) :=
Finset.univ.filter (fun s = assign s = k)

/-- The four partition blocks are pairwise disjoint (functional determinism). -/
theorem fep005_disjoint (assign : Fin 20 » BlkPart) (i j : BlkPart) (hij : i # j) :
Disjoint (fep@B5_partitionCover assign i) (fep@O5_partitionCover assign j) := by
refine Finset.disjoint_left.mpr ?_
intro x hx hy
simp only [fep@O5_partitionCover, Finset.mem_filter, Finset.mem_univ, true_and] at hx hy
exact hij ((Eq.symm hx).trans hy)

/-- Every state belongs to exactly one partition block (totality of assignment). -/
theorem fep0O5_total_cover (assign : Fin 20 -» BlkPart) :
Y s : Fin 20, 3 k : BlkPart, s € fepO05_partitionCover assign k := by
intro s
refine (assign s, Finset.mem_filter.mpr (Finset.mem_univ s, rfl))

/-- Membership is decidable: a state is in block k iff its assignment equals k. -/
theorem fep005_mem_iff (assign : Fin 20 - BlkPart) (s : Fin 20) (k : BlkPart) :
s € fepOO5_partitionCover assign k e assign s = k := by
dsimp [fepBO5_partitionCover]
exact Iff.intro (fun h = (Finset.mem_filter.mp h).2)
fun hk = Finset.mem_filter.mpr {(Finset.mem_univ s, hk)

/-- Every state lies in one and only one block. -/
theorem fep005_existsUnique_block (assign : Fin 20 » BlkPart) (s : Fin 20) :
3! k : BlkPart, s € fep0O5_partitionCover assign k := by
refine (assign s, (fep0O5_mem_iff assign s (assign s)).2 rfl, ?2_)
intro k hk
exact ((fep0O5_mem_iff assign s k).1 hk).symm

end FEPOO5

16.5.2 Typeset statement signatures
(assign : Fin 20 = BlkPart) (i j : BlkPart) (hij : ¢ # j)
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Disjoint (fep005_partitionCover assign i) (fep005_partitionCover assign ) (163)
(assign : Fin 20 = BlkPart) (164)
Vs : Fin 20, 3k : BlkPart, s € fep005_partitionCover assign k
(assign : Fin 20 = BlkPart) (s : Fin20) (k : BlkPart) (165)
s € fep005_partitionCover assign k <+ assigns = k
assign : Fin 20 = BlkPart) (s : Fin 20
(assig )( ) (166)

31k : BlkPart, s € fep005_partitionCover assign k

16.6 fep-006 — Measurable Discrete-Time Flow

Iteration of one measurable state update defines a measurable discrete-time flow with identity at time zero, an exact additive semigroup law, and persistence of
fixed points. Assumption scope: Measurability of each time slice requires the one-step map to be measurable. The algebraic semigroup and fixed-point laws
require no topology, invariant measure, differentiability, or continuous-time interpolation. Semantic disposition: formalized.

16.6.1 Lean sketch

import Mathlib.Dynamics.FixedPoints.Basic
import Mathlib.MeasureTheory.MeasurableSpace.Basic
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namespace FEPOO6
variable {a : Typex}

/-- The discrete-time flow generated by repeatedly applying one state update. -/
def fepOO6_iterateFlow (step : a » a) (time : N) : a » a :=
stepA[time]

/-- Every time slice of a measurable discrete flow is measurable. -/
theorem fep006_iterateFlow_measurable
[MeasurableSpace a] {step : a » a} (hstep : Measurable step) (time : N) :
Measurable (fep006_iterateFlow step time) := by
exact hstep.iterate time

/-- The time-zero flow is the identity. -/
theorem fep006_iterateFlow_zero (step : a > a) :
fepO06_iterateFlow step 0 = id := by
rfl

/-- Discrete flow obeys the exact additive semigroup law. -/
theorem fep006_iterateFlow_add (step : a » a) (m n : N) (state : a)
fep006_iterateFlow step (m + n) state =
fepO06_iterateFlow step m (fepOO6_iterateFlow step n state) := by
exact Function.iterate_add_apply step m n state

/-- A fixed point remains fixed at every discrete time. -/
theorem fepOO6_iterateFlow_fixed
(step : a » a) {state : a} (hfixed : Function.IsFixedPt step state)
(time : N)
fepO06_iterateFlow step time state = state := by
exact hfixed.iterate time

end FEPOO6

16.6.2 Typeset statement signatures
{a: Type'}
[MeasurableSpace ] {step : @ = a} (hstep : Measurable step) (time : N) (167)
Measurable (fep006_iterateFlow step time)

{a: Type'}
(step:a = ) (168)
fep006_iterateFlow step 0 = id

{a: Type'}
(step: @ = ) (mn : N) (state : @)

169
fep006_iterateFlow step (m + n) state = fep006_iterateFlow step m (169)
(fep006_iterateFlow step n state)
{o: Type'}
(step : @ = ) {state : a} (hfixed : Function.IsFixedPt step state) (time : N) (170)

fep006_iterateFlow step time state = state

16.7 fep-007 — Normalized Finite Sum-Product Message

Strictly positive local factors and incoming messages over a nonempty finite neighbor support define a nonnegative normalized sum-product message with
support mass exactly one. Assumption scope: Normalization requires a nonempty selected support and strict positivity of every factor and incoming message on
it. The message is zero outside that support. This is one exact local update, not loopy-belief-propagation convergence or global marginal correctness. Semantic
disposition: formalized.

16.7.1 Lean sketch

import Mathlib.Algebra.BigOperators.Group.Finset.Basic
import Mathlib.Algebra.BigOperators.Field
import Mathlib.Algebra.Order.BigOperators.Group.Finset
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import Mathlib.Basic.Real.Basic

namespace FEPQO7

open Finset

-- [proof strategy: mul_nonneg / Finset.sum_nonneg for positivity; Finset.sum_le_sum for monotone updates]
abbrev Node := Fin 8

/-- Belief propagation: local potential products stay nonnegative when factors are. -/
theorem fep007_factorProduct_nonneg (¥ : Node » Node » R) (i j : Node)
(hy : 0<s¥yij)hj:0syji):0=<sVvij*xyji:=hy
exact mul_nonneg hy hj

/-- Message aggregation: sum of factor-weighted messages stays nonneg. -/
theorem fep007_message_agg_nonneg (¥ : Node » Node » R) (msg : Node » R)
(N : Finset Node) (i : Node)
(hy : ¥V j,0<yij) (hm:YVY j, 0<msgj)
0<YjeN, vij*msgj:=
Finset.sum_nonneg fun j _ = mul_nonneg (hy j) (hm j)

/-- Monotonicity: stronger messages -» stronger aggregate. -/
theorem fep007_message_agg_mono (¥ : Node » Node » R) (m1 mz : Node » R)
(N : Finset Node) (i : Node)
(hy : Vj,0<¥vij)(h:VjeN, mJjsmj):
YjeN, vijxm j<YjeN, vij*m]j:=
Finset.sum_le_sum fun j hj = mul_le_mul_of_nonneg_left (h j hj) (hy j)

/-- Zero messages yield zero aggregate (absorbing behavior). -/
theorem fep007_zero_msg (¥ : Node - Node » R) (N : Finset Node) (i : Node) :
YjeN, vijx*(0:R)=0 :=Dby simp

/-- Positive unnormalized sum-product weight sent from neighbor ‘j‘ to node
‘iv. -/
def fep0O7_unnormalizedMessage
(¥ : Node » Node » R) (incoming : Node -» R)
(i j : Node) : R :=
Y i j % incoming j

/-- Normalizing constant over a selected finite neighbor support. -/
def fep0O7_messageNormalizer
(¢ : Node » Node » R) (incoming : Node -» R)
(neighbors : Finset Node) (i : Node) : R :=
Y j € neighbors, fep007_unnormalizedMessage y incoming i j

/-- A normalized finite belief-propagation message, extended by zero outside
the selected support. -/
noncomputable def fep0O@7_normalizedMessage
(¢ : Node » Node » R) (incoming : Node » R)
(neighbors : Finset Node) (i j : Node) : R :=
if j € neighbors then
fep007_unnormalizedMessage V¥ incoming i j /
fep007_messageNormalizer y incoming neighbors i
else 0

/-- Strictly positive factors and incoming messages give a positive
normalizer on every nonempty support. -/
theorem fep007_messageNormalizer_pos

(¥ : Node » Node - R) (incoming : Node > R)

(neighbors : Finset Node) (i : Node)

(hne : neighbors.Nonempty)

(hy : ¥ j € neighbors, 0 < ¥ i j)

(hincoming : V j € neighbors, 0 < incoming j) :

0 < fep0O7_messageNormalizer {y incoming neighbors i := by

exact Finset.sum_pos
(fun j hj = mul_pos (hy j hj) (hincoming j hj)) hne
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/-- Normalized messages are nonnegative everywhere. -/
theorem fepOO7_normalizedMessage_nonneg
(¥ : Node » Node » R) (incoming : Node -» R)
(neighbors : Finset Node) (i j : Node)
(hne : neighbors.Nonempty)
(hy : ¥ k € neighbors, 0 < ¥ i k)
(hincoming : V k € neighbors, 0 < incoming k) :
0 < fep0O7_normalizedMessage ¥ incoming neighbors i j := by
classical
by_cases hj : j € neighbors
- tw [fepB07_normalizedMessage, ite_eg_left hj]
exact div_nonneg
(mul_nonneg (hy j hj).le (hincoming j hj).le)
(fep007_messageNormalizer_pos
V¥ incoming neighbors i hne hy hincoming).le
- simp [fepO07_normalizedMessage, hj]

/-- A normalized message has total mass one on its selected support. -/
theorem fep0O7_normalizedMessage_sum_one
(¢ : Node » Node » R) (incoming : Node -» R)
(neighbors : Finset Node) (i : Node)
(hne : neighbors.Nonempty)
(hy : ¥ j € neighbors, 0 < ¥ i j)
(hincoming : V j € neighbors, 0 < incoming j) :
Y j € neighbors,
fep007_normalizedMessage ¥ incoming neighbors i j = 1 := by
classical
have hden : fep007_messageNormalizer Yy incoming neighbors i # 0 :=
ne_of_gt (fep0B7_messageNormalizer_pos
Y incoming neighbors i hne hy hincoming)
calc
Y j € neighbors,
fep007_normalizedMessage ¥ incoming neighbors i j =
Y j € neighbors,
fep0O7_unnormalizedMessage V¥ incoming i j /
fep007_messageNormalizer ¢ incoming neighbors i := by
apply Finset.sum_congr rfl
intro j hj
simp [fep007_normalizedMessage, hj]
_ = fep007_messageNormalizer ¥ incoming neighbors i /
fep007_messageNormalizer ¥ incoming neighbors i := by
Tw [¢ Finset.sum_div]
rfl
_ =1 := div_self hden

end FEPOO7

16.7.2 Typeset statement signatures
(1 : Node = Node = R) (i j : Node) (h) : 0 < i j) (hj: 0 <pji)
0<vij-vji
(1) : Node = Node = R) (msg : Node = R) (N : Finset Node) (i : Node)
(htp + ¥4,0 < i) (hm : ¥j,0 < msg j)
0< ) jeN,pij-msgj
(1 : Node = Node = R) (mq my : Node = R) (IV : Finset Node) (7 : Node)
(o : ¥,0 < i) (h: Vj € N,my j < my j)
S JENpijmj<> jENpij-myj

(¢ : Node = Node = R) (N : Finset Node) (i : Node)
D GENpij-(0:R)=0
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(1 : Node = Node = R) (incoming : Node = R) (neighbors : Finset Node) (7 : Node)
(hne : neighbors.Nonempty) (ht) : Vj € neighbors,0 < 11 j)

175

(hincoming : Vj € neighbors, 0 < incoming j) a7
0 < fep007_messageNormalizer y) incoming neighbors ¢

(¢ : Node = Node = R) (incoming : Node = R) (neighbors : Finset Node)

(7 j : Node) (hne : neighbors.Nonempty) (ht) : Yk € neighbors,0 < i k) (176)

(hincoming : Vk € neighbors, 0 < incoming k)

0 < fep007_normalizedMessage 1) incoming neighbors ¢ j
(¢ : Node = Node = R) (incoming : Node = R) (neighbors : Finset Node) (7 : Node)
(hne : neighbors.Nonempty) (ht : Vj € neighbors, 0 < 11 j) a7

(hincoming : Vj € neighbors, 0 < incoming j)
Zj € neighbors, fep007_normalizedMessage ) incoming neighborsi j = 1

16.8 fep-008 — Finite Policy Objective Minimizer

A real-valued objective attains a minimum on a finite nonempty policy set. Assumption scope: Existence requires only a finite nonempty policy set and an
explicit real-valued objective. The theorem does not claim uniqueness of the policy; it separately proves that all minimizers agree in value. Semantic disposition:
formalized.

16.8.1 Lean sketch

import Mathlib.Data.Finset.Basic
import Mathlib.Data.Finset.Max
import Mathlib.Basic.Real.Basic
import Mathlib.Order.Bounds.Basic

namespace FEPOO8
abbrev Policy := Fin 14

/-- Discrete active inference: some policy minimizes expected free energy on a finite set. -/
theorem fep008_exists_minG (policies : Finset Policy) (hne : policies.Nonempty) (G : Policy » R) :
3 p € policies, V p' € policies, Gp £ G p' :=
Finset.exists_min_image policies G hne

/-- Any two policy minimizers attain the same value (uniqueness of the minimum). -/
theorem fep008_min_agrees_on_value (policies : Finset Policy) (-hne : policies.Nonempty) (G : Policy » R)
(p p' : Policy) (hp : p € policies) (hp' : p' € policies)
(hmin : V p'' € policies, Gp =G p'') (hmin' : V p'"' € policies, Gp' =G p'') :
Gp=Gp':=
le_antisymm (hmin p' hp') (hmin' p hp)

/-- Dual: some policy maximizes expected value on a finite nonempty set. -/
theorem fep008_exists_maxG (policies : Finset Policy) (hne : policies.Nonempty) (G : Policy » R) :
3 p € policies, V p' € policies, G p' =G p :=
Finset.exists_max_image policies G hne

/-- Minimum is < any evaluation in the policy set. -/

theorem fep008_min_is_1b (policies : Finset Policy) (G : Policy = R)
(p : Policy) (-hp : p € policies)
(hmin : V p' € policies, Gp =G p') :
V p' € policies, Gp = G p' := hmin

end FEPOO8

16.8.2 Typeset statement signatures
(policies : Finset Policy) (hne : policies.Nonempty) (G : Policy = R)

178
Jp € policies, Vp’ € policies, Gp < Gp’ (7%
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(policies : Finset Policy) (j,ne : policies.Nonempty) (G : Policy = R)
(pp’ : Policy) (hp : p € policies) (hp” : p’ € policies)

’ (179)
(hmin : Vp” € policies, Gp < G p”) (hmin" : Vp” € policies, Gp’" < Gp”)
Gp=Gyp
(policies : Finset Policy) (hne : policies.Nonempty) (G : Policy = R) (180)

Jp € policies, Vp’ € policies, Gp’ < Gp

(policies : Finset Policy) (G : Policy = R) (p : Policy) (,p : p € policies)
(hmin : Vp” € policies, Gp < Gp’) (181)
Vp' € policies,Gp < Gp’

16.9 fep-009 — Conditional Independence Laws

Conditional independence of two o-algebras given a third is symmetric under Mathlib’s conditional-expectation-kernel definition. Assumption scope: Condi-
tional on a standard Borel measurable space, a finite measure, a conditioning o-algebra below the ambient one, and the stated conditional-independence relation.
The theorem is a law of conditional independence, not a learned Markov-blanket factorization. Semantic disposition: formalized.

16.9.1 Lean sketch

import Mathlib.Probability.Independence.Conditional

namespace FEP0OO9

open MeasureTheory ProbabilityTheory

variable {Q : Typex} [mQ : MeasurableSpace Q] [StandardBorelSpace Q]

/-- Conditional independence of two o-algebras is symmetric. Mathlib's
definition is built from a conditional-expectation kernel for a finite measure. -/
theorem fep009_condIndep_symm
(m" my mz : MeasurableSpace Q) (hm' : m' < mQ)
(U : @Veasure Q mQ) [IsFiniteMeasure p]
(h : CondIndep m' ms m2 hm' p) :
CondIndep m' mz me hm' p :=
h.symm

/-- Conditional independence is inhabited: any o-algebra is conditionally
independent of the trivial o-algebra. -/
theorem fep009_condIndep_bot_right
(m" my : MeasurableSpace Q) (hm' : m' < mQ)
(M : @Weasure Q mQ) [IsFiniteMeasure p] :
CondIndep m' my L hm' p :=
condIndep_bot_right ms

variable {a B : Typex} [MeasurableSpace a] [MeasurableSpace B]
-- [proof strategy: zero_le for ENNReal; measure_mono for likelihood ordering]

/-- Generative model: joint mass factors as product of marginals (independence). -/
theorem fep009_joint_product_nonneg (p : Measure a) (v : Measure B) (s : Set a) (t : Set B) :
Osps*xvt:=
bot_le

/-- Likelihood monotonicity: larger sets yield larger likelihoods. -/
theorem fep009_likelihood_mono {p : Measure a} {s t : Set a} (h : s ct) :
Ms<spt:=
measure_mono h

/-- Marginalization via measure.map preserves non-negativity. -/
theorem fep009_map_nonneg (p : Measure a) {f : a » B} (_hf : Measurable f) (s : Set B) :
0 < p.map f s :=
bot_le
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/-- Likelihood on empty event is zero. -/
theorem fep0O9_empty_zero (M : Measure a) : Py o =0 :=
measure_empty

/-- Union bound on likelihoods (subadditivity of generative model mass). -/
theorem fep009_union_le (M : Measure a) (s t : Set a) :
M(sUt)sps+put:=
measure_union_le s t

end FEPOO9

16.9.2 Typeset statement signatures
{Q : Type"} [mQ : MeasurableSpace()] [StandardBorelSpace Q] {a 3 : Type*}
[MeasurableSpace a [MeasurableSpace/3]
(m’m, my : MeasurableSpacef2) (hm” : m/ < m€Q) (1 : @MeasureQ mQ) (182)
[IsFiniteMeasure y] (h : CondIndep m’m, my hm’ 1)

CondIndep m’my my hm' i

{Q : Type™} [mQ : MeasurableSpace()] [StandardBorelSpace Q] {a 3 : Type*}
[MeasurableSpace o] [MeasurableSpace/3]

(m’m;, : MeasurableSpaceQ) (hm” : m’ < mQ) (1 : @MeasureQ m<) (183)
[IsFiniteMeasure p]

CondIndepm/m; Lhm'

{Q : Type"} [m€ : MeasurableSpaceQ] [StandardBorelSpace Q] {a 3 : Type®}
[MeasurableSpace a] [MeasurableSpace/3]

(1 : Measure «) (v : Measuref3) (s : Set a) (¢ : Set )

0<us-vt

(184)

{Q : Type"} [mQ : MeasurableSpace()] [StandardBorelSpace Q] {a 3 : Type*}
[MeasurableSpace « [MeasurableSpace/3]

{p: Measure o} {st: Seta}(h:sCt)

ps < pt

(185)

{Q: Type"} [m€ : MeasurableSpaceQ] [StandardBorelSpace Q] {a 3 : Type”}
[MeasurableSpace o] [MeasurableSpacef]

(i : Measure ) {f : @« = B} (,,f : Measurable f) (s : Set 3)

0<pumapfs

(186)

{Q: Type"} [mf) : MeasurableSpace(?] [StandardBorelSpace 2] {« 3 : Type"}
[MeasurableSpace o] [MeasurableSpace(] (187)
(1 : Measure «)

wh=0

{Q : Type"} [mQ : MeasurableSpace()] [StandardBorelSpace Q] {a 3 : Type*}
[MeasurableSpace ] [MeasurableSpace(] (188)
(1 : Measure «) (st : Set )

plsUt) <ps+pt

16.10 fep-010 — Detailed Balance Implies Invariance

A Markov kernel satisfying measure-theoretic detailed balance leaves its reference measure invariant. Assumption scope: Conditional on Mathlib’s IsMarkovK-
ernel instance and IsReversible flow equality over all measurable set pairs. This proves stationarity, not a path-space fluctuation theorem or convergence to
equilibrium. Semantic disposition: formalized.
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16.10.1 Lean sketch

import Mathlib.Probability.Kernel.Invariance
namespace FEPO10

open MeasureTheory ProbabilityTheory
variable {a : Typex} [MeasurableSpace o]

/-- Detailed balance in Mathlib's measure-kernel sense implies stationarity:
a reversible Markov kernel leaves its reference measure invariant. -/
theorem fep0lO_reversible_invariant (k : Kernel a a) (m : Measure a)
[IsMarkovKernel k] (hrev : Kernel.IsReversible k m) :
Kernel.Invariant k m :=
hrev.invariant

/-- The identity Markov kernel is a concrete reversible witness for every
measure: flow through two measurable sets is symmetric. -/
theorem fep010O_identity_reversible (m : Measure a)
Kernel.IsReversible (Kernel.id : Kernel a a) m := by
intro A B hA hB
simp [Kernel.id_apply, hA, hB, Set.inter_comm]

/-- The identity-kernel witness leaves every measure invariant. -/
theorem fep010_identity_invariant (m : Measure a) :
Kernel.Invariant (Kernel.id : Kernel a a) m :=
fep010_reversible_invariant Kernel.id n (fep010_identity_reversible m)

/-- Invariance is exactly preservation by measure-kernel bind. -/
theorem fep0lO_invariant_def (k : Kernel o a) (m : Measure a)
(hinv : Kernel.Invariant k m) :
m.bind k = :=
hinv.def

/-- Composition preserves a common invariant measure. -/
theorem fep010_invariant_comp (k n : Kernel o a) (m : Measure a)
(hg : Kernel.Invariant k m) (hn : Kernel.Invariant n m)
Kernel.Invariant (k ok n) m :=
hk.comp hn

end FEPO10

16.10.2 Typeset statement signatures
{a : Type"} [MeasurableSpace o]

(k : Kernel a ) (7 : Measure ) [IsMarkovKernel k]
(hrev : Kernel.IsReversible x )

Kernel.lnvariant Kk

{a : Type"} [MeasurableSpace o]
(m : Measure )

Kernel.IsReversible (Kernel.id : Kernel avcx)

{a : Type"} [MeasurableSpace o]
(7 : Measure )

Kernel.lnvariant (Kernel.id : Kernela o)

{a : Type"} [MeasurableSpace a
(k : Kernel @) (7 : Measure &) (hinv : Kernel.Invariant k )

w.bindk =7

150

(189)

(190)

(191)

(192)



{a : Type"} [MeasurableSpace o]

(km : Kernel v ) (7 : Measure «) (hx : Kernel.Invariant ) (193)
(hn : Kernel.Invariant ) )

Kernel.Invariant (k o, m) 7

16.11 fep-011 — Surprise and Self-Information

Negative-log self-information is nonnegative on positive probabilities at most one, additive on positive products, strictly antitone, and zero exactly at certainty.
Assumption scope: Positivity excludes the logarithmic boundary, and the probability interpretation additionally uses p<1. Additivity is scalar and corresponds
to product probabilities; no independence relation is inferred by the theorem. Semantic disposition: formalized.

16.11.1 Lean sketch

import Mathlib.Analysis.SpecialFunctions.Log.Basic
namespace FEPO11
open Real

/-- Shannon self-information (surprise) of a positive scalar probability. -/
noncomputable def fep0li_surprise (probability : R) : R :=
-Real.log probability

/-- Self-information: log is nonnegative on ‘‘[1, w)‘‘. -/
theorem fep011_log_nonneg_on_ge_one {x : R} (hx : 1 < x) : 0 < Real.log x :=
Real.log_nonneg hx

/-- Coding cost ‘‘-log u‘‘ is nonnegative for probabilities ‘‘u € (0, 1]‘'. -/
theorem fep011_surprise_nonneg {u : R} (hu : @ < u) (hul : u<1) :
0 < fep0ll_surprise u :=
neg_nonneg.mpr (Real.log_nonpos (le_of_1t hu) hul)

/-- Surprise is additive for independent observations: -log(ab) = -log a + -log b. -/
theorem fep0ll_surprise_additive {a b : R} (ha : @ <a) (hb : @ < b) :
fep0l1_surprise (a % b) = fepOli_surprise a + fep@ll_surprise b := by
simp only [fep01l1_surprise]
rw [Real.log_mul (ne_of_gt ha) (ne_of_gt hb), neg_add]

/-- Surprise of certain event (u = 1) is zero. -/
theorem fepO01i_surprise_cert : fep0li_surprise 1 = 0 := by
simp [fepOl1i_surprise]

/-- Surprise is monotone decreasing in probability: larger p » lower surprise. -/
theorem fep011_surprise_mono {p q : R} (hp : 0 < p) (h : p=q) :
fep01i_surprise q < fepOll_surprise p :=
neg_le_neg (Real.log_le_log hp h)

/-- On positive probabilities, only a certain event has zero surprise. -/
theorem fep011_surprise_eq_zero_iff {p : R} (hp : O < p)
fep0lli_surprise p = 0 e p = 1 := by
constructor
- intro hzero
exact Real.eg_one_of_pos_of_log_eq_zero hp (neg_eq_zero.mp hzero)
« rintro rfl
exact fepOll_surprise_cert

/-- Surprise is strictly antitone on positive probabilities. -/
theorem fep0l1_surprise_strictAnti {p q : R} (hp : @ < p) (hpg : p < q) :
fep01i_surprise g < fep0li_surprise p := by
exact neg_lt_neg (Real.log_lt_log hp hpq)

end FEPO11
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16.11.2 Typeset statement signatures
{z:R}(hx:1<x)

(194)
0 < Real.logx
uw:R}y(hu:0<wu)(hul:u<1
{u: R} (hu _)(u <1 (195)
0 < fep011_surprise u
{ab:R}(ha:0<a)(hb:0<b) (196)
fep011_surprise (a - b) = fep011_surprise a + fep011_surprise b
fep011_surprise1 =0 (197)
{pq:R}(hp:0<p)(h:p<q) (198)
fep011_surprise ¢ < fep011_surprise p
:R}(hp:0<
{p: R} (hp | p) (199)
fep011_surprisep =0+ p =1
:RY(hp:0 < h p <
{pa:R}(hp p) (hpg : p < q) 200)

fep011_surprise ¢ < fep011_surprise p

16.12 fep-012 — Finite Policy Shannon Entropy Regularization

Finite Shannon policy entropy is nonnegative on unit-interval weights, vanishes for point policies, and at nonnegative temperature lowers expected cost by exactly
its entropy reward. Assumption scope: Entropy nonnegativity only requires each weight in [0,1]; normalization is supplied separately by a policy law such as
fep-028 softmax. The theorem compares objectives and does not claim that softmax is the unique optimizer. Semantic disposition: formalized.

16.12.1 Lean sketch

import Mathlib.Analysis.SpecialFunctions.Exp

import Mathlib.Analysis.SpecialFunctions.Log.Basic
import Mathlib.Algebra.BigOperators.Group.Finset.Basic
import Mathlib.Algebra.Order.BigOperators.Group.Finset

namespace FEP0Q12

open Real Finset

-- [proof strategy: Real.exp_nonneg / exp_pos combined with Finset.sum_nonneg / sum_pos]
abbrev Policy := Fin 10

/-- Shannon entropy of a finite policy-weight vector. The probability-simplex
assumptions are stated by the theorems that use it. -/
noncomputable def fep012_policyEntropy (g : Policy » R) : R :=

L P, ap % (-Real.log (q p))

/-- Expected policy cost under finite weights. -/
def fep012_expectedCost (g cost : Policy » R) : R :=
Y p, apxcostp

/-- Entropy-regularized policy objective, with temperature ‘t‘. -/
noncomputable def fep012_entropyRegularizedCost
(q cost : Policy > R) (T : R) : R :=
fep012_expectedCost g cost - T % fep012_policyEntropy q

/-- Policy entropy is nonnegative for weights in the unit interval. -/
theorem fep012_policyEntropy_nonneg (q : Policy » R)
(hg : ¥ p, gp € Set.Icc (0 : R) 1) :
0 < fep012_policyEntropy q := by
exact Finset.sum_nonneg fun p _ =
mul_nonneg (hq p).1
(neg_nonneg.mpr (Real.log_nonpos (hq p).1 (hq p).2))
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/-- A deterministic point policy has zero Shannon entropy. -/
theorem fep012_policyEntropy_pointMass (chosen : Policy) :
fep012_policyEntropy (fun p = if p = chosen then 1 else 0) = 0 := by
classical
simp [fep012_policyEntropy]

/-- Nonnegative entropy temperature can only lower the regularized objective
relative to the unregularized expected cost. -/
theorem fep012_entropyRegularizedCost_le_expectedCost

(q cost : Policy » R) (T : R)

(ht : 0<t) (hg: YVp, gp € Set.Icc (0 : R) 1) :

fep012_entropyRegularizedCost q cost t < fep012_expectedCost q cost := by
exact sub_le_self _ (mul_nonneg ht (fep012_policyEntropy_nonneg q hq))
/-- At zero temperature entropy regularization vanishes exactly. -/
theorem fep012_entropyRegularizedCost_zeroTemperature
(q cost : Policy » R) :
fep012_entropyRegularizedCost q cost 0 = fep0l2_expectedCost g cost := by

simp [fep012_entropyRegularizedCost]

/-- Gibbs partition sum ‘‘} exp(-G)'‘ is nonnegative (Boltzmann weights). -/
theorem fep012_gibbsPartition_nonneg (G : Policy » R) (s : Finset Policy) :
0 <Ypes, Real.exp (-G p) :=
Finset.sum_nonneg fun _ _ = Real.exp_nonneg _

/-- Gibbs partition sum is strictly positive when policy set is nonempty. -/
theorem fep012_gibbsPartition_pos (G : Policy » R) (s : Finset Policy) (hne : s.Nonempty) :
0 <Ype€s, Real.exp (-G p) :=
Finset.sum_pos (fun _ _ => Real.exp_pos _) hne

/-- Monotonicity: lower cost » larger Boltzmann weight at temperature B = 1. -/
theorem fep012_gibbs_mono (Gi G2 : Policy) (G : Policy » R) (h : G G1 < G G2) :
Real.exp (-G G2) < Real.exp (-G Gi) :=
Real.exp_le_exp.mpr (by linarith)

end FEPO12

16.12.2 Typeset statement signatures
(q : Policy = R) (hq : Vp,qp € Set.lcc (0: R) 1)

) (201)
0 < fep012_policyEntropy ¢
chosen : Polic
( | y) ' (202)
fep012_policyEntropy (Ap > if p = chosenthen 1 else0) = 0
(gcost : Policy = R) (7: R) (h7: 0 < 7) (hq : Vp,qp € Set.lcc (0 : R) 1) (203)
fep012_entropyRegularizedCost g cost 7 < fep012_expectedCost ¢ cost
(g cost : Policy = R) 204)
fep012_entropyRegularizedCost ¢ cost 0 = fep012_expectedCost g cost
(G : Policy = R) (s : Finset Policy)
(205)
0< Zp € s,Real.exp (—G p)
(G : Policy = R) (s : Finset Policy) (hne : s.Nonempty)
(206)
0< Zp € s,Real.exp (—G p)
(G, Gy : Policy) (G : Policy = R) (h: GG, < GG,) 207)

Real.exp (—G G5) < Real.exp (—G G)

16.13 fep-013 — Equilibrium Helmholtz Differential Identities

For differentiable U(T) and S(T), Helmholtz free energy has derivative U'—S—TS’; under the equilibrium first-law identity U’=TS’, this reduces exactly to
dF/dT=—S. Assumption scope: The derivative law is conditional on pointwise differentiability and the explicitly stated equilibrium identity. It is a thermody-
namic calculus identity, not a derivation of the first law or an identification with variational free energy. Semantic disposition: formalized.
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16.13.1 Lean sketch

import Mathlib.Analysis.Calculus.Deriv.Add
import Mathlib.Analysis.Calculus.Deriv.Mul
import Mathlib.Tactic

namespace FEPO13
-- [proof strategy: simp / ring for algebraic rewrites; linarith for entropy-monotone bounds]

/-- Helmholtz free energy: F = U - TS defines the thermodynamic potential. -/
noncomputable def fep013_helmholtz (UT S : R) : R:=U-T % S

/-- At zero temperature, Helmholtz free energy equals internal energy. -/
theorem fep013_helmholtz_at_zero_temp (U S : R) : fep013_helmholtz U O S = U := by
simp [fep013_helmholtz]

/-- Helmholtz free energy is monotone decreasing in entropy at positive temperature. -/
theorem fep013_helmholtz_mono_entropy (U T : R) (S1 S2 : R) (hT : 0 < T) (h : S1 < S32) :
fep013_helmholtz U T S; < fep013_helmholtz U T Si1 := by
simp only [fep013_helmholtz]
linarith [mul_le_mul_of_nonneg_left h (le_of_1t hT)]

/-- Helmholtz free energy is monotone increasing in internal energy. -/
theorem fep013_helmholtz_mono_U (Us U2 TS : R) (h : U1 < Uz) :
fep013_helmholtz U1 T S = fep013_helmholtz U, T S := by
simp only [fep013_helmholtz]; linarith

/-- Helmholtz difference: AF = AU - TAS. -/
theorem fep013_delta_F (Ui U2 T S1 S2 : R) :
fep013_helmholtz Uz T Sz - fep013_helmholtz Us T S1 = (U2 - Us) - T % (S2 - S1) := by
simp only [fep013_helmholtz]; ring

/-- Exact temperature derivative of ‘F(T) = U(T) - T S(T)‘. -/
theorem fep013_helmholtz_hasDerivAt
f{US:R->R}{U S'T:R}
(hu : HasDerivAt U U' T) (hS : HasDerivAt S S' T) :
HasDerivAt (fun t = fep013_helmholtz (U t) t (S t))
(U'" - (ST+T%S")) T :=by
convert HasDerivAt.sub hU (HasDerivAt.mul (hasDerivAt_id T) hS) using 1
all_goals
first
| exact AddCommGroup.ext rfl
| exact Module.ext rfl
| rfl
| simp
/-- Under the equilibrium first-law identity ‘U'(T) = T S'(T)", the
Helmholtz derivative is exactly minus entropy. -/
theorem fep013_helmholtz_derivative_eq_neg_entropy
fUS:R>R}{U'S'"T:R}
(hU : HasDerivAt U U' T) (hS : HasDerivAt S S' T)
(hfirstLaw : U' =T % S") :
HasDerivAt (fun t = fep013_helmholtz (U t) t (S t)) (-S T) T := by
convert fep013_helmholtz_hasDerivAt hU hS using 1

rw [hfirstlLaw]
ring

end FEPO13

16.13.2 Typeset statement signatures
(US:R)
fep013_helmholtzU 0S = U

(UT:R)(S, 8 :R)(hT:0<T)(h:85, <8,)
fep013_helmholtzU T' S, < fep013_helmholtzU T' S,
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(U, U, TS:R)(h:U; <Uy)
fep013_helmholtzU; T'S' < fep013_helmholtzU, T' S

(U, U, TS, S, :R)
fep013_helmholtz U, T' Sy — fep013_helmholtzU; T'S; = (Uy —Uy) =T - (S5 — S4)

{US:R= R}{U'S'T : R} (hU : HasDerivAt U U’T) (hS : HasDerivAt S .S'T)
HasDerivAt (At > fep013_helmholtz (U t)t (St)) (U — (ST +T-S')T

{US:R=R}}HU'S'T : R} (hU : HasDerivAt U U’T') (hS : HasDerivAt S S'T)
(hfirstLaw : U’ =T - 5")
HasDerivAt (At  fep013_helmholtz (U t)t (St)) (—ST)T

16.14 fep-014 — KL Divergence: Non-Negativity, Identity, and Chain Rule

(210)

(211)

(212)

(213)

Mathlib KL divergence is nonnegative, vanishes exactly on equal finite measures, and obeys the composition-product chain rule for Markov kernels. Assumption
scope: Self-divergence uses SigmaFinite; zero-characterization and the chain rule use finite measures; the chain rule additionally requires Markov kernels. The
pin separately exposes native measure-KL data processing under a Markov kernel as InformationTheory.kIDiv_comp_right_le; fep-014 does not include that

theorem in its maintained theorem surface. Semantic disposition: formalized.

16.14.1 Lean sketch

import Mathlib.InformationTheory.KullbackLeibler.ChainRule
namespace FEPO14
variable {a : Typex} [MeasurableSpace o]

open MeasureTheory ProbabilityTheory
open scoped ENNReal

/-- KL divergence is nonnegative in its native extended-real codomain. -/
theorem fep014_kl_nonneg (M v : Measure a) :
0 < InformationTheory.klDiv p v :=
bot_le

/-- KL divergence of a sigma-finite measure from itself is zero. -/
theorem fep01l4_kl_self (p : Measure o) [SigmaFinite p] :
InformationTheory.klDiv p p = 0 :=
InformationTheory.klDiv_self p

/-- For finite measures, zero KL divergence characterizes equality. -/
theorem fep014_kl_eq_zero_iff (y v : Measure a)
[IsFiniteMeasure p] [IsFiniteMeasure v] :
InformationTheory.klDiv p v = 0 e g = v :=
InformationTheory.klDiv_eq_zero_iff

variable {p : Typex} [MeasurableSpace B]

/-- Mathlib's composition-product chain rule for KL divergence. -/
theorem fep01l4_kl_chain_rule (u v : Measure a) (k n : Kernel a B)
[IsFiniteMeasure p] [IsFiniteMeasure v]
[IsMarkovKernel k] [IsMarkovKernel n] :
InformationTheory.klDiv (M &m k) (V ®m N) =
InformationTheory.klDiv p v +
InformationTheory.klDiv (y ®m k) (M ®m N) :=
InformationTheory.klDiv_compProd_eq_add p v k n

end FEPO14

16.14.2 Typeset statement signatures
{a : Type"} [MeasurableSpace o]

(v = Measure )

0 < InformationTheory.kIDiv pt v
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{a : Type"} [MeasurableSpace o]
(1 : Measure «) [SigmaFinite y) (215)
InformationTheory.kIDiv 1yt = 0

{a : Type"} [MeasurableSpace o]
(nv : Measure ) [IsFiniteMeasure p] [IsFiniteMeasure v/] (216)
InformationTheory kIDivpy =0 <+ p=v

{a : Type"} [MeasurableSpace «]

(v : Measure ) (k7 : Kernel a ) [IsFiniteMeasure y] [IsFiniteMeasure v/]

[IsMarkovKernel k] [IsMarkovKernel 7] 217
InformationTheory.kIDiv (i ®,,, k) (v ®,,, 1) = InformationTheory.kIDiv p v

+ InformationTheory kIDiv (11 ®,,, k) (1 ®,,, 1)

16.15 fep-015 — Measurable Variational Integrand

A pointwise variational integrand built from measurable energy, approximate log density, and generative log density is measurable and remains so under
measurable reparameterization and baseline shifts. Assumption scope: All three real-valued ingredients and any reparameterization are assumed measurable.
Measurability does not imply integrability, finite expectation, or existence of an optimizer, none of which is claimed. Semantic disposition: formalized.

16.15.1 Lean sketch

import Mathlib.MeasureTheory.Constructions.BorelSpace.Basic
namespace FEPO15
variable {a : Typex} [MeasurableSpace ]

/-- Pointwise variational-free-energy integrand: energy plus approximate
log-density minus generative log-density. -/
def fep015_variationallntegrand
(energy logApproximation logGenerative : a » R) (state : a) : R :=
energy state + logApproximation state - logGenerative state

/-- Measurability of all three scientific ingredients is sufficient for
measurability of the complete variational integrand. -/
theorem fep015_variationallntegrand_measurable

{energy logApproximation logGenerative : a - R}

(henergy : Measurable energy)

(happroximation : Measurable logApproximation)

(hgenerative : Measurable logGenerative)

Measurable

(fepO15_variationallntegrand energy logApproximation logGenerative) := by
exact (henergy.add happroximation).sub hgenerative

/-- Reparameterizing a measurable variational integrand by a measurable state
map preserves measurability. -/
theorem fep015_variationallntegrand_comp_measurable

{B : Typex} [MeasurableSpace B]

{energy logApproximation logGenerative : a - R}

{reparameterize : B » a}

(henergy : Measurable energy)

(happroximation : Measurable logApproximation)

(hgenerative : Measurable logGenerative)

(hreparameterize : Measurable reparameterize) :

Measurable

(fep015_variationallntegrand energy logApproximation logGenerative o
reparameterize) :=
(fep015_variationallntegrand_measurable
henergy happroximation hgenerative).comp hreparameterize

/-- Adding a measurable scalar baseline preserves variational-integrand

measurability. -/
theorem fepO@i15_variationallntegrand_add_const_measurable
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{energy logApproximation logGenerative : a - R}
(henergy : Measurable energy)
(happroximation : Measurable logApproximation)
(hgenerative : Measurable logGenerative) (baseline : R) :
Measurable (fun state =
fep015_variationallntegrand energy logApproximation logGenerative state +
baseline) :=
(fep015_variationalIntegrand_measurable
henergy happroximation hgenerative).add measurable_const

end FEPO15

16.15.2 Typeset statement signatures

{a : Type"} [MeasurableSpace o]

{energy logApproximation logGenerative : & = R} (henergy : Measurable energy)

(happroximation : Measurable logApproximation) (218)
(hgenerative : Measurable logGenerative)

Measurable (fep015_variationallntegrand energy logApproximation logGenerative)

{a : Type"} [MeasurableSpace a
{B : Type"} [MeasurableSpacef] {energy logApproximation logGenerative : o = R}
{reparameterize : § = a} (henergy : Measurable energy)

(happroximation : Measurable logApproximation)

. . (219)

(hgenerative : Measurable logGenerative)
(hreparameterize : Measurable reparameterize)
Measurable (fep015_variationallntegrand energy logApproximation logGenerativeo
reparameterize)

{a : Type"} [MeasurableSpace «]

{energy logApproximation logGenerative : &« = R} (henergy : Measurable energy)

happroximation : Measurable logApproximation

(happ gAPp ) 220)

(hgenerative : Measurable logGenerative) (baseline : R)
Measurable (A state — fep015_variationallntegrand energy logApproximation

logGenerative state + baseline)

16.16 fep-016 — Exact Scalar Quadratic Laplace Kernel

A positive-precision scalar quadratic exponential is integrable and has the exact Gaussian normalizing integral sqrt(7/(precision/2)). Assumption scope: Precision
is strictly positive for the scientific integrability result. This is the exact scalar quadratic case underlying Laplace approximation; no approximation-error or
higher-dimensional determinant theorem is claimed. Semantic disposition: formalized.

16.16.1 Lean sketch

import Mathlib.Analysis.SpecialFunctions.Gaussian.GaussianIntegral
namespace FEPO16

/-- Laplace approximation: quadratic forms have a global minimum at zero. -/
theorem fep0l6_quadratic_min (x : R) : 0 < x A 2 :=
sg_nonneg x

/-- The quadratic (x - p)2? achieves its minimum value of O at x = p. -/
theorem fep016_quadratic_at_mode (u : R) : (4 - p) A 2 =0 := by ring

/-- Precision-weighted quadratic: prec % (x - p)? is nonneg when prec = 0. -/
theorem fep016_precision_weighted (prec x p : R) (hp : 0 < prec) :
0 < prec * (x - p) * 2 :=
mul_nonneg hp (sg_nonneg _)

/-- Symmetry of quadratic loss: (x - p)2 = (p - x)2. -/
theorem fep016_quadratic_sym (x p ¢ R) : (x - pu) » 2 = (4 - x) A 2 := by ring
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/-- Expansion: (x - p)? = x? - 2ux + p? (second-order Taylor anchor). -/
theorem fep0l6_quadratic_expand (x p : R) :
(X = h) A2 =XxA2-2%pu*xX+Md™r2:=byring

/-- The centered exponential kernel produced by a scalar quadratic Laplace
model with precision ‘precision‘. -/
noncomputable def fep016_laplaceKernel (precision x : R) : R :=

Real.exp (-(precision / 2) % x * 2)

/-- Positive precision makes the quadratic Laplace kernel integrable. -/
theorem fep016_laplaceKernel_integrable
{precision : R} (hprecision : @ < precision) :
MeasureTheory.Integrable (fep0l6_laplaceKernel precision) := by
exact integrable_exp_neg_mul_sq (by positivity : 0 < precision / 2)

/-- Mathlib's Gaussian integral gives the exact scalar Laplace normalizer. -/
theorem fep016_laplaceKernel_integral
{precision : R} (hprecision : O < precision) :
(/ x : R, fep016_laplaceKernel precision x) =
Real.sqrt (Real.pi / (precision / 2)) := by
have _hintegrable :
MeasureTheory.Integrable (fep016_laplaceKernel precision) :=
fep016_laplaceKernel_integrable hprecision
simpa [fep016_laplaceKernel] using
integral_gaussian (precision / 2)

end FEPO16

16.16.2 Typeset statement signatures

(@ :R) 221
0<a? (221)
'R
(1 R) 2 ©22)
(p—p)*=0
recxp: R) (hp: 0 < prec
(preca )(pZ,P ) 223)
0 < prec: (z— p)
zu:R
(wp 3 ) (224)
(z—p)*=(p—2)
rp:R
e z 2 2 (225)
(z—p)=a"=2-p-z+p
{precision : R} (hprecision : 0 < precision) 226)
MeasureTheory.Integrable (fep016_laplaceKernel precision)
{precision : R} (hprecision : 0 < precision)
(/x : R, fep016_laplaceKernel precision x) = Real.sqrt 227)

(Real.pi/(precision/2))

16.17 fep-017 — Posterior Kernel Reconstruction

Mathlib’s posterior is a Markov kernel whose composition with the predictive law reconstructs the swapped prior-likelihood joint law; for a Markov likelihood
it also recovers the prior. Assumption scope: Conditional on standard-Borel and nonempty latent structure plus finite prior and likelihood kernel. The Radon—
Nikodym Bayes formula additionally uses countability of the latent space and standard-Borel observation structure. This is a regular posterior-kernel theorem,
not a claim about learned or approximate posteriors. Semantic disposition: formalized.
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16.17.1 Lean sketch

import Mathlib.Probability.Kernel.Posterior
namespace FEP0O17

open MeasureTheory ProbabilityTheory
open scoped ENNReal ProbabilityTheory

variable {Q X:Type*} [MeasurableSpace Q2] [MeasurableSpace X]

/-- The native posterior kernel of a likelihood kernel with respect to a prior. -/
noncomputable def fep017_posterior
(k : Kernel Q X&) (u: Measure Q)
[StandardBorelSpace Q] [Nonempty Q]
[IsFiniteMeasure p] [IsFiniteKernel k] :
Kernel X Q =
ProbabilityTheory.posterior k p

/-- Every posterior fibre is a probability measure. -/
theorem fep017_posterior_mass_one
(k : Kernel Q X&) (u: Measure Q)
[StandardBorelSpace Q] [Nonempty Q]
[IsFiniteMeasure p] [IsFiniteKernel k]
(x :+ X):
fepO17_posterior k p x Set.univ = 1 := by
change (ProbabilityTheory.posterior k y x) Set.univ = 1
exact measure_univ

/-- Posterior reconstruction: predictive mass followed by the posterior
recovers the swapped prior-likelihood joint law. -/
theorem fep017_posterior_joint_reconstruction

(k : Kernel Q X&) (u: Measure Q)

[StandardBorelSpace Q] [Nonempty Q]

[IsFiniteMeasure p] [IsFiniteKernel k] :

(K om M) ®m TepOl7_posterior k Yy = (U ®m k).map Prod.swap := by

exact ProbabilityTheory.compProd_posterior_eq_map_swap

/-- Applying a Markov likelihood and then its posterior recovers the prior. -/
theorem fep017_posterior_recovers_prior
(k : Kernel Q X) (u: Measure Q)
[StandardBorelSpace Q] [Nonempty Q]
[IsFiniteMeasure p] [IsMarkovKernel k] :
fepO17_posterior kK P om K om P = M := by
exact ProbabilityTheory.posterior_comp_self

/-- On a countable latent space, the posterior is the prior weighted by the
Radon--Nikodym likelihood ratio, almost everywhere under the predictive law. -/
theorem fep017_posterior_bayes_density

[Countable Q] [StandardBorelSpace Q] [Nonempty Q]

[StandardBorelSpace X][Nonempty X]

(k : Kernel Q X&) (u: Measure Q) [IsFiniteMeasure u] [IsFiniteKernel k] :

Y™ x 9(k om p),

fep0l17_posterior k Y x =
M.withDensity (fun w » (k w).rnDeriv (k om M) X) := by
exact ProbabilityTheory.posterior_eq_withDensity_of_countable k u

end FEPO17

16.17.2 Typeset statement signatures

{QX : Type"} [MeasurableSpace(2] [MeasurableSpace ]

(k : Kernel QX)) (p : Measure(Q) [StandardBorelSpace Q2] [Nonempty €]
[IsFiniteMeasure p] [IsFiniteKernel k] (z : ')

fep017_posterior k px Q2 =1
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{QX : Type"} [MeasurableSpace(}] [MeasurableSpaceX]
(k : Kernel Q1) (1 : MeasureQ2) [StandardBorelSpace Q2] [Nonempty 2]

- . (229)
[IsFiniteMeasure p] [IsFiniteKernel x]

(Ko, 1) ®,, fep017_posterior sy = (4 ®,,, K).map Prod.swap

{QX : Type"} [MeasurableSpace(?] [MeasurableSpaceX |
(k : Kernel Q1) (1 : MeasureQ2) [StandardBorelSpace 2] [Nonempty 2]

- (230
[IsFiniteMeasure p] [IsMarkovKernel x|

fep017_posteriork jt o, Ko, [t =

{QX : Type"} [MeasurableSpace(] [MeasurableSpaceX|
[Countable ] [StandardBorelSpace 2] [Nonempty 2] [StandardBorelSpace X']
[Nonempty X] (k : Kernel Q) (i : MeasureQ) [IsFiniteMeasure p]

231
[IsFiniteKernel k] (231)

V&€ 2 d(ko,, p),fep017_posterior k j1 & = p.withDensity
(Aw > (Kw).rmDeriv (Ko, p)x)

16.18 fep-018 — Bernoulli Fisher—Rao Coordinate Distance

The Bernoulli Fisher—Rao coordinate distance is nonnegative, symmetric, separating on the probability interval, and satisfies the triangle inequality. Assumption
scope: Separation is restricted to Bernoulli parameters in [0,1], where square root and arcsine are injective. This is the closed-form one-dimensional Fisher-Rao
distance, not a general geodesic-existence theorem for arbitrary statistical manifolds. Semantic disposition: formalized.

16.18.1 Lean sketch

import Mathlib.Analysis.SpecialFunctions.Trigonometric.Inverse
import Mathlib.Analysis.Real.Sqrt
import Mathlib.Tactic

namespace FEP018

/-- Variance-stabilizing Fisher--Rao coordinate for the Bernoulli family. -/
noncomputable def fep018_fisherCoordinate (p : R) : R :=
2 % Real.arcsin (Real.sqgrt p)

/-- Closed-form coordinate distance on the Bernoulli probability interval. -/
noncomputable def fep@18_fisherRaoDistance (p g : R) : R :=
| fep018_fisherCoordinate p - fep018_fisherCoordinate q

/-- Fisher--Rao coordinate distance is nonnegative. -/
theorem fep018_fisherRaoDistance_nonneg (p q : R) :
0 =< fep018_fisherRaoDistance p q :=
abs_nonneg _

/-- Fisher--Rao coordinate distance is symmetric. -/
theorem fep018_fisherRaoDistance_symm (p q : R) :
fep018_fisherRaoDistance p g = fep018_fisherRaoDistance q p := by
exact abs_sub_comm _ _

/-- The coordinate distance satisfies the triangle inequality. -/
theorem fep018_fisherRaoDistance_triangle (p g v : R) :
fep018_fisherRaoDistance p r =
fep018_fisherRaoDistance p q + fep018_fisherRaoDistance q r := by
calc
| fep018_fisherCoordinate p - fep018_fisherCoordinate r| =
| (fep018_fisherCoordinate p - fep018_fisherCoordinate q) +
(fep018_fisherCoordinate q - fep018_fisherCoordinate r)| := by
congr 1
ring
_ < |fep018_fisherCoordinate p - fep018_fisherCoordinate q| +
| fep018_fisherCoordinate q - fep@18_fisherCoordinate r| :=
abs_add_le _ _
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/-- On the probability interval, zero Fisher--Rao distance characterizes
equality of Bernoulli parameters. -/
theorem fep018_fisherRaoDistance_eq_zero_iff
{pag:R} (hp : peSet.Icc (0 : R) 1) (hg : g € Set.Icc (0 : R) 1) :
fep018_fisherRaoDistance p g = 0 e p = q := by
constructor
- intro h
have hcoord : fep018_fisherCoordinate p = fep018_fisherCoordinate q :=
sub_eq_zero.mp (abs_eq_zero.mp h)
have harcsin : Real.arcsin (Real.sqrt p) = Real.arcsin (Real.sqrt q) := by
simp only [fep018_fisherCoordinate] at hcoord
linarith
have hsqrt : Real.sqrt p = Real.sqrt q :=
(Real.arcsin_inj
(by linarith [Real.sqgrt_nonneg p]) (Real.sqrt_le_one.mpr hp.2)
(by linarith [Real.sgrt_nonneg q]) (Real.sgrt_le_one.mpr hg.2)).mp harcsin
exact (Real.sqrt_inj hp.1 hqg.1).mp hsqrt
« rintro rfl
simp [fepO18_fisherRaoDistance]

end FEPO18

16.18.2 Typeset statement signatures

: R

(pq:R) | _ 232)

0 < fep018_fisherRaoDistance p q
(pq:R) 233)
fep018_fisherRaoDistance p ¢ = fep018_fisherRaoDistance g p
(pgr:R)
fep018_fisherRaoDistance p rr < fep018_fisherRaoDistance p q (234)
+ fep018_fisherRaoDistance ¢ r
{pq:R}(hp:p € Setllcc(0:R)1) (hq: q € Set.lcc(0: R) 1) 235)

fep018_fisherRaoDistancepq =0 <> p = ¢

16.19 fep-019 — Prior-Predictive Kernel Composition

The native prior-predictive law preserves total mass for a Markov likelihood and sequential prediction equals measure composition by the composed kernels.
Assumption scope: Mass preservation requires a Markov likelihood; probability mass one additionally requires a probability prior. The associativity law is
structural measure-kernel composition and does not assert model calibration or identifiability. Semantic disposition: formalized.

16.19.1 Lean sketch

import Mathlib.Probability.Kernel.Composition.MeasureComp
namespace FEP019

open MeasureTheory ProbabilityTheory
open scoped ENNReal

variable {Q X ) : Type*}
variable [MeasurableSpace Q] [MeasurableSpace X][MeasurableSpace )]

/-- The prior-predictive law is native measure-kernel composition. -/
noncomputable def fep019_priorPredictive
(k : Kernel Q &) (u: Measure Q) : Measure X :=
K om M

/-- A Markov likelihood preserves total prior mass in the predictive law. -/
theorem fep019_priorPredictive_mass
(k : Kernel Q X&) (u: Measure Q) [IsMarkovKernel k] :
fep019_priorPredictive k py Set.univ = p Set.univ := by
exact Measure.comp_apply_univ
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/-- A probability prior and Markov likelihood produce a probability predictive law. -/
theorem fep019_priorPredictive_mass_one
(k : Kernel Q X) (u: Measure Q)
[IsProbabilityMeasure p] [IsMarkovKernel k] :
fep019_priorPredictive k P Set.univ = 1 := by
change (K om p) Set.univ = 1
exact measure_univ

/-- Sequential prediction agrees with composition of the two kernels. -/
theorem fep019_priorPredictive_assoc
(k : Kernel Q X) (n:Kernel X)) (1 : Measure Q) :
n om fep0l9_priorPredictive k y =
fep019_priorPredictive (n ok k) p := by
exact Measure.comp_assoc

end FEPO19

16.19.2 Typeset statement signatures

{QX Y : Type"} [MeasurableSpace()] [MeasurableSpaceX | [MeasurableSpaceY]
(K : Kernel QX) (i : Measure)) [IsMarkovKernel x|
fep019_priorPredictive k 1 2 = Q2

{QX Y : Type"} [MeasurableSpace()] [MeasurableSpaceX ] [MeasurableSpaceY]
(k : Kernel Q X) (i : MeasureQ) [IsProbabilityMeasure p] [IsMarkovKernel x|
fep019_priorPredictivek 12 = 1

{QX Y : Type"} [MeasurableSpace()] [MeasurableSpaceX | [MeasurableSpaceY]
(k : Kernel QX)) () : Kernel X' Y) (1 = Measure(?)
7 o,, fep019_priorPredictive x p1 = fep019_priorPredictive (1) o), k) i1

16.20 fep-020 — Two-State Markov Relaxation

(236)

(237)

(238)

A normalized symmetric two-state transition has the uniform stationary law; its exact n-step deviation is (1-2a)*n times the initial deviation and converges
to zero for 0 < o < 1. Assumption scope: Transition nonnegativity uses « in [0,1], while convergence uses the strict interior so I11-2al < 1. This is an exact

finite-state Markov relaxation model, not a discretized Langevin diffusion. Semantic disposition: formalized.

16.20.1 Lean sketch

import Mathlib.Analysis.SpecificLimits.Normed

import Mathlib.Algebra.BigOperators.Group.Finset.Basic
import Mathlib.Data.Bool.Basic

import Mathlib.Tactic

namespace FEP020

/-- Symmetric two-state Markov transition with switching probability ‘a‘. -/
def fep@20_transition (a : R) : Bool » Bool - R

| false, false = 1 - «

| false, true = a

| true, false = «

| true, true = 1 - «

/-- The transition entries are nonnegative when ‘a‘ is a probability. -/
theorem fep020_transition_nonneg
{o : R} (ha® : 0 = ) (hal : a < 1) (source target : Bool) :
0 = fep020_transition o source target := by
cases source <;> cases target <;> simp [fep020_transition] <;> linarith

/-- Every transition row sums to one. -/
theorem fep020_transition_sum_one (a : R) (source : Bool) :
Y target : Bool, fep020_transition o source target = 1 := by
cases source <;> simp [fep020_transition]

/-- Evolution of the probability of state ‘true‘ under the transition law. -/
def fep020_evolve (¢ p : R) : R :=
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- p) % fep020_transition o false true +
1 fep020_t iti fal t
p % fep020_transition a true true

/-- The two-state master equation is an affine relaxation map. -/
theorem fep020_evolve_affine (a p : R) :
fep020_evolve o p = a + (1 - 2 % a) * p := by
simp [fep020_evolve, fep020_transition]
ring

/-- The uniform law is stationary under the symmetric transition. -/
theorem fep020_uniform_stationary (e : R) :
fep020_evolve o (1 /2 : R) =1 / 2 := by
rw [fep020_evolve_affine]
ring

/-- One transition scales deviation from equilibrium by ‘1 - 2a‘. -/
theorem fep020_deviation_step (¢ p : R) :
fep020_evolve a p -1 /2 =(1-2%a) * (p -1/ 2) :=by
Tw [fep020_evolve_affine]
ring

/-- Exact deviation after ‘n‘ Markov steps. -/
theorem fep020_iterate_deviation (¢ p : R) (n : N) :
((fep020_evolve a)r[n]) p -1/ 2 =
(1-2%0a)2*nx(p-1/2):=hby
induction n with
| zero = simp
| succ n ih =
rw [Function.iterate_succ_apply']
rw [fep020_deviation_step, ih, pow_succ]
ring

/-- With a strictly interior switching probability, every initial mass
converges to the stationary uniform law. -/
theorem fep020_tendsto_uniform
{o : R} (ha® : 0 < ) (hal : « < 1) (p : R) :
Filter.Tendsto (fun n = ((fep020_evolve a)*[n]) p)
Filter.atTop (nhds (1 / 2 : R)) := by
have habs : |1 - 2 ¥ a|] <1 := by
rw [abs_1t]
constructor <j3;> linarith
have hpow : Filter.Tendsto (funn : N= (1 - 2 % a) ~ n)
Filter.atTop (nhds 0) :=
tendsto_pow_atTop_nhds_zero_of_abs_lt_one habs
have hdev : Filter.Tendsto
(fun n : N = ((fep020_evolve a)*[n]) p -1/ 2)
Filter.atTop (nhds 0) := by
simpa only [fep020_iterate_deviation, zero_mul] using
hpow.mul_const (p - 1 / 2)
simpa only [sub_add_cancel, zero_add] using hdev.add_const (1 / 2 : R)

end FEPO20

16.20.2 Typeset statement signatures
{a: R} (ha0:0 < a) (hal : a < 1) (sourcetarget : Bool)

" (239)
0 < fep020_transition a source target
(v : R) (source : Bool)
(240)
Z target : Bool, fep020_transition o source target = 1
ap:R
(ap:R) @41)
fep020_evolveap =a+ (1—2-a)-p
a:R
(a:R) (242)

fep020_evolve v (1/2: R) = 1/2
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(ap:R) (243)
fep020_evolveap —1/2=(1—-2-«) - (p—1/2)

(ap:R)(n:N)

(244)
((fep020_evolve a)n))p —1/2 = (1 —2-a)" - (p — 1/2)

{a:R}(ha0:0< a)(hal:a<1)(p:R)
Filter. Tendsto (An > ((fep020_evolve a)n]) p) Filter.at Top (245)
(nhds (1/2: R))

16.21 fep-021 — EFE Epistemic—Pragmatic Balance

Expected free energy is pragmatic expected cost minus epistemic information value in ENNReal; under epistemic value at most cost, adding information back
reconstructs cost, while EFE is monotone in cost and antitone in information. Assumption scope: The truncated subtraction convention makes EFE nonnegative
and requires an explicit epistemic <pragmatic premise for exact reconstruction. It does not assert the alternative risk-plus-ambiguity identity without a generative-
model derivation. Semantic disposition: formalized

16.21.1 Lean sketch

import Mathlib.Basic.ENNReal.Inv
namespace FEP021
open scoped ENNReal

/-- Expected free energy convention: pragmatic expected cost minus epistemic
information value, truncated at zero in the extended nonnegative reals. -/
noncomputable def fep021_expectedFreeEnergy
(pragmaticCost epistemicValue : ENNReal) : ENNReal :=
pragmaticCost - epistemicValue

/-- Expected free energy is nonnegative in its native codomain. -/
theorem fep021_efe_nonneg (pragmaticCost epistemicValue : ENNReal) :
0 < fep021_expectedFreeEnergy pragmaticCost epistemicValue :=

bot_le

/-- When information value does not exceed pragmatic cost, adding it back
exactly reconstructs that cost. This fixes the epistemic sign convention. -/
theorem fep021_efe_epistemic_balance

{pragmaticCost epistemicValue : ENNReal}

(hvalue : epistemicValue < pragmaticCost) :

fep021_expectedFreeEnergy pragmaticCost epistemicValue + epistemicValue =

pragmaticCost := by
exact tsub_add_cancel_of_le hvalue

/-- Higher pragmatic cost cannot reduce EFE at fixed information value. -/
theorem fep021_efe_mono_pragmatic
{pragmatics pragmatic, epistemicValue : ENNReal}
(hpragmatic : pragmatici: < pragmatic.) :
fep021_expectedFreeEnergy pragmatici epistemicValue =
fep021_expectedFreeEnergy pragmatic. epistemicValue :=
tsub_le_tsub_right hpragmatic epistemicValue

/-- Higher epistemic value cannot increase EFE at fixed pragmatic cost. -/
theorem fep021_efe_antitone_epistemic
{pragmaticCost epistemics epistemicz : ENNReal}
(hepistemic : epistemici < epistemicz) :
fep021_expectedFreeEnergy pragmaticCost epistemic. <
fep021_expectedFreeEnergy pragmaticCost epistemics :=
tsub_le_tsub_left hepistemic pragmaticCost

/-- Truncated EFE is zero exactly when information value covers pragmatic cost. -/
theorem fep021_efe_eq_zero_iff

(pragmaticCost epistemicValue : ENNReal)

fep021_expectedFreeEnergy pragmaticCost epistemicValue = 0 o
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pragmaticCost < epistemicValue := by
exact tsub_eq_zero_iff_le

end FEPO21

16.21.2 Typeset statement signatures
(pragmaticCost epistemicValue : RSj)

0 < fep021_expectedFreeEnergy pragmaticCost epistemicValue

{pragmaticCost epistemicValue : [R;%}
(hvalue : epistemicValue < pragmaticCost)
fep021_expectedFreeEnergy pragmaticCost epistemicValue + epistemicValue

= pragmaticCost

{pragmatic, pragmatic, epistemicValue : R
(hpragmatic : pragmatic; < pragmatics)
fep021_expectedFreeEnergy pragmatic, epistemicValue < fep021_expectedFreeEnergy

pragmatic, epistemicValue

{pragmaticCost epistemic, epistemic, : R3}
(hepistemic : epistemic, < epistemic,)
fep021_expectedFreeEnergy pragmaticCost epistemic, < fep021_expectedFreeEnergy

pragmaticCost epistemic,

(pragmaticCost epistemicValue : Rj)
fep021_expectedFreeEnergy pragmaticCost epistemicValue = 0 <+ pragmaticCost

< epistemicValue

16.22 fep-022 — Posterior-Predictive Kernel and Brier Properness

(246)

(247)

(248)

(249)

(250)

Markov posterior and likelihood kernels compose into normalized posterior-predictive fibres, and expected Bernoulli Brier loss is uniquely minimized by the true
event probability. Assumption scope: Kernel normalization requires both components to be Markov. Brier properness is an exact real-algebra identity whose
probabilistic interpretation restricts true and forecast masses to [0,1]. It is a proper one-event discrepancy, not an empirical calibration-frequency theorem.

Semantic disposition: formalized.

16.22.1 Lean sketch

import Mathlib.Probability.Kernel.Composition.MeasureComp
import Mathlib.Tactic

namespace FEP022

open MeasureTheory ProbabilityTheory
open scoped ENNReal

variable {CQ X : Type*}
variable [MeasurableSpace (] [MeasurableSpace Q2] [MeasurableSpace X]

/-- A posterior-predictive kernel composes a context-indexed posterior with a
latent-state likelihood kernel. -/
noncomputable def fep022_posteriorPredictive
(posterior : Kernel CQ) (likelihood : Kernel Q X) : Kernel C X :=
likelihood ok posterior

/-- Markov posterior and likelihood kernels yield normalized predictive fibres. -/
theorem fep022_posteriorPredictive_mass_one
(posterior : Kernel CQ) (likelihood : Kernel Q X)
[IsMarkovKernel posterior] [IsMarkovKernel likelihood] (c : C):
fep022_posteriorPredictive posterior likelihood c¢ Set.univ = 1 := by
change (likelihood ok posterior) c Set.univ = 1
exact measure_univ
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/-- Expected Bernoulli Brier loss at true mass ‘p‘ and forecast ‘q‘. -/
def fep022_brierScore (p g : R) : R :=
px(l-9g)"r2+(1-p)xqghr2

/-- Brier loss is Bayes uncertainty plus squared forecast error. -/
theorem fep022_brier_decomposition (p g : R) :
fep022_brierScore p g =p * (1 - p) + (g - p) » 2 := by
simp only [fep022_brierScore]
ring

/-- Expected Brier loss is minimized uniquely by reporting the true mass. -/
theorem fep022_brier_eq_optimum_iff (p q : R) :
fep022_brierScore p g =p % (1 - p) e g =p := by
rw [fep022_brier_decomposition]
constructor
- intro h
nlinarith [sq-nonneg (q - p)]
- rintro rfl
ring

/-- Extract the predictive probability assigned to ‘true‘ by a binary model. -/
noncomputable def fep022_predictiveTrueMass
(posterior : Kernel CQ) (likelihood : Kernel Q Bool) (c: C): R :=
(fep022_posteriorPredictive posterior likelihood ¢ {true}).toReal

/-- The predictive Brier score inherits the exact proper-score decomposition. -/
theorem fep022_predictive_brier_decomposition
(posterior : Kernel CQ) (likelihood : Kernel Q Bool) (c: C) (p: R):
fep022_brierScore p (fep022_predictiveTrueMass posterior likelihood c) =

px(1-p)+
(fep022_predictiveTrueMass posterior likelihood ¢ - p) A 2 := by
exact fep022_brier_decomposition _ _

end FEPO22

16.22.2 Typeset statement signatures
{€ QX : Type"} [MeasurableSpaceC] [MeasurableSpace()] [MeasurableSpaceX]
(posterior : Kernel € ) (likelihood : Kernel £2 ') [IsMarkovKernel posterior]
[IsMarkovKernel likelihood] (¢ : €)
fep022_posteriorPredictive posterior likelihood ¢ 2 = 1

(251)

{€Q X : Type"} [MeasurableSpaceC] [MeasurableSpace(2] [MeasurableSpaceX]
(Pg:R) (252)
fep022_brierScorepg =p - (1 —p) + (¢ — p)?

{€QX : Type"} [MeasurableSpaceC] [MeasurableSpace()] [MeasurableSpaceX]
(Pg:R) (253)
fep022_brierScorepg=p-(1—p) <> qg=p

{€QX : Type"} [MeasurableSpaceC] [MeasurableSpace()] [MeasurableSpaceX]
(posterior : Kernel € Q) (likelihood : Kernel Q Bool) (¢ : €) (p : R)

fep022_brierScore p (fep022_predictive TrueMass posterior likelihood ¢) = p
2

(254)

- (1 —p) + (fep022_predictiveTrueMass posterior likelihood ¢ — p)

16.23 fep-023 — Policy-Indexed Reachable Laws

The distributional affordance set is the image of available policies under their outcome-law map; policy-set inclusion is monotone and normalization of every
policy law transfers to every reachable law. Assumption scope: Reachability is policy-indexed one-step image semantics. Normalization is an explicit premise
on available policy laws; no controllability, multi-step support closure, or topology on the law space is claimed. Semantic disposition: formalized.
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16.23.1 Lean sketch

import Mathlib.MeasureTheory.Measure.Typeclasses.Probability
namespace FEP023

open MeasureTheory

variable {Policy Outcome : Typex} [MeasurableSpace Outcome]

/-- Distributional affordance set: outcome laws induced by available policies. -/
def fep023_reachablelLaws
(policies : Set Policy) (law : Policy -» Measure Outcome) :
Set (Measure Outcome) :=
law '' policies

/-- Every available policy induces a reachable outcome law. -/
theorem fep023_policy_reachable
(policies : Set Policy) (law : Policy - Measure Outcome)
{policy : Policy} (hpolicy : policy € policies) :
law policy € fep023_reachableLaws policies law :=
(policy, hpolicy, rfl)

/-- Expanding the policy set can only enlarge the reachable-law set. -/
theorem fep023_reachable_mono
{policies; policies, : Set Policy} (law : Policy - Measure Outcome)
(hpolicies : policies: c policies:) :
fep023_reachableLaws policiess: law C
fep023_reachableLaws policiesz law := by
rintro _ (policy, hpolicy, rfl)
exact (policy, hpolicies hpolicy, rfl)

/-- If each policy law is normalized, every reachable law is normalized. -/
theorem fep023_reachable_normalized
(policies : Set Policy) (law : Policy -» Measure Outcome)
(hlaw : V policy € policies, law policy Set.univ = 1)
{p : Measure Outcome} (hy : p € fep023_reachableLaws policies law) :
u Set.univ = 1 := by
rcases hy with {(policy, hpolicy, rfl)
exact hlaw policy hpolicy

/-- No policy means no reachable law. -/
theorem fep023_reachable_empty (law : Policy - Measure Outcome) :
fep023_reachableLaws (o : Set Policy) law = @ := by
simp [fep023_reachablelLaws]

end FEP023

16.23.2 Typeset statement signatures

{Policy Outcome : Type"} [MeasurableSpaceOutcome]
(policies : Set Policy) (law : Policy = MeasureOutcome) {policy : Policy} (255)
(hpolicy : policy € policies)

law policy € fep023_reachableLaws policies law

{Policy Outcome : Type"} [MeasurableSpaceOutcome]
{policies, policies, : Set Policy} (law : Policy = MeasureOutcome) 256)
(hpolicies : policies; C policiess)

fep023_reachableLaws policies; law C fep023_reachableLaws policies, law

{Policy Outcome : Type"} [MeasurableSpaceOutcome]

(policies : Set Policy) (law : Policy = MeasureOutcome)

(hlaw : Vpolicy € policies, law policy Q = 1) {1 : MeasureOutcome} (257)
(hp : o € fep023_reachableLaws policies law)

p=1
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{Policy Outcome : Type"} [MeasurableSpaceOutcome]
(law : Policy = MeasureOutcome) (258)
fep023_reachableLaws () : Set Policy) law = {)

16.24 fep-024 — KL Regularization in Objectives

An ENNReal objective regularized by a nonnegative weight times native measure KL upper-bounds its base, is monotone in weight, recovers the base at zero
weight, and is exact when approximation equals a sigma-finite prior. Assumption scope: The codomain explicitly admits infinite objectives and KL values.
Exactness at the prior uses sigma-finiteness; no differentiability or optimizer-existence claim is made. Semantic disposition: formalized.

16.24.1 Lean sketch

import Mathlib.InformationTheory.KullbackLeibler.Basic
namespace FEP024

open MeasureTheory
open scoped ENNReal

variable {a : Typex} [MeasurableSpace o]

/-- Base objective plus a weighted native measure-valued KL regularizer. -/
noncomputable def fep024_k1lRegularizedObjective
(base weight : ENNReal) (approximation prior : Measure a) : ENNReal :=
base + weight % InformationTheory.klDiv approximation prior

/-- A KL-regularized objective upper-bounds its base objective. -/
theorem fep024_klRegularizedObjective_ge
(base weight : ENNReal) (approximation prior : Measure a) :
base < fep024_k1lRegularizedObjective base weight approximation prior := by
exact le_add_right (le_refl _)

/-- Zero regularization weight recovers the base objective exactly. -/
theorem fep024_k1lRegularizedObjective_zeroWeight
(base : ENNReal) (approximation prior : Measure a) :
fep024_k1RegularizedObjective base 0 approximation prior = base := by
simp [fep024_klRegularizedObjective]

/-- The regularized objective is monotone in its nonnegative weight. -/
theorem fep024_klRegularizedObjective_monoWeight
(base : ENNReal) {weighti: weight., : ENNReal}
(hweight : weights < weight2) (approximation prior : Measure a) :
fep024_k1RegularizedObjective base weights approximation prior =
fep024_k1lRegularizedObjective base weight, approximation prior := by
simpa [fep024_k1lRegularizedObjective, mul_comm, add_comm] using
add_le_add_left
(mul_le_mul_right hweight (InformationTheory.klDiv approximation prior)) base

/-- Matching a sigma-finite prior removes the KL regularizer. -/
theorem fep024_klRegularizedObjective_exact
(base weight : ENNReal) (prior : Measure o) [SigmaFinite prior] :
fep024_k1lRegularizedObjective base weight prior prior = base := by
simp [fep024_k1lRegularizedObjective, InformationTheory.klDiv_self]

end FEPO24

16.24.2 Typeset statement signatures
{a : Type"} [MeasurableSpace «]
(base weight : RZY) (approximation prior : Measure ) (259)
base < fep024_kIRegularizedObjective base weight approximation prior

{a : Type"} [MeasurableSpace o]
(base : R,) (approximation prior : Measure ) (260)

fep024_kIRegularizedObjective base 0 approximation prior = base
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{a : Type"} [MeasurableSpace a]

(base : RSY) {weight, weighty : R} (hweight : weight; < weights)

(approximation prior : Measure ) (261)
fep024_kIRegularizedObjective base weight, approximation prior

< fep024_kIRegularizedObjective base weight, approximation prior

{a : Type"} [MeasurableSpace o]
(base weight : RZY) (prior : Measure «) [SigmaFinite prior] (262)
fep024_klIRegularizedObjective base weight prior prior = base

16.25 fep-025 — Conserved Nonequilibrium Probability Currents

For flux 7;P;;, forward-minus-reverse current is antisymmetric; row normalization plus 7r-stationarity derives zero divergence. A directed three-state transition
with uniform stationary law has a nonzero divergence-free current. Assumption scope: The general stationarity theorem explicitly requires normalized transition
rows and a stationary real mass vector. The concrete witness is a finite deterministic cycle; no continuous-state NESS existence or thermodynamic force law is

inferred here. Semantic disposition: formalized.

16.25.1 Lean sketch

import Mathlib.Algebra.BigOperators.Group.Finset.Basic
import Mathlib.LinearAlgebra.Matrix.Notation
import Mathlib.Tactic

namespace FEP025
open Finset

/-- Net probability current is forward flow minus reverse flow. -/
def fep025_probabilityCurrent {n : N}
(flow : Matrix (Fin n) (Fin n) R) : Matrix (Fin n) (Fin n) R :=
funi j= flowi j - flow j i

/-- Probability current is antisymmetric under edge reversal. -/
theorem fep025_probabilityCurrent_antisymm {n : N}
(flow : Matrix (Fin n) (Fin n) R) (i j : Fin n) :
fep025_probabilityCurrent flow i j =
-fep025_probabilityCurrent flow j i := by
simp only [fep025_probabilityCurrent]
ring

/-- A probability current has no diagonal self-current. -/
theorem fep025_probabilityCurrent_diag_zero {n : N}
(flow : Matrix (Fin n) (Fin n) R) (i : Fin n) :
fep025_probabilityCurrent flow i i = 0 := by
simp [fep025_probabilityCurrent]

/-- Net current leaving a state. Stationarity is zero divergence at each state. -/
def fep025_divergence {n : N}
(current : Matrix (Fin n) (Finn) R) (i : Fin n) : R :=
Y j, current 1 j

/-- Antisymmetry conserves total probability: divergences sum to zero. -/
theorem fep025_total_divergence_zero {n : N}
(current : Matrix (Fin n) (Fin n) R)

(hcurrent : Vv i j, current i j = -current j i)
Yy i, fep025_divergence current i = 0 := by

have hneg : (Y i, ¥ j, current i j) = -(Y i, ¥ Jj, current i j) := by
calc

(¥ i, ¥ j, current i j) =Y j, ¥ i, current i j :=
Finset.sum_comm
- =% J, Y1, -current j i := by
apply Finset.sum_congr rfl
intro j _
apply Finset.sum_congr rfl
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intro i _
exact hcurrent i j
-=-(Y j, ¥ i, current j i) :
-=-(Y i, ¥ j, current i j) :
simp only [fep025_divergence]
linarith

by simp
rfl

/-- Current induced by a distribution and transition matrix. -/
def fep025_transitionCurrent {n : N}
(stationary : Fin n » R) (transition : Matrix (Fin n) (Fin n) R) :
Matrix (Fin n) (Fin n) R :=
fep025_probabilityCurrent (fun i j = stationary i % transition i j)

/-- Row normalization and distribution stationarity imply zero current
divergence at every state. -/
theorem fep025_transitionCurrent_stationary {n : N}
(stationary : Fin n » R) (transition : Matrix (Fin n) (Fin n) R)
(hrow : V i, ¥ j, transition i j = 1)
(hstationary : V j, ¥ i, stationary i % transition i j = stationary j)
(i : Fin n) :
fep025_divergence (fep025_transitionCurrent stationary transition) i = 0 := by
simp only [fep025_divergence, fep025_transitionCurrent,
fep025_probabilityCurrent, Finset.sum_sub_distrib, « Finset.mul_sum]
rw [hrow i, mul_one, hstationary i, sub_self]

/-- Uniform stationary law for a directed three-state cycle. -/
noncomputable def fep025_cycleStationary : Fin 3 > R := ![1 / 3, 1/ 3, 1 / 3]

/-- Deterministic clockwise transition on three states. -/
def fep025_cycleTransition : Matrix (Fin 3) (Fin 3) R :=
'foe, 1, 0; 0, 0, 1; 1, 0, 0]

/-- The probability current generated by the stationary cycle model. -/
noncomputable def fep025_cycleCurrent : Matrix (Fin 3) (Fin 3) R :=
fep025_transitionCurrent fep025_cycleStationary fep025_cycleTransition

theorem fep025_cycleTransition_row (i : Fin 3) :
Y j, fep025_cycleTransition i j = 1 := by
fin_cases i <;> norm_num [fep025_cycleTransition, Fin.sum_univ_succ]

theorem fep025_cycleStationary_invariant (j : Fin 3) :
Y i, fep025_cycleStationary i % fep025_cycleTransition i j =
fep025_cycleStationary j := by
fin_cases j <;> norm_num [fep025_cycleStationary, fep025_cycleTransition,
Fin.sum_univ_succ]

/-- The three-cycle current is divergence-free at every state. -/
theorem fep025_cycleCurrent_stationary (i : Fin 3)
fep025_divergence fep025_cycleCurrent i = 0 := by
exact fep025_transitionCurrent_stationary fep025_cycleStationary
fep025_cycleTransition fep025_cycleTransition_row
fep025_cycleStationary_invariant i

/-- Stationarity does not force detailed balance: the cycle current is nonzero. -/
theorem fep025_cycleCurrent_nonzero : fep025_cycleCurrent 0 1 # 0 := by
norm_num [fep025_cycleCurrent, fep025_transitionCurrent,
fep025_probabilityCurrent, fep025_cycleStationary, fep025_cycleTransition]

end FEPO25

16.25.2 Typeset statement signatures
{n : N} (flow : Matrix (Finn) (Finn)R) (¢ : Finn)
fep025_probabilityCurrent flow i j = —fep025_probabilityCurrent flow j ¢

{n : N} (flow : Matrix (Finn) (Finn) R) (i : Finn)
fep025_probabilityCurrent flow ¢ = 0
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{n : N} (current : Matrix (Finn) (Finn) R)
(hcurrent : Vi j, currenti j = —current j 1)

Z i, fep025_divergence current? = 0

{n : N} (stationary : Finn = R) (transition : Matrix (Finn) (Finn) R)
(hrow : Vi, Zj, transition i j = 1) (hstationary : V7, Z i, stationary ¢
- transition i j = stationary j) (¢ : Finn)

fep025_divergence (fep025_transitionCurrent stationary transition) i = 0
(¢:Fin3)

Zj, fep025_cycleTransitiontj = 1

(j: Fin3)
Z 1, fep025_cycleStationary i - fep025_cycleTransition i j
= fep025_cycleStationary j

(i:Fin3)
fep025_divergence fep025_cycleCurrent: = 0

fep025_cycleCurrent01 # 0

16.26 fep-026 — Negative-Log Prior Complexity

(265)

(266)

(267)

(268)

(269)

(270)

Negative-log prior complexity is additive on positive product densities, strictly antitone, and zero exactly at unit density. Assumption scope: The input is a
positive scalar prior-density value, not a normalized prior measure. Product additivity is exact; measure-valued relative complexity is owned by fep-014 and
fep-024. Semantic disposition: formalized.

16.26.1 Lean sketch

import Mathlib.Analysis.SpecialF
namespace FEP026

open Real

unctions.Log.Basic

/-- Negative-log prior complexity of a positive prior density value. -/
noncomputable def fep026_priorComplexity (priorDensity : R) : R :=

-Real.log priorDensity

/-- Complexity penalties via log

theorem fep026_log_monotone {a b :

Real.log a < Real.log b :=
Real.log_le_log ha hab

: log is monotone on positive reals. -/
R} (ha : 0 < a) (hab : a = b) :

/-- Quotient rule for real logarithms (‘‘log(a/b) = log a - log b*‘). -/

theorem fep026_log_div {a b : R}

(ha : 0 <a) (hb : 0 <b):

Real.log (a / b) = Real.log a - Real.log b :=

Real.log_div ha.ne' hb.ne'

/-- Complexity penalty: -log p(®

) increases as the prior p(8) decreases toward zero. -/

theorem fep026_complexity_increases {p q : R} (hp : 0 < p) (chg : @ <q) (h : p=<q):
fep026_priorComplexity q < fep026_priorComplexity p :=

neg_le_neg (Real.log_le_log hp

/-- Complexity at prior equal to

h)

1 is zero. -/

theorem fep026_complexity_zero_at_one : fep026_priorComplexity 1 = 0 := by

simp [fep026_priorComplexity]

/-- Complexity of product is sum

of complexities. -/

theorem fep026_complexity_additive {a b : R} (ha : 8 < a) (hb : 0 < b) :
fep026_priorComplexity (a % b) =

fep026_priorComplexity a +

fep026_priorComplexity b := by
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simp only [fep026_priorComplexity]
rw [Real.log_mul ha.ne' hb.ne', neg_add]

/-- For positive prior density, zero complexity occurs exactly at unit
density. -/
theorem fep026_priorComplexity_eq_zero_iff {p : R} (hp : 0 < p) :
fep026_priorComplexity p = 0 e p = 1 := by
constructor
- intro hzero
apply Real.eqg_one_of_pos_of_log_eqg_zero hp
exact neg_eq_zero.mp (by simpa [fep026_priorComplexity] using hzero)
- rintro rfl
exact fep026_complexity_zero_at_one

/-- Negative-log complexity strictly decreases as positive prior density
increases. -/
theorem fep026_priorComplexity_strictAnti
{p g : R} (hp : @ <p) (hpg : p <q) :
fep026_priorComplexity q < fep026_priorComplexity p := by
exact neg_lt_neg (Real.log_lt_log hp hpq)

end FEPO26

16.26.2 Typeset statement signatures

{ab:R}(ha:0 < a)(hab:a <b)
Real.loga < Real.logb

{ab:R}(ha:0<a)(hb:0<b)
Real.log (a/b) = Real.log a — Real.logb

{pq:R}(hp:0<p)(hq:0<q)(h:p=<gq)
fep026_priorComplexity ¢ < fep026_priorComplexity p

fep026_priorComplexity 1 = 0

{ab:R}(ha:0<a)(hb:0 < b)
fep026_priorComplexity (a - b) = fep026_priorComplexity a
+ fep026_priorComplexity b

{p:R}(hp: 0 <p)
fep026_priorComplexityp =0+ p =1

{pq:R}(hp:0<p)(hpg:p<q)
fep026_priorComplexity ¢ < fep026_priorComplexity p

16.27 fep-027 — Hierarchical Kernel Factorization

71)

(272)

(273)

(274)

(275)

(276)

277)

A parent measure and child kernel form a normalized hierarchical joint whose marginals recover the parent and prior predictive, and whose three-level factoriza-
tion is associative up to product reassociation. Assumption scope: Joint normalization requires a probability parent and Markov child; first- and second-marginal
identities require the stated finite-kernel classes. The associativity theorem is exact for Mathlib composition products and does not impose causal identifiability.

Semantic disposition: formalized.

16.27.1 Lean sketch

import Mathlib.Probability.Kernel.Composition.MeasureComp
namespace FEP0Q27

open MeasureTheory ProbabilityTheory
open scoped ENNReal

variable {a B y : Typex}
variable [MeasurableSpace o] [MeasurableSpace B] [MeasurableSpace vy]
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/-- A normalized hierarchical joint is the native composition product of a
parent law and a child kernel. -/
noncomputable def fep027_hierarchicalJdoint
(M : Measure a) (k : Kernel a B) : Measure (a x B) :=
M @m K

/-- Probability parents and Markov children yield a probability joint law. -/
theorem fep027_hierarchical_mass_one
(U : Measure a) (k : Kernel a B)
[IsProbabilityMeasure p] [IsMarkovKernel k] :
fep027_hierarchicaldoint p k Set.univ = 1 := by
change (u em k) Set.univ = 1
exact measure_univ

/-- The first marginal of the hierarchical joint recovers the parent law. -/
theorem fep027_hierarchical_fst
(M : Measure a) (k : Kernel a B) [SFinite p] [IsMarkovKernel k] :
(fep027_hierarchicalJdoint p k).fst = p := by
exact Measure.fst_compProd p k

/-- The second marginal is the prior-predictive measure-kernel composition. -/
theorem fep027_hierarchical_snd
(u : Measure a) (k : Kernel a B) [SFinite p] [IsSFiniteKernel k] :
(fep027_hierarchicalJoint p k).snd = k om Y := by
exact Measure.snd_compProd p k

/-- Three-level hierarchical factorization is associative up to the canonical
measurable equivalence between product bracketings. -/
theorem fep027_hierarchical_assoc
(M : Measure a) (k : Kernel a B) (n : Kernel (a x B) v) :
(fep027_hierarchicaldoint p Kk ®m n).map MeasurableEquiv.prodAssoc =
fep027_hierarchicaldoint p (k ® n) := by
exact Measure.compProd_assoc'

end FEPO27

16.27.2 Typeset statement signatures

{a B~ : Type"} [MeasurableSpace o [MeasurableSpace3] [MeasurableSpace~]
(1 : Measure «) (k : Kernel a ) [IsProbabilityMeasure p] [IsMarkovKernel ] (278)
fep027_hierarchicalJoint u K 2 = 1

{a B~ : Type"} [MeasurableSpace o [MeasurableSpace3] [MeasurableSpace~]
(i : Measure @) (k : Kernel o 3) [SFinite 1] [IsMarkovKernel ] (279)
(fep027_hierarchicalJoint u k) .fst =

{a B~ : Type"} [MeasurableSpace o [MeasurableSpace3] [MeasurableSpace~]
(i : Measure @) (k : Kernel o ) [SFinite ] [IsSFiniteKernel &] (280)
(fep027_hierarchicalJoint 1 £).snd = K o,,, 1

{a B~ : Type"} [MeasurableSpace o [MeasurableSpace3] [MeasurableSpace~]
(i : Measure @) (k : Kernel a 8) (17 = Kernel (a x 3) ) 281)
(fep027_hierarchicalJoint yt £ ®,,, 17).map MeasurableEquiv.prodAssoc

= fep027_hierarchicalJoint i (k ®;, 1)

16.28 fep-028 — Support-Aware Finite Softmax Policy

Exponentiated policy scores on a nonempty selected support define a nonnegative full finite weight vector, vanish outside support, are pointwise at most one,
and sum to one globally. Assumption scope: Only support nonemptiness is required; inverse temperature and costs may be arbitrary reals. This proves an exact
stochastic policy law but not optimality, sampling behavior, or a temperature limit. Semantic disposition: formalized.
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16.28.1 Lean sketch

import Mathlib.Data.Finset.Basic

import Mathlib.Analysis.SpecialFunctions.Exp

namespace FEP028

open Real Finset

-- [proof strategy: Real.exp_pos + Finset.sum_pos + div identities for softmax normalization]

abbrev Policy := Fin 10

noncomputable def fep028_softmax (y : R) (G : Policy » R) (policies : Finset Policy) (p : Policy)
R :=
if p € policies then
Real.exp (-vy * G p) / ¥ p' € policies, Real.exp (-y * G p')
else 0

/-- Softmax probabilities are nonneg over nonempty policy sets. -/
theorem fep028_softmax_nonneg (y : R) (G : Policy » R) (policies : Finset Policy) (p : Policy)
(hne : policies.Nonempty) : 0 < fep028_softmax y G policies p := by

classical
have hsum : 0 < ¥ p' € policies, Real.exp (-y ¥ G p') :=
Finset.sum_pos (fun _ _ = Real.exp_pos _) hne

by_cases hp : p € policies
. rw [fep028_softmax, ite_eq_left hp]

exact div_nonneg (Real.exp_nonneg _) hsum.le
. simp [fep028_softmax, hp]

/-- Every support-aware softmax weight is at most one. -/

theorem fep028_softmax_le_one
(v : R) (G : Policy » R) (policies : Finset Policy) (p : Policy)
(hne : policies.Nonempty) :
fep028_softmax y G policies p < 1 := by

classical
have hsum : 0 < ¥ p' € policies, Real.exp (-y * G p') :=
Finset.sum_pos (fun _ _ = Real.exp_pos _) hne

by_cases hp : p € policies
. tw [fep028_softmax, ite_eqg_left hp]
apply (div_le_one hsum).2
exact Finset.single_le_sum
(fun g _ = Real.exp_nonneg (-y * G q)) hp
- simp [fep028_softmax, hp]

/-- Softmax probabilities over a nonempty finite policy set sum to one. -/

theorem fep028_softmax_probs_sum_one (y : R) (G : Policy » R) (policies : Finset Policy)
(hne : policies.Nonempty)
Y p € policies, fep028_softmax y G policies p = 1 := by

classical
have hden :
(¥ p' € policies, Real.exp (-y * G p')) # 0 :=
ne_of_gt (Finset.sum_pos (fun _ _ = Real.exp_pos _) hne)
calc

Y p € policies, fep028_softmax y G policies p =
Y p € policies,
Real.exp (-y * G p) /
Y p' € policies, Real.exp (-y * G p') := by
apply Finset.sum_congr rfl

intro p hp
simp [fep028_softmax, hp]
- =1 := by

simp_rw [div_eg_mul_inv]
Tw [« Finset.sum_mul, mul_inv_cancele hden]

/-- Policies outside the declared support receive exactly zero probability. -/
theorem fep028_softmax_support
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(v : R) (G : Policy » R) (policies : Finset Policy) {p : Policy}
(hp : p ¢ policies) :
fep028_softmax y G policies p = 0 := by

simp [fep028_softmax, hp]

/-- The support-aware softmax is a normalized weight vector on the complete
finite policy type. -/
theorem fep028_softmax_sum_univ
(v : R) (G : Policy » R) (policies : Finset Policy)
(hne : policies.Nonempty) :
Y p : Policy, fep028_softmax y G policies p = 1 := by
classical
have hsubset :
(Y p € policies, fep028_softmax y G policies p) =
Y p : Policy, fep028_softmax y G policies p := by
apply Finset.sum_subset (Finset.subset_univ policies)
intro p _ hp
exact fep028_softmax_support y G policies hp
rw [« hsubset]
exact fep028_softmax_probs_sum_one y G policies hne

/-- Softmax numerator is strictly positive. -/
theorem fep028_numerator_pos (v : R) (G : Policy » R) (p : Policy) :
0 < Real.exp (-y * G p) :=
Real.exp_pos _

/-- Softmax denominator is strictly positive over a nonempty set. -/
theorem fep028_denominator_pos (v : R) (G : Policy » R) (policies : Finset Policy)
(hne : policies.Nonempty) :
0 <Y p' e policies, Real.exp (-y * G p') :=
Finset.sum_pos (fun _ _ = Real.exp_pos _) hne

end FEP028

16.28.2 Typeset statement signatures
(7:R) (G : Policy = R) (policies : Finset Policy) (p : Policy)
(hne : policies.Nonempty)
0 < fep028_softmaxy G policies p

(7:R) (G : Policy = R) (policies : Finset Policy) (p : Policy)
(hne : policies.Nonempty)
fep028_softmaxy G policiesp < 1

(7 : R) (G : Policy = R) (policies : Finset Policy) (hne : policies.Nonempty)
Zp € policies, fep028_softmax v GG policiesp = 1

(v : R) (G : Policy = R) (policies : Finset Policy) {p : Policy}

(hp : p ¢ policies)
fep028_softmaxy G policiesp = 0

(7 : R) (G : Policy = R) (policies : Finset Policy) (hne : policies.Nonempty)
Zp : Policy, fep028_softmaxy G policiesp = 1

(7:R) (G : Policy = R) (p : Policy)
0 < Real.exp (—y - G p)

(7: R) (G : Policy = R) (policies : Finset Policy) (hne : policies.Nonempty)
0< Zp’ € policies, Real.exp (—y - G'p’)
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16.29 fep-029 — Quadratic Bregman Divergence

The scalar Bregman divergence generated by ((x)=x? equals (x-y)?, is nonnegative, and vanishes exactly when x=y. Assumption scope: Unconditional over real
x and y for the explicit quadratic generator; no general differentiable convex function, projection theorem, or mirror-descent convergence is claimed. Semantic
disposition: formalized.

16.29.1 Lean sketch

import Mathlib.Analysis.Convex.Basic
import Mathlib.Tactic

namespace FEP029

/-- Bregman divergence prerequisite: convex functions satisfy the secant inequality. -/
theorem fep029_secant_ineq (a b t : R) (ht® : 0 < t) (-htl : t < 1) (hab : a <b) :
(1 -t)*a+txb=a:=by
nlinarith

/-- Weighted midpoint lies between endpoints (convex combination). -/
theorem fep029_convex_combo_bound (a b t : R) (-ht® : 0 < t) (htl : t < 1) (hab : a = b) :
(1 -t)*xa+txbsb:=by
nlinarith

/-- Endpoints of convex combination: t = 0 gives a. -/
theorem fep029_combo_t_zero (a b : R) : (1 -0) *a+0x%b=a :=byring

/-- Endpoints of convex combination: t = 1 gives b. -/
theorem fep029_combo_t_one (a b : R) : (1 - 1) *xa+ 21 %b=0>b :=by ring

/-- The Bregman divergence generated by ¢(x) = x2, whose derivative at y is 2y. -/
def fep029_quadraticBregman (x y : R) : R :=
X A2 -y r2-(2%y) % (x-y)

/-- The quadratic Bregman divergence is exactly squared Euclidean distance. -/
theorem fep029_quadraticBregman_eq_sq (x y : R) :
fep029_quadraticBregman x y = (x - y) A 2 := by
simp [fep029_quadraticBregman]
ring

/-- The quadratic Bregman divergence is nonnegative. -/
theorem fep029_bregman_quadratic_nonneg (x y : R) :
0 < fep029_quadraticBregman x y := by
rw [fep029_quadraticBregman_eq_sq]
exact sqg_nonneg _

/-- The quadratic Bregman divergence separates points. -/
theorem fep029_quadraticBregman_eq_zero_iff (x y : R) :
fep029_quadraticBregman x y = 0 e x =y := by
rw [fep029_quadraticBregman_eq_sq, sq_eq_zero_iff, sub_eq_zero]

end FEP029

16.29.2 Typeset statement signatures
(abt:R)(ht0:0<t)(,t1:t<1)(hab:a <b)

(1—t)-a+t-b>a (289)

(abt:R)(,t0:0<t)(htl:t <1)(hab:a <b)

(1—t)-a+t-b<b (290)
(ab:R) 201
(1—-0)-a+0-b=a @D

:R
(ab: R) (292)

(1—1)-a+1-b=b
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(zy:R)

fep029_quadraticBregmanzy = (z — 1)

(zy:R)

0 < fep029_quadraticBregmanz y

(zy:R)

fep029_quadraticBregmanzy =0z =y

16.30 fep-030 — Maximum Entropy Principle

Binary Shannon entropy in nats is globally at most log 2, with equality exactly at probability one half. Assumption scope: The native Mathlib theorem is
unconditional over real inputs because Real.binEntropy has a total extension; the scientific probability domain is [0,1]. This is the Bernoulli maximum-entropy

principle, not the general constrained Jaynes problem. Semantic disposition: formalized.

16.30.1 Lean sketch

import Mathlib.Analysis.SpecialFunctions.BinaryEntropy
import Mathlib.Algebra.BigOperators.Ring.Finset

import Mathlib.Basic.Real.Basic

import Mathlib.Tactic

namespace FEPO30

open Real Finset

-- [proof strategy: native binary-entropy maximum plus explicit finite-uniform calculation]

/-- Binary Shannon entropy (in nats) is globally bounded above by log 2. -/

theorem fep030_binaryEntropy_max (p : R) :
Real.binEntropy p < Real.log 2 :=
Real.binEntropy_le_log_two

/-- The binary entropy maximum is attained uniquely at probability one half. -/

theorem fep030_binaryEntropy_eq_max_iff (p : R) :
Real.binEntropy p = Real.log 2 e p = (2 : R)"?! :=
Real.binEntropy_eqg_log_two

/-- A uniform scalar weight is nonnegative. -/
theorem fep030_uniform_nonneg (n : N) (thn : 0 <n) : @< (1 :R) /n:=
div_nonneg zero_le_one (Nat.cast_nonneg' (n := n))

/-- Uniform weights on a positive finite range sum to one. -/
theorem fep030_uniform_sum_one (n : N) (hn : 0 < n) :
Y _ € Finset.range n, (1 : R) / n=1 := by
rw [Finset.sum_const, Finset.card_range, nsmul_eqg_mul]
have hn@ : (n : R) # 0 := Nat.cast_ne_zero.mpr (Nat.ne_of_gt hn)
field_simp [hnO]

/-- The logarithm of a positive natural cardinality is nonnegative. -/
theorem fep030_log_card_nonneg (n : N) (hn : 1 < n) : O < Real.log n :=
apply Real.log_nonneg
exact_mod_cast hn

by

/-- The explicit uniform-weight entropy expression equals log n; maximality is not proved. -/

theorem fep030_entropy_eq_log (n : N) (hn : 0 < n) :
-Y _ € Finset.range n, (1 : R) / n % Real.log ((1 : R) / n)
= Real.log n := by
have hnR : (n : R) # 0 := Nat.cast_ne_zero.mpr (Nat.ne_of_gt hn)
have hlog : Real.log ((1 : R) / n) = - Real.log n := by
rw [Real.log_div (one_ne_zero' R) hnR, Real.log_one, zero_sub]

have hsum : ¥ _ € Finset.range n, (1 : R) / n %x Real.log ((1 : R) / n) = - Real.log n

calc
Y _ € Finset.range n, (1 : R) / n % Real.log ((1 : R) / n)
= Y _ € Finset.range n, (1 : R) / n % (- Real.log n) :=
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Finset.sum_congr vfl fun _ _ = by rw [hlog]
_ = (Y - € Finset.range n, (1 : R) / n) % (- Real.log n) := by rw [« Finset.sum_mul]
_ =1 % (- Real.log n) := by rw [fep030_uniform_sum_one n hn]
_ = - Real.log n := by ring
rw [hsum, neg_neg]

end FEPO30

16.30.2 Typeset statement signatures

(P:R) 296)
Real.binEntropy p < Real.log?2
(p:R) 207
Real.binEntropy p = Real.log2 <+ p = (2: R)~!
(n:N)(n:0<mn) (298)
0<(1:R)/n
(n:N)(hn:0<n)
299
Z_ € Finset.rangen, (1: R)/n=1 (299)
(n:N)(hn:1<n)
300
0 < Real.logn (300)
(n:N)(hn:0<mn)
(301)

— Z_ € Finset.rangen, (1: R)/n - Real.log ((1 : R)/n) = Real.logn

16.31 fep-031 — Finite Boltzmann—Gibbs Weights

Positive exponential Gibbs weights normalize to a nonnegative mass function summing to one on any nonempty finite support. Assumption scope: Conditional
only on a nonempty selected support; 3 and energies are arbitrary reals. The row does not derive Gibbs weights from maximum entropy or bundle the result as
a measure. Semantic disposition: formalized.

16.31.1 Lean sketch

import Mathlib.Analysis.SpecialFunctions.Exp
namespace FEP031

/-- Boltzmann weight exp(-BE) is strictly positive. -/
theorem fep031_gibbs_weight_pos (B E : R) : 0 < Real.exp (-B * E) :=
Real.exp_pos _

/-- Gibbs weight monotonicity: lower energy - higher weight at positive temperature (B > 0). -/
theorem fep031_gibbs_mono (B E1 E2 : R) (hg : 0 < B) (hE : E1 < E2) :
Real.exp (-B % E2) < Real.exp (-B % E1) :=
Real.exp_le_exp.mpr (by nlinarith [mul_le_mul_of_nonneg_left hE (le_of_1t hB)])

/-- Partition function is strictly positive over any nonempty finite state space. -/
theorem fep031_partition_pos (B : R) (n : N) (E : Fin n > R)
(S : Finset (Fin n)) (hS : S.Nonempty) :
0<Y1ie€eS, Real.exp (-B * E 1) :=
Finset.sum_pos (fun _ _ = Real.exp_pos _) hS

/-- Gibbs probability on a selected finite support, normalized by its partition sum. -/
noncomputable def fep031_gibbsProbability (B : R) (n : N) (E : Fin n » R)
(S : Finset (Fin n)) (i : Fin n) : R :=
Real.exp (-B * E i) / ¥ j € S, Real.exp (-B * E j)

/-- Each normalized Gibbs probability is nonnegative on nonempty support. -/
theorem fep031_gibbsProbability_nonneg (B : R) (n : N) (E : Fin n » R)
(S : Finset (Fin n)) (hS : S.Nonempty) (i : Fin n) :
0 < fep031_gibbsProbability B n E S i :=
div_nonneg (le_of_1t (Real.exp_pos _))
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(le_of_1t (fep031_partition_pos B n E S hS))

/-- Normalized Gibbs probabilities sum to one on their selected support. -/
theorem fep031_gibbsProbability_sum_one (B : R) (n : N) (E : Fin n > R)
(S : Finset (Fin n)) (hS : S.Nonempty) :
Y ie€eS, fep031_gibbsProbability B n E S i =1 := by
have hden : (¥ j € S, Real.exp (-B * E Jj)) # 0 :=
ne_of_gt (fepB3i_partition_pos B n E S hS)
simp_rw [fep031_gibbsProbability, div_eq_mul_inv]
Tw [« Finset.sum_mul, mul_inv_cancele hden]

end FEPO31

16.31.2 Typeset statement signatures

(BE )
0 < Real.exp (=3 - E) (302)
(BEy Ey:R) (hB:0<B)(hE: By < Ey) (303)
Real.exp (—3 - E;) < Real.exp (—3 - E)
(B:R)(n:N)(E:Finn = R)(S : Finset (Finn)) (hS : S.Nonempty)
(304)

0< ZZ € S,Real.exp (—( - E'7)

(8:R)(n:N)(E:Finn= R)(S : Finset (Finn)) (hS : S.Nonempty)
(¢ : Finn) (305)
0 < fep031_gibbsProbability 5n E S'i

(8:R)(n:N)(E:Finn= R)(S : Finset (Finn)) (hS : S.Nonempty)

. . (306)
Z 1 € S, fep031_gibbsProbability Sn £ Si =1

16.32 fep-032 — Exact Quadratic Gradient-Descent Dynamics

Gradient descent on the centered scalar quadratic has an exact n-step iterate, nonincreasing energy for step sizes in [0,2], and converges globally to the center
for steps in (0,2). Assumption scope: The closed form is unconditional. Energy descent uses 0<7<2 and convergence uses the strict stability interval 0<n<2.
This is an exact quadratic model, not a theorem for arbitrary smooth or convex objectives. Semantic disposition: formalized.

16.32.1 Lean sketch

import Mathlib.Analysis.SpecificLimits.Normed
import Mathlib.Tactic

namespace FEP032

/-- Gradient-descent update for the centered quadratic energy
‘(x - center)? / 2. -/
def fep@32_quadraticUpdate (step center x : R) : R :=

x - step % (x - center)

/-- One descent step scales displacement from the minimizer exactly. -/
theorem fep032_quadraticUpdate_deviation (step center x : R) :
fep032_quadraticUpdate step center x - center =
(1 - step) % (x - center) := by
simp only [fep032_quadraticUpdate]
ring

/-- The minimizer is a fixed point for every step size. -/
theorem fep032_quadraticUpdate_fixed (step center : R) :
fep032_quadraticUpdate step center center = center := by
simp [fep032_quadraticUpdate]

/-- Closed form for every finite gradient-descent iterate. -/
theorem fep032_quadraticUpdate_iterate (step center x : R) (n : N) :
((fep032_quadraticUpdate step center)~[n]) x - center =
(1 - step) * n % (x - center) := by
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induction n with

| zero = simp

| succ n ih =
rw [Function.iterate_succ_apply']
rw [fep032_quadraticUpdate_deviation, ih, pow_succ]
ring

/-- Step sizes in ‘[0,2]‘ cannot increase the centered quadratic energy. -/
theorem fep032_quadraticEnergy_descent
{step center x : R} (hstep® : 0 < step) (hstep2 : step < 2) :
(fep032_quadraticUpdate step center x - center) #* 2 <
(x - center) A 2 := by
rw [fep032_quadraticUpdate_deviation]
have hfactor : (1 - step) # 2 <1 := by nlinarith
have hscaled :=
mul_le_mul_of_nonneg_right hfactor (sq_nonneg (x - center))
nlinarith

/-- Every strictly stable step size converges to the unique quadratic
minimizer from every initial state. -/
theorem fep032_quadraticUpdate_tendsto
{step : R} (hstep® : O < step) (hstep2 : step < 2)
(center x : R) :
Filter.Tendsto
(fun n = ((fep032_quadraticUpdate step center)A[n]) x)
Filter.atTop (nhds center) := by
have habs : |1 - step| < 1 := by
rw [abs_1t]
constructor <;> linarith
have hpow : Filter.Tendsto (fun n : N = (1 - step) * n)
Filter.atTop (nhds 0) :=
tendsto_pow_atTop_nhds_zero_of_abs_1lt_one habs
have hdeviation : Filter.Tendsto
(funn : N=>
((fep032_quadraticUpdate step center)A[n]) x - center)
Filter.atTop (nhds 0) := by
simpa only [fep032_quadraticUpdate_iterate, zero_mul] using
hpow.mul_const (x - center)
simpa only [sub_add_cancel, zero_add] using hdeviation.add_const center

end FEP032

16.32.2 Typeset statement signatures

(step centerx : R)

: (307)
fep032_quadraticUpdate step center  — center = (1 — step) - (x — center)

step center : R

fstep ) (308)

fep032_quadraticUpdate step center center = center
(stepcenterz : R) (n : N)
((fep032_quadraticUpdate step center)!n]) z — center = (1 — step)™ (309)
- (x — center)
{stepcenterz: : R} (hstep0 : 0 < step) (hstep2 : step < 2) 310)
(fep032_quadraticUpdate step center = — center)? < (x — center)?
{step : R} (hstep0 : 0 < step) (hstep2 : step < 2) (centerx : R)
Filter. Tendsto (A n i ((fep032_quadraticUpdate step center)(n]) z) 311

Filter.atTop (nhds center)
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16.33 fep-033 — Finite-Horizon Bellman Recursion

A deterministic transition-aware finite-horizon value obeys an exact Bellman recursion with stage cost, discount, and terminal cost; it is monotone in both cost
functions and has exact zero-cost and zero-discount boundaries. Assumption scope: The transition is deterministic and the codomain is ENNReal. No stochastic
policy optimization, discount-convergence limit, or infinite-horizon fixed point is claimed. Semantic disposition: formalized.

16.33.1 Lean sketch

import Mathlib.Basic.ENNReal.Inv
namespace FEP033
open scoped ENNReal

/-- Transition-aware finite-horizon value with stage cost, discount, and
terminal cost. -/
noncomputable def fep033_value {State : Typex}
(discount : ENNReal) (stageCost : State » ENNReal)
(step : State » State) (terminalCost : State » ENNReal)
N » State » ENNReal
| 0, state = terminalCost state
| horizon + 1, state =
stageCost state +
discount % fep033_value discount stageCost step terminalCost horizon (step state)

/-- Bellman recursion is the defining finite-horizon transition law. -/
theorem fep033_bellman {State : Typex}
(discount : ENNReal) (stageCost : State » ENNReal)
(step : State » State) (terminalCost : State » ENNReal)
(horizon : N) (state : State) :
fep033_value discount stageCost step terminalCost (horizon + 1) state =
stageCost state + discount *
fep033_value discount stageCost step terminalCost horizon (step state) :=
rfl

/-- Pointwise larger stage and terminal costs produce a larger value. -/
theorem fep033_value_mono {State : Typex}
(discount : ENNReal) {stage: stage: terminali terminal. : State » ENNReal}
(step : State » State) (hstage : V state, stage: state < stage. state)
(hterminal : VY state, terminali state < terminal: state)
(horizon : N) (state : State) :
fep033_value discount stage: step terminali horizon state =
fep033_value discount stage, step terminal:. horizon state := by
induction horizon generalizing state with
| zero = exact hterminal state
| succ horizon ih =
exact add_le_add (hstage state)
(mul_le_mul_right (ih (step state)) discount)

/-- Zero stage and terminal costs yield zero value at every horizon. -/
theorem fep033_zeroCost {State : Typex}
(discount : ENNReal) (step : State » State) (horizon : N) (state : State) :
fep033_value discount (fun - = 0) step (fun _ = 0) horizon state = 0 := by
induction horizon generalizing state with
| zero = rfl
| succ horizon ih = simp [fepB33_value, ih]

/-- At zero discount, every positive-horizon value is exactly immediate cost. -/
theorem fep033_zeroDiscount {State : Typex}
(stageCost : State » ENNReal) (step : State - State)
(terminalCost : State - ENNReal) (horizon : N) (state : State) :
fep033_value O stageCost step terminalCost (horizon + 1) state =
stageCost state := by
simp [fep033_value]

end FEPO33

11



16.33.2 Typeset statement signatures
{State : Type} (discount : RY;) (stageCost : State = R)
(step : State = State) (terminalCost : State = R7)) (horizon : N)
(state : State)

fep033_value discount stageCost step terminalCost (horizon + 1) state G12)
= stageCost state + discount - fep033_value discount stageCost step terminalCost
horizon (step state)

{State : Type"} (discount : R%})

{stage, stage, terminal, terminal, : State = Ry} (step : State = State)

(hstage : Vstate, stage, state < stage, state)

(hterminal : Vstate, terminal, state < terminals, state) (horizon : N) (313)

(state : State)
fep033_value discount stage; step terminal, horizon state < fep033_value

discount stage, step terminal, horizon state

{State : Type"} (discount : R}) (step : State = State) (horizon : N)
(state : State) (314)
fep033_value discount (A _ > 0) step (A _ > 0) horizon state = 0

{State : Type"} (stageCost : State = R%})) (step : State = State)
(terminalCost : State = R%j) (horizon : N) (state : State) (315)
fep033_value 0 stageCost step terminalCost (horizon + 1) state = stageCost state

16.34 fep-034 — Normalized Bayesian Filtering

A transition-composed predictive prior and native observation posterior reconstruct the swapped predicted-state/observation joint law, with probability mass one
in every posterior fibre. Assumption scope: Conditional on standard-Borel nonempty latent structure, a finite prior, and finite transition and observation kernels;
prediction preserves total mass when the transition is Markov, and posterior recovery additionally requires a Markov observation kernel. This is a one-step exact
filter, not a convergence or learned-state theorem. Semantic disposition: formalized.

16.34.1 Lean sketch

import Mathlib.Probability.Kernel.Posterior
namespace FEP034

open MeasureTheory ProbabilityTheory
open scoped ENNReal ProbabilityTheory

variable {Q X:Type*} [MeasurableSpace Q2] [MeasurableSpace X]

/-- The one-step predictive prior obtained by composing a transition kernel
with the previous latent-state law. -/
noncomputable def fep034_predictivePrior
(Tt : Kernel Q Q) (p : Measure Q) : Measure Q :=
T om M

/-- A Markov transition preserves total prior mass. -/
theorem fep034_predictive_mass
(t : Kernel Q Q) (p : Measure Q) [IsMarkovKernel t] :
fep034_predictivePrior T p Set.univ = p Set.univ := by
exact Measure.comp_apply_univ

/-- The normalized filtering kernel is the posterior of the observation
kernel with respect to the transition-predicted prior. -/
noncomputable def fep034_filter
(t : Kernel Q Q) (k : Kernel Q X&) (u: Measure Q)
[StandardBorelSpace Q] [Nonempty Q]
[IsFiniteMeasure p] [IsFiniteKernel t] [IsFiniteKernel k] : Kernel X Q:=
ProbabilityTheory.posterior k (T om M)
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/-- Every observation-indexed filtering posterior has total mass one. -/
theorem fep034_filter_mass_one
(t : Kernel Q Q) (k : Kernel Q X) (u: Measure Q)
[StandardBorelSpace Q] [Nonempty Q]
[IsFiniteMeasure p] [IsFiniteKernel t] [IsFiniteKernel k] (x : X):
fep034_filter T k p x Set.univ = 1 := by
change (ProbabilityTheory.posterior k (T om M) x) Set.univ = 1
exact measure_univ

/-- The predictive observation law and filtering posterior reconstruct the
swapped predicted-state/observation joint law. -/
theorem fep034_filter_joint_reconstruction
(t : Kernel Q Q) (k : Kernel Q X&) (u: Measure Q)
[StandardBorelSpace Q] [Nonempty Q]
[IsFiniteMeasure p] [IsFiniteKernel t] [IsFiniteKernel k] :
(k om fep034_predictivePrior T p) om fep034_filter T k y =
(fep034_predictivePrior T Y ®m k).map Prod.swap := by
change
(K om (T om M)) ®m ProbabilityTheory.posterior k (T om M) =
((T om M) ®m k).map Prod.swap
exact ProbabilityTheory.compProd_posterior_eq_map_swap

/-- With a Markov observation kernel, conditioning after prediction recovers
the transition-predicted prior. -/
theorem fep034_filter_recovers_prediction
(t : Kernel Q Q) (k : Kernel Q X&) (u: Measure Q)
[StandardBorelSpace Q] [Nonempty Q]
[IsFiniteMeasure p] [IsFiniteKernel t] [IsMarkovKernel k] :
fep034_filter T K Y om K om fep034_predictivePrior T y =
fep034_predictivePrior T p := by
change
ProbabilityTheory.posterior k (T om M) om K om (T om M) =
T om M
exact ProbabilityTheory.posterior_comp_self

end FEPO34

16.34.2 Typeset statement signatures

{QX : Type"} [MeasurableSpace(] [MeasurableSpaceX|
(7 : Kernel Q) (11 : Measuref?) [IsMarkovKernel 7]
fep034_predictivePrior 7t Q = 1 Q)

{QX : Type"} [MeasurableSpace(?] [MeasurableSpaceX |

(17 : Kernel Q) (k : Kernel QX) (1 : Measure() [StandardBorelSpace 2]
[Nonempty Q] [IsFiniteMeasure p| [IsFiniteKernel 7] [IsFiniteKernel ] (z : X')
fep034_filtertk pax Q) =1

{QX : Type"} [MeasurableSpace(?] [MeasurableSpaceX |

(7 : Kernel 2Q) (k : Kernel QX) (1 : Measure() [StandardBorelSpace 2]
[Nonempty ] [IsFiniteMeasure ] [IsFiniteKernel 7] [IsFiniteKernel &]

(K o, fep034_predictivePrior 7 ;1) ®,,, fep034_filter Tk 11

= (fep034_predictivePrior 7 1 ®,,, k). map Prod.swap

{QX : Type"} [MeasurableSpace(] [MeasurableSpaceX |
(7 : Kernel Q Q) (k : Kernel QX)) (11 : Measure(?) [StandardBorelSpace Q]
[Nonempty Q] [IsFiniteMeasure y] [IsFiniteKernel 7] [IsMarkovKernel k]

fep034_filter 7k o, & o, fep034_predictivePrior 7 1 = fep034_predictivePrior

T
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16.35 fep-035 — Jensen’s Inequality for Log

For distinct positive inputs and strictly positive weights summing to one, the weighted average of logarithms is strictly below the logarithm of the weighted
average. Assumption scope: Conditional on x,y >0, X # y, a,b > 0, and a+b=1. This is the exact two-point strict Jensen law; finite-family and measure-integral

variants are not claimed. Semantic disposition: formalized.

16.35.1 Lean sketch

import Mathlib.Analysis.Convex.SpecificFunctions.Basic

namespace FEP035

open Real

-- [proof strategy: Mathlib strict concavity plus logarithm identities]

/-- The real logarithm is strictly concave on the positive half-line. -/
theorem fep035_log_strictConcave :
StrictConcaveOn R (Set.Ioi 0) Real.log :=
strictConcaveOn_log_Ioi

/-- Strict two-point Jensen inequality for distinct positive inputs and
strictly positive weights summing to one. -/
theorem fep035_log_jensen_two_strict

{xyab:R} (hx : @ <x) (hy : 0 <y) (hxy : x #y)

(ha: 0<a) (hb :0<b) (hab : a+b=1):

a % Real.log x + b % Real.log y < Real.log (a * x + b x y) := by
simpa only [smul_eg_mul] using

strictConcaveOn_log_Ioi.2 hx hy hxy ha hb hab

/-- Logarithm turns products into sums (‘‘log(ab)=log a+log b‘‘'). -/
theorem fep035_log_mul {a b : R} (ha : 8 <a) (hb : 0 < b) :
Real.log (a * b) = Real.log a + Real.log b :=
Real.log_mul (ne_of_gt ha) (ne_of_gt hb)

/-- Power rule for logarithms on ‘‘(0,x)‘‘. -/
theorem fep035_log_pow {a : R} (_ha : @ < a) (n : N) : Real.log (a * n) = n % Real.log a :=
Real.log_pow a n

/-- Jensen anchor: log(exp x) = x (log-exp inverse). -/
theorem fep035_log_exp (x : R) : Real.log (Real.exp x) = x :=
Real.log_exp x

/-- Concavity anchor: log on (0,») is monotone. -/
theorem fep035_log_mono {a b : R} (ha : 0 <a) (h: a=sb):
Real.log a < Real.log b :=
Real.log_le_log ha h

/-- log 1 = 0. -/
theorem fep035_log_one : Real.log (1 : R) = 0 := Real.log_one

end FEPO35

16.35.2 Typeset statement signatures
StrictConcaveOn R (Set.loi 0) Real.log

{zyab:R}(hx:0<z)(hy:0<y)(hxy:z #y)(ha:0<a)(hb:0<b)
(hab:a+b=1)
a - Real.logx + b - Real.logy < Real.log (a -z +b-y)

{ab:R}(ha:0<a)(hb:0<b)
Real.log (a - b) = Real.log a + Real.logb

{a:R}(ra:0<a)(n:N)

Real.log (a") = n - Real.loga
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(:R)

324
Real.log (Real.expz) =z (324)
b:R}(ha:0< h:a<b
{ab:R}(ha:0<a) (hsa<b) 5
Real.log a < Real.logb
Real.log (1: R) = 0 (326)

16.36 fep-036 — Laplace-Smoothed Empirical Bernoulli Prior

A Mathlib finite binomial sampling law supplies admissible success counts; Laplace smoothing maps every outcome to an interior Bernoulli prior, is monotone
in successes, and preserves the limit of any convergent empirical-frequency sequence. Assumption scope: The finite sampling law requires p in [0,1]. Interiority
uses the intrinsic count bound, and consistency transfer explicitly assumes convergence of the raw empirical frequency. The row does not prove the binomial
law of large numbers, a finite-sample risk bound, or marginal-likelihood hyperparameter optimality. Semantic disposition: formalized.

16.36.1 Lean sketch

import Mathlib.Analysis.SpecificLimits.Basic
import Mathlib.Data.Nat.Cast.Field

import Mathlib.Probability.Distributions.Binomial
import Mathlib.Tactic

namespace FEP036

/-- Laplace-smoothed empirical success rate from ‘successes' of ‘trials‘'. -/
noncomputable def fep036_smoothedRate (successes trials : N) : R :=
((successes + 1 : N) : R) / ((trials + 2 : N) : R)

/-- Convert a bounded nonnegative parameter into Mathlib's unit interval. -/
noncomputable def fep036_unitInterval
(p : NNReal) (hp : p = 1) : unitInterval :=
{(p, p.2, by exact_mod_cast hp)

/-- Binomial sampling measure for a cohort success count. -/
noncomputable def fep036_binomialModel
(p : NNReal) (hp : p = 1) (trials : N) : MeasureTheory.Measure N :=
ProbabilityTheory.binomial trials (fep036_unitInterval p hp)

/-- Data-dependent Bernoulli prior obtained from one admissible cohort count. -/
noncomputable def fep036_empiricalPrior
(trials : N) (sample : Fin (trials + 1)) : R :=
fep036_smoothedRate sample trials

/-- The project sampling law is exactly Mathlib's binomial measure. -/
theorem fep036_binomialModel_apply (p : NNReal) (hp : p < 1) (trials : N)
(sample : N) :
(fep036_binomialModel p hp trials).real {sample} =
(trials.choose sample : R) ¥ (p : R) » sample %
(1 - (p : R)) A (trials - sample) := by
simpa [fep036_binomialModel, fep036_unitInterval] using
ProbabilityTheory.binomial_real_singleton trials sample
(fep036_unitInterval p hp)

/-- Laplace smoothing makes the empirical prior parameter strictly positive. -/
theorem fep036_smoothedRate_pos (successes trials : N) :
0 < fep036_smoothedRate successes trials := by
simp only [fep036_smoothedRate]
positivity

/-- A valid success count yields a smoothed parameter strictly below one. -/
theorem fep036_smoothedRate_lt_one
{successes trials : N} (h : successes = trials) :
fep036_smoothedRate successes trials < 1 := by
have hden : (0 : R) < (trials + 2 : N) := by positivity
apply (div_lt_one hden).2
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exact_mod_cast (show successes + 1 < trials + 2 by omega)

/-- The smoothed empirical prior lies in the interior probability interval. -/
theorem fep036_smoothedRate_mem_Ioo
{successes trials : N} (h : successes = trials) :
fep036_smoothedRate successes trials € Set.Ioo (0 : R) 1 :=
(fep036_smoothedRate_pos successes trials,
fep036_smoothedRate_lt_one h)

/-- Every possible binomial cohort outcome produces an interior prior. -/
theorem fep036_empiricalPrior_mem_Ioo
(trials : N) (sample : Fin (trials + 1)) :
fep036_empiricalPrior trials sample € Set.Ioo (0 : R) 1 := by
apply fep036_smoothedRate_mem_Ioo
exact Nat.le_of_lt_succ sample.isLt

/-- At fixed trial count, the smoothed empirical rate is monotone in successes. -/
theorem fep036_smoothedRate_mono
{s1 sz trials : N} (h : s1 < s2) :
fep036_smoothedRate si1 trials < fep@36_smoothedRate s» trials := by
simp only [fep036_smoothedRate]
gecongr

/-- Laplace smoothing is the raw empirical rate multiplied by a shrinkage
factor, plus a vanishing pseudocount offset. -/
theorem fep036_smoothedRate_eq_shrunkEmpirical
{successes trials : N} (htrials : 0 < trials) :
fep036_smoothedRate successes trials =
((successes : R) / trials) % ((trials : R) / (trials + 2)) +
1/ ((trials : R) + 2) := by
have hn : (trials : R) # 0 :=
Nat.cast_ne_zero.mpr (Nat.ne_of_gt htrials)
simp only [fep036_smoothedRate, Nat.cast_add, Nat.cast_one, Nat.cast_ofNat]
field_simp [hn]

/-- Any consistent empirical-frequency sequence remains consistent after
Laplace smoothing. The sampling-law convergence premise is explicit. -/
theorem fep036_smoothedRate_tendsto_of_empiricalRate
(successes : N > N) (p : R)
(hraw : Filter.Tendsto (fun n : N = (successes n : R) / n)
Filter.atTop (nhds p)) :
Filter.Tendsto (fun n : N = fep036_smoothedRate (successes n) n)
Filter.atTop (nhds p) := by
have hshrink : Filter.Tendsto (funn : N= (n : R) / (n + 2))
Filter.atTop (nhds 1) :=
tendsto_natCast_div_add_atTop (2 : R)
have hoffset : Filter.Tendsto (funn : N= (1 : R) / ((n : R) + 2))
Filter.atTop (nhds 0) := by
simpa [add_comm, div_eq_mul_inv] using
(tendsto_add_mul_div_add_mul_atTop_nhds
(1 : R) 20 (d :=1) one_ne_zero)
have hcombined := (hraw.mul hshrink).add hoffset
have hcombined' : Filter.Tendsto
(fun n : N= ((successesn : R) /n) % ((n:R)/ (n+2)) +
1/ ((n: R) + 2)) Filter.atTop (nhds p) := by
simpa using hcombined
refine hcombined'.congr' ?_
filter_upwards [Filter.eventually_atTop.2 {1, fun _ hn = hn)] with n hn
exact
(fep036_smoothedRate_eq_shrunkEmpirical (Nat.zero_lt_of_1t hn)).symm

end FEPO36
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16.36.2 Typeset statement signatures
(p:Ryp) (hp: p < 1) (trials : N) (sample : N)
(fep036_binomialModel p hp trials).real {sample} = (trials.choose sample : R)
<(p:R)®mPle . (1 — (p : R))(trials — sample)

(successes trials : IN)

0 < fep036_smoothedRate successes trials

{successes trials : N} (h : successes < trials)

fep036_smoothedRate successes trials < 1

{successes trials : N} (h : successes < trials)

fep036_smoothedRate successes trials € Set.loo (0 : R) 1

(trials : N) (sample : Fin (trials 4+ 1))
fep036_empiricalPrior trials sample € Set.loo (0 : R) 1

{8y sytrials : N} (h: 51 < s5)
fep036_smoothedRate s; trials < fep036_smoothedRate s, trials

{successes trials : N} (htrials : 0 < trials)
fep036_smoothedRate successes trials = ((successes : R) /trials)
- ((trials : R)/(trials 4+ 2)) + 1/((trials : R) + 2)

(successes : N = N) (p : R) (hraw : Filter.Tendsto (An : N I (successesn :
R)/n) Filter.atTop (nhdsp))

Filter. Tendsto (An : N - fep036_smoothedRate (successes n) n) Filter.atTop
(nhds p)

16.37 fep-037 — Two-State Correlation—Response Law

(327)

(328)

(329)

(330)

(331)

(332)

(333)

(334)

For the symmetric two-state relaxation eigenvalue 1-2¢, stationary autocorrelation obeys an exact recurrence and decays for O<a<1; the discrete fluctuation—
response kernel equals 23« variance times the same geometric mode and also decays. Assumption scope: Response is defined as inverse temperature times the
one-step autocorrelation loss. Nonnegativity additionally restricts «<1/2 and nonnegative inverse temperature and variance. This is an exact discrete two-state

response law, not a microscopic Kubo derivation for general dynamics. Semantic disposition: formalized.

16.37.1 Lean sketch

import Mathlib.Analysis.SpecificLimits.Normed
import Mathlib.Tactic

namespace FEP0O37

/-- Relaxation eigenvalue of the symmetric two-state Markov transition. -/
def fep037_relaxation (¢ : R) : R :=1 -2 % a
/-- Stationary autocorrelation at lag ‘n‘ with equilibrium variance ‘variance‘. -/
def fep037_autocorrelation (a variance : R) (n : N) : R :=
variance % fep037_relaxation a A n

/-- The autocorrelation obeys the Markov relaxation recurrence. -/
theorem fep037_autocorrelation_recurrence (a variance : R) (n : N) :
fep037_autocorrelation a variance (n + 1) =
fep037_relaxation a % fep037_autocorrelation a variance n := by
simp only [fep037_autocorrelation, pow_succ]
ring

/-- For a strictly interior switching probability, equilibrium correlations
decay to zero. -/
theorem fep037_autocorrelation_tendsto_zero

{o : R} (ha® : 0 < a) (hal : a < 1) (variance : R) :

Filter.Tendsto (fep037_autocorrelation a variance)
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Filter.atTop (nhds 0) := by
have habs : |fep037_relaxation a| < 1 := by
rw [fep037_relaxation, abs_1t]
constructor <;> linarith
have hpow : Filter.Tendsto (fun n : N = fep037_relaxation a # n)
Filter.atTop (nhds 0) :=
tendsto_pow_atTop_nhds_zero_of_abs_1lt_one habs
change Filter.Tendsto (fun n : N = variance x fep037_relaxation a % n)
Filter.atTop (nhds 0)
simpa only [mul_zero] using hpow.const_mul variance

/-- Discrete fluctuation--response law: inverse temperature times the
one-step loss of stationary autocorrelation. -/
def fep@37_response (B a variance : R) (n : N) : R :=
B * (fep037_autocorrelation a variance n -
fep037_autocorrelation a variance (n + 1))

/-- Closed form of the discrete response kernel. -/
theorem fep037_response_eq (B a variance : R) (n : N)
fep037_response B a variance n =
2 ¥ B ¥ a % variance % fep037_relaxation a * n := by
rw [fep037_response, fepB37_autocorrelation_recurrence]
simp only [fep@37_autocorrelation, fep037_relaxation]
ring

/-- For nonnegative inverse temperature and variance, and switching no faster
than one half, the response kernel is nonnegative. -/
theorem fep037_response_nonneg
{B a« variance : R} (h : @ = B) (haO : 0 = a) (hahalf : @ =1 / 2)
(hvariance : 0 < variance) (n : N) :
0 < fep037_response B a variance n := by
rw [fep037_response_eq]
have hrelax : 0 < fep@37_relaxation a := by
rw [fep037_relaxation]
linarith
positivity

/-- The discrete response also relaxes to zero. -/
theorem fep037_response_tendsto_zero
{o : R} (ha® : 0 < ) (hal : « < 1) (B variance : R)
Filter.Tendsto (fun n = fep037_response B a variance n)
Filter.atTop (nhds 0) := by
have habs : |fep@37_relaxation a| < 1 := by
rw [fep037_relaxation, abs_1t]
constructor <j3;> linarith
have hpow : Filter.Tendsto (fun n : N = fep037_relaxation a * n)
Filter.atTop (nhds 0) :=
tendsto_pow_atTop_nhds_zero_of_abs_1lt_one habs
simpa only [fep037_response_eq, mul_zero] using
hpow.const_mul (2 * B % a % variance)

end FEPQ37

16.37.2 Typeset statement signatures
(avariance : R) (n : N)
fep037_autocorrelation v variance (n + 1) = fep037_relaxation «

- fep037_autocorrelation o variance n

{a: R} (ha0:0 < a) (hal : @ < 1) (variance : R)
Filter. Tendsto (fep037_autocorrelation « variance) Filter.atTop (nhds 0)

(B avariance : R) (n : N)

fep037_response 3 v variancen = 2 - 3 - « - variance - fep037_relaxation o™

1R

(335)

(336)

(337)



{B avariance : R} (h3: 0 < ) (ha0: 0 < «) (hahalf : o < 1/2)
(hvariance : 0 < variance) (n : N) (338)

0 < fep037_response 3 avariance n

{a:R} (ha0:0 < a) (hal : a < 1) (Bvariance : R)

. . . (339)
Filter. Tendsto (A n — fep037_response 3 o variance n) Filter.atTop (nhds 0)

16.38 fep-038 — Bernoulli Fisher Information and Natural Gradient

The differentiated Bernoulli family has zero expected score and Fisher information 1/(p(1-p)); its inverse metric defines a dual natural gradient and is the
pullback of the Euclidean metric along the Fisher—Rao coordinate. Assumption scope: Metric positivity, inverse-metric duality, and the coordinate law require
an interior Bernoulli parameter O < p < 1. This is a complete one-dimensional Bernoulli information geometry, not a general finite- or infinite-dimensional
statistical manifold. Semantic disposition: formalized.

16.38.1 Lean sketch

import Mathlib.Analysis.Calculus.Deriv.Add

import Mathlib.Algebra.BigOperators.Group.Finset.Basic
import Mathlib.Data.Bool.Basic

import Mathlib.Analysis.Real.Sqrt

import Mathlib.Tactic

namespace FEP0O38

/-- Bernoulli probability mass with success parameter ‘p‘. -/
def fep038_bernoulliMass (p : R) : Bool » R

| false = 1 - p

| true = p

/-- Pointwise parameter derivative of the Bernoulli mass. -/
def fep038_bernoulliMassDeriv : Bool » R

| false = -1

| true = 1

/-- The Bernoulli family is differentiable in its scalar parameter. -/
theorem fep038_bernoulliMass_hasDerivAt (p : R) (b : Bool) :
HasDerivAt (fun q = fep038_bernoulliMass q b)
(fep038_bernoulliMassDeriv b) p := by
cases b
- convert (hasDerivAt_const p (1 : R)).sub (hasDerivAt_id p) using 1
all_goals
first
| exact AddCommGroup.ext rfl
| exact Module.ext rfl
| rfl
| norm_num [fep@38_bernoulliMass, fep038_bernoulliMassDeriv]
- convert hasDerivAt_id p using 1
all_goals rfl

/-- Bernoulli masses are normalized for every scalar parameter. Their
probabilistic interpretation additionally restricts ‘p‘ to ‘[0,1]‘. -/
theorem fep038_bernoulliMass_sum_one (p : R)
Y b : Bool, fep038_bernoulliMass p b = 1 := by
simp [fep038_bernoulliMass]

/-- Bernoulli score ‘dp log Pp(b)‘, represented as ‘(dp Pp(b)) / Pp(b)‘. -/
noncomputable def fep038_score (p : R) (b : Bool) : R :=
fep038_bernoulliMassDeriv b / fep038_bernoulliMass p b

/-- At an interior parameter the expected Bernoulli score vanishes. -/
theorem fep038_expectedScore_zero {p : R} (hp0 : @ < p) (hpl : p < 1) :
Y b : Bool, fep038_bernoulliMass p b % fep@38_score p b = 0 := by
have hp : p # 0 := ne_of_gt hpO
have hip : 1 - p # 0 := ne_of_gt (sub_pos.mpr hp1)
simp [fep038_bernoulliMass, fep038_score, fep038_bernoulliMassDeriv, hp]
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field_simp [h1p]
ring

/-- Fisher information is the expected squared score. -/
noncomputable def fep038_fisherInformation (p : R) : R :=
Y b : Bool,
fep038_bernoulliMass p b % fep038_score p b A 2

/-- The Bernoulli Fisher information is ‘1 / (p(1-p))‘ in the interior. -/
theorem fep038_fisherInformation_eq {p : R} (hp® : 0 < p) (hpl : p < 1) :
fep038_fisherInformation p =1 / (p * (1 - p)) := by
have hp : p # 0 := ne_of_gt hp0
have hip : 1 - p # 0 := ne_of_gt (sub_pos.mpr hp1)
simp [fep038_fisherInformation, fep038_bernoulliMass, fep038_score,
fep038_bernoulliMassDeriv]
field_simp [hp, hip]
ring

/-- The one-dimensional Fisher metric applied to tangent coordinates. -/
noncomputable def fep038_fisherMetric (p vw : R) : R :=
fep038_fisherInformation p * v % w

/-- The Bernoulli Fisher metric is positive definite in the interior. -/
theorem fep038_fisherMetric_pos {p v : R} (hpO : 0 < p) (hpl : p < 1)
(hv : v #0) :
0 < fep038_fisherMetric p v v := by
rw [fep038_fisherMetric, fep038_fisherInformation_eq hp@® hp1]
have hden : 0 < p ¥ (1 - p) := mul_pos hp® (sub_pos.mpr hpl)
have hmetric : 0 < (2 / (p * (1 - p))) * (v * v) :=
mul_pos (one_div_pos.mpr hden) (mul_self_pos.mpr hv)
nlinarith

/-- Inverse-metric natural gradient for the Bernoulli parameter. -/
def fep038_naturalGradient (p gradient : R) : R :=
p * (1 - p) % gradient

/-- Applying the Fisher metric to its natural gradient recovers the covector. -/
theorem fep038_naturalGradient_duality {p gradient : R}
(hp® : @ < p) (hpl : p < 1) :
fep038_fisherInformation p % fep038_naturalGradient p gradient = gradient :=
rw [fep038_fisherInformation_eq hpO hp1]
have hp : p # 0 := ne_of_gt hpO
have hip : 1 - p # 0 := ne_of_gt (sub_pos.mpr hp1)
simp only [fep038_naturalGradient]
field_simp [hp, hip]

/-- Jacobian of the Bernoulli Fisher--Rao variance-stabilizing coordinate. -/
noncomputable def fep038_coordinateJacobian (p : R) : R :=
1 / Real.sgrt (p * (1 - p))

/-- The Fisher information is the square of the Fisher--Rao coordinate
Jacobian, i.e. the metric is the pullback of the Euclidean metric. -/
theorem fep038_fisherMetric_coordinate {p : R} (hp® : 0 < p) (hpl : p < 1) :
fep038_coordinateJacobian p » 2 = fep038_fisherInformation p := by
rw [fep038_fisherInformation_eq hpO hp1]
have hprod : @ < p % (1 - p) := (mul_pos hpO (sub_pos.mpr hpl)).le
simp [fep038_coordinateJdacobian, Real.sg_sqrt hprod]

/-- Tangent-vector form of the coordinate pullback law. -/
theorem fep038_fisherMetric_pullback {p v w : R}
(hp® : @ < p) (hpl : p < 1) :
fep038_fisherMetric p v w =
(fep038_coordinateJacobian p % v) %
(fep038_coordinateJacobian p % w) := by
Tw [fep038_fisherMetric]
have hcoord := fep038_fisherMetric_coordinate hp0 hpil
rw [« hcoord]
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ring

end FEPO38

16.38.2 Typeset statement signatures
(p:R)(b: Bool)

HasDerivAt (A ¢ — fep038_bernoulliMass ¢ b) (fep038_bernoulliMassDeriv b) p

(p:R)
Z b : Bool, fep038_bernoulliMasspb = 1

{p: R} (hp0: 0 <p)(hpl:p <1)
Z b : Bool, fep038_bernoulliMass p b - fep038_scorepb = 0

{p:R}(hp0:0<p)(hpl:p<1)
fep038_fisherlnformationp = 1/(p - (1 —p))

{pv:R} (hp0:0<p)(hpl:p<1)(hv:v+£0)
0 < fep038_fisherMetricp v v

{pgradient : R} (hp0: 0 < p) (hpl:p < 1)
fep038_fisherInformation p - fep038_naturalGradient p gradient = gradient

{p: R} (hp0:0<p)(hpl:p<1)
fep038_coordinateJacobian p? = fep038_fisherlnformation p

{pvw:R}(hp0:0 < p)(hpl:p < 1)
fep038_fisherMetric p v w = (fep038_coordinateJacobianp - v)
- (fep038_coordinateJacobian p - w)

16.39 fep-039 — Four-Block Additive Free Energy

(340)

(341)

(342)

(343)

(344)

(345)

(346)

(347)

Four local free-energy contributions aggregate additively and monotonically; under local nonnegativity, their global sum vanishes exactly when every local term
vanishes. Assumption scope: Additivity is unconditional over four real components. Zero separation requires each local term to be nonnegative. The composed
partition theorem ties those four components to fep-005’s exact state blocks. Semantic disposition: formalized.

16.39.1 Lean sketch

import Mathlib.Algebra.BigOpera

tors.Group.Finset.Basic

import Mathlib.Algebra.Order.BigOperators.Group.Finset

import Mathlib.Basic.Real.Basic
namespace FEPQ39

open Finset

-- [proof strategy: Finset.sum_

/-- Global free energy: ¥ local

def fep039_global_fe (local_fe :

Y i : Fin 4, local_fe i

/-- Global FE is nonneg when al
theorem fep039_global_nonneg (1
0 < fep039_global_fe local_
Finset.sum_nonneg fun i _ =

/-- Global FE monotone: improvi

theorem fep039_global_mono (f g :

fep039_global_fe f =< fep039
Finset.sum_le_sum fun i _ =

/-- Zero local FE everywhere >

nonneg + sum_le_sum + sum_const for global-vs-local FE]

contributions over a partition. -/
Fin 4 > R) : R :=

1 local contributions are nonneg. -/

ocal_fe : Fin 4 > R) (h : V i, 0 < local_fe i) :
fe :=

h i

ng one local term improves the global. -/
Fin4 > R) (h: Vi, fi=<gi):

_global_fe g :=

h i

zero global FE. -/
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theorem fep039_global_zero : fep039_global_fe (fun _ = 0) = 0 := by
simp [fep039_global_fe]

/-- Global FE additive in pointwise sums. -/
theorem fep039_global_add (f g : Fin 4 > R) :
fep039_global_fe (fun i = f i + g i) = fep039_global_fe f + fep039_global_fe g := by
simp [fep039_global_fe, Finset.sum_add_distrib]

/-- For nonnegative local energies, global free energy vanishes exactly when
every local contribution vanishes. -/
theorem fep039_global_eq_zero_iff (local_fe : Fin 4 > R)
(hnonneg : Vv i, 0 < local_fe i) :
fep039_global_fe local_fe = 0 o V i, local_fe i = 0 := by
constructor
« intro hzero i
exact (Finset.sum_eq_zero_iff_of_nonneg
(fun j _ = hnonneg j)).mp hzero i (Finset.mem_univ i)
- intro hlocal
simp [fep039_global_fe, hlocal]

end FEPO39

16.39.2 Typeset statement signatures
(local_fe : Find = R) (h : Vi,0 < local_fe)

(348)
0 < fep039_global_fe local_fe
(fg:Find=R)(h:Vi, fi<gi) (349)
fep039_global_fe f < fep039_global_fe g

fep039_global_fe (A_ -+ 0) = 0 (350)
(fg:Find=R) (351)

fep039_global_fe (Ai > fi+ gi) = fep039_global_fe f + fep039_global_fe g

(local_fe : Fin4 = R) (hnonneg : V4,0 < local_fe i)

(352)

fep039_global_fe local_fe = 0 <+ Vi, local_fei =0

16.40 fep-040 — Native Gaussian Law and Thermal Entropy Response

Mathlib’s real Gaussian law is normalized with its stated mean and variance; the one-dimensional closed-form entropy is strictly variance-monotone, differentiable
with derivative 1/(2v), and under v=kT has derivative 1/(2T) and heat capacity 1/2. Assumption scope: The native probability, mean, and variance theorems
include the zero-variance Dirac boundary. Entropy monotonicity and derivatives require positive variance, and the thermal relation requires ,T>0. The
closed-form entropy is specified directly rather than rederived here as an integral of negative log density. Semantic disposition: formalized.

16.40.1 Lean sketch

import Mathlib.Analysis.SpecialFunctions.Log.Deriv
import Mathlib.Probability.Distributions.Gaussian.Real
import Mathlib.Tactic

namespace FEP0Q40
open MeasureTheory ProbabilityTheory

/-- Mathlib's normalized real Gaussian law. -/
noncomputable def fep040_gaussianLaw (mean : R) (variance : NNReal) : Measure R :=
ProbabilityTheory.gaussianReal mean variance

/-- Every Gaussian law, including the zero-variance Dirac boundary, has mass one. -/
theorem fep040_gaussian_mass_one (mean : R) (variance : NNReal) :
fep040_gaussianLaw mean variance Set.univ = 1 := by
change ProbabilityTheory.gaussianReal mean variance Set.univ = 1
exact measure_univ
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/-- The native Gaussian's expectation is its mean parameter. -/
theorem fep040_gaussian_mean (mean : R) (variance : NNReal)
[/ x, x 0fep040_gaussianLaw mean variance = mean := by
change | x, x dProbabilityTheory.gaussianReal mean variance = mean
exact ProbabilityTheory.integral_id_gaussianReal

/-- The native Gaussian's variance is its variance parameter. -/
theorem fep040_gaussian_variance (mean : R) (variance : NNReal) :
ProbabilityTheory.variance id (fep040_gaussianLaw mean variance) = variance := by
change ProbabilityTheory.variance id
(ProbabilityTheory.gaussianReal mean variance) = variance
exact ProbabilityTheory.variance_id_gaussianReal

/-- Closed-form differential entropy of a one-dimensional Gaussian with
positive variance ‘v‘. -/
noncomputable def fep@40_gaussianEntropy (v : R) : R :=

(1 /2 :R) » Real.log (2 % Real.pi % Real.exp 1 % v)

/-- Gaussian entropy is strictly increasing with positive variance. -/
theorem fep040_gaussianEntropy_strictMono
{vi va ¢ R} (hve : 0 < v1) (hv & vy < va) ¢
fep040_gaussianEntropy vi < fep040_gaussianEntropy vz := by
unfold fep@40_gaussianEntropy
have hconstant : 0 < 2 ¥ Real.pi % Real.exp 1 := by positivity
gcongr

/-- The entropy derivative with respect to variance is ‘1/(2v)‘. -/
theorem fep040_gaussianEntropy_hasDerivAt
{v:R} (hv : O <v) :
HasDerivAt fep040_gaussianEntropy (1 / (2 % v)) v := by
let constant : R := 2 % Real.pi * Real.exp 1
have hconstant : constant # 0 := by
dsimp [constant]

positivity
have hargument : constant * v # 0 := mul_ne_zero hconstant (ne_of_gt hv)
have hlog : HasDerivAt (fun x = Real.log (constant % x))
(constant / (constant % v)) v := by

simpa using ((hasDerivAt_id v).const_mul constant).log hargument
have hscaled := hlog.const_mul (1 / 2 : R)
have hcoefficient :
(1 /2 :R) % (constant / (constant % v)) =1 / (2 % v) := by
field_simp [hconstant, ne_of_gt hv]
tw [« hcoefficient]
convert hscaled using 1
all_goals
first
| exact AddCommGroup.ext rfl
| exact Module.ext rfl
| rfl

/-- Thermal variance scale ‘kT‘. -/
def fep040_thermalvariance (k T : R) : R :=k % T

/-- Gaussian entropy as a function of absolute temperature. -/
noncomputable def fep040_thermalEntropy (k T : R) : R :=
fep040_gaussianEntropy (fep040_thermalvariance k T)

/-- For positive scale and temperature, thermal entropy has derivative ‘1/(2T)‘. -/
theorem fep040_thermalEntropy_hasDerivAt
{k T:R} (hek : 0 <k) (AT :0<T):
HasDerivAt (fep040_thermalEntropy k) (1 / (2 * T)) T := by
have hvariance : 0 < fep040_thermalVariance k T :=
mul_pos hk hT
have houter := fep040_gaussianEntropy_hasDerivAt hvariance
have hinner : HasDerivAt (fep040O_thermalvariance k) k T := by
convert (hasDerivAt_id T).const_mul k using 1
all_goals
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first

| exact AddCommGroup.ext rfl

| exact Module.ext rfl

| rfl

| simp

have hcomp := houter.comp T hinner
have hcoefficient :

(1 / (2 % fepo40_thermalvariance k T)) * k =1 / (2 * T) := by
simp only [fep040_thermalVariance]
field_simp [ne_of_gt hk, ne_of_gt hT]

rw [« hcoefficient]
convert hcomp using 1
all_goals
first
| exact AddCommGroup.ext rfl
| exact Module.ext rfl
| rfl

/-- Dimensionless constant-volume heat capacity ‘T 9H/OT‘. -/
noncomputable def fep040_heatCapacity (T : R) : R :=
Tx (1/(2%T))

/-- The one-dimensional Gaussian thermal model has heat capacity ‘1/2‘. -/
theorem fep040_heatCapacity_eq_half {T : R} (hT : 0 < T) :
fep040_heatCapacity T =1 / 2 := by
unfold fep040_heatCapacity
field_simp [ne_of_gt hT]

end FEP0O40

16.40.2 Typeset statement signatures

(mean : R) (variance : R.)

fep040_gaussianLaw mean variance ) = 1
(mean : R) (variance : R)
/x, x d fep040_gaussianLaw mean variance = mean

(mean : R) (variance : Ry)

Probability Theory.variance id (fep040_gaussianLaw mean variance) = variance

{vy vy : R} (hvy : 0 < vy) (hv : vy < vy)
fep040_gaussianEntropy v; < fep040_gaussianEntropy v,

{v:R}(hv:0 <)
HasDerivAt fep040_gaussianEntropy (1/(2 - v)) v

{kT:R} (hk:0< k) (AT:0<T)
HasDerivAt (fep040_thermalEntropy k) (1/(2-T)) T

(TR} (hT:0<T)
fep040_heatCapacity T = 1/2

16.41 fep-041 — Expected Information Gain via Measure KL

(353)

(354)

(355)

(356)

(357)

(358)

(359)

Information gain is native measure-valued KL divergence: it is nonnegative, separates finite posterior and prior measures, and its predictive expectation vanishes
when observations leave the posterior unchanged almost everywhere. Assumption scope: KL separation requires finite measures. The zero expected-information
theorem requires a sigma-finite prior and almost-everywhere posterior equality; it does not claim that every informative experiment has strictly positive expected

gain. Semantic disposition: formalized.
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16.41.1 Lean sketch

import Mathlib.InformationTheory.KullbackLeibler.Basic
import Mathlib.MeasureTheory.Integral.Lebesgue.Countable

namespace FEP041

open MeasureTheory
open scoped ENNReal

variable {Obs State : Typex}
variable [MeasurableSpace Obs] [MeasurableSpace State]

/-- Information gain is Mathlib's measure-valued Kullback--Leibler divergence
from a posterior law to its prior law. -/
noncomputable def fep@41_informationGain
(posterior prior : Measure State) : R0« :=
InformationTheory.klDiv posterior prior

/-- Information gain is nonnegative because KL divergence is extended
nonnegative-real valued. -/
theorem fep041_informationGain_nonneg (posterior prior : Measure State) :
0 = fep041_informationGain posterior prior :=
bot_le

/-- For finite measures, zero information gain characterizes equality of the
posterior and prior laws. -/
theorem fep041_informationGain_eq_zero_iff
(posterior prior : Measure State)
[IsFiniteMeasure posterior] [IsFiniteMeasure prior] :
fep041_informationGain posterior prior = 0 e posterior = prior := by
exact InformationTheory.klDiv_eq_zero_iff

/-- Expected information gain under a predictive observation law. -/
noncomputable def fep041_expectedInformationGain
(predictive : Measure Obs)
(posterior : Obs -» Measure State)
(prior : Measure State) : R20w :=
/- observation,
fep041_informationGain (posterior observation) prior dpredictive

/-- If observations leave the posterior equal to the prior almost everywhere,
then expected information gain is exactly zero. -/
theorem fep041_expectedInformationGain_zero
(predictive : Measure Obs)
(posterior : Obs -» Measure State)
(prior : Measure State) [SigmaFinite prior]
(hposterior : Y™ observation dpredictive, posterior observation = prior)
fep041_expectedInformationGain predictive posterior prior = 0 := by
rw [fep041_expectedInformationGain]
calc
(/- observation,
fep041_informationGain (posterior observation) prior dpredictive) =
[~ _observation, 0 dpredictive := by
apply lintegral_congr_ae
filter_upwards [hposterior] with observation hobservation
simp [fep041_informationGain, hobservation,
InformationTheory.klDiv_self]
_ = 0 := lintegral_zero

end FEPO41

16.41.2 Typeset statement signatures
{Obs State : Type"} [MeasurableSpaceObs] [MeasurableSpaceState]

(posterior prior : MeasureState)

0 < fep041_informationGain posterior prior
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{Obs State : Type"} [MeasurableSpaceObs] [MeasurableSpaceState]

(posterior prior : MeasureState) [IsFiniteMeasure posterior]

361
[IsFiniteMeasure prior] 6
fep041_informationGain posterior prior = 0 <+ posterior = prior
{Obs State : Type"} [MeasurableSpaceObs| [MeasurableSpaceState]
(predictive : MeasureObs) (posterior : Obs = MeasureState)
(prior : MeasureState) [SigmaFinite prior] (hposterior : V*¢ observation (362)

d predictive, posterior observation = prior)

fep041_expectedInformationGain predictive posterior prior = 0

16.42 fep-042 — Bernoulli Sufficient-Statistic Factorization

The Bernoulli sequence likelihood factorizes exactly through success and failure counts, so samples with equal count statistics have identical likelihood for every
parameter. Assumption scope: The theorem is finite-sample and algebraic over a Boolean observation list. Its probabilistic interpretation restricts p to [0,1]; no
completeness, asymptotic efficiency, or non-Bernoulli family is claimed. Semantic disposition: formalized.

16.42.1 Lean sketch

import Mathlib.Data.List.Count
import Mathlib.Tactic

namespace FEPQ42
/-- Number of observed Bernoulli successes. -/

def fep042_successCount (data : List Bool) : N :
data.count true

/-- Number of observed Bernoulli failures. -/
def fep042_failureCount (data : List Bool) : N :
data.count false

/-- The two-count statistic used by the Bernoulli likelihood factorization. -/
def fep042_sufficientStatistic (data : List Bool) : N x N :=
(fep042_successCount data, fep042_failureCount data)

/-- Bernoulli sequence likelihood, with ‘true‘ mass ‘p‘. -/
def fep@42_bernoulliLikelihood (p : R) : List Bool » R
[ [1=>1
| b :: data = (if b then p else 1 - p) % fep042_bernoulliLikelihood p data

/-- Fisher--Neyman factorization through success and failure counts. -/
theorem fep042_likelihood_factorizes (p : R) (data : List Bool) :
fep042_bernoulliLikelihood p data =
p A fep@42_successCount data % (1 - p) * fep042_failureCount data := by
induction data with
| nil = simp [fep042_bernoulliLikelihood, fepB42_successCount, fep042_failureCount]
| cons b data ih =
cases b <;>
simp [fep042_bernoulliLikelihood, fep042_successCount,
fep042_failureCount, ih, pow_succ] <;>
ring

/-- Equal sufficient statistics imply equal likelihoods for every parameter. -/
theorem fep042_likelihood_eq_of_stat_eq
(p ¢ R) (xs ys : List Bool)
(h : fep042_sufficientStatistic xs = fepB42_sufficientStatistic ys) :
fep042_bernoulliLikelihood p xs = fep042_bernoulliLikelihood p ys := by
have hs : fep042_successCount xs = fep042_successCount ys :
congrArg Prod.fst h
have hf : fep042_failureCount xs = fep042_failureCount ys :
congrArg Prod.snd h
tw [fep042_likelihood_factorizes, fep042_likelihood_factorizes, hs, hf]

end FEP042
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16.42.2 Typeset statement signatures
(p : R) (data : List Bool)

fep042_bernoulliLikelihood p data = pfer042-successCount fapy . (1 — p)fep042 failureCount (363)
data

(p: R) (xsys : List Bool) (h : fep042_sufficientStatistic xs
= fep042_sufficientStatistic ys) (364)
fep042_bernoulliLikelihood p xs = fep042_bernoulliLikelihood p ys

16.43 fep-043 — Fermat Criticality and Quadratic Curvature

Fermat’s theorem makes every local minimum critical; for an exact positive-curvature quadratic, the derivative is the stated gradient, the center is the unique
critical point and global minimizer, and the scalar Hessian is strictly positive. Assumption scope: The general derivative-zero theorem uses Mathlib’s local-
minimum notion. Uniqueness and positive second derivative are proved only for the explicit scalar quadratic with a>0, not inferred for arbitrary differentiable
objectives. Semantic disposition: formalized.

16.43.1 Lean sketch

import Mathlib.Analysis.Calculus.Deriv.Mul
import Mathlib.Analysis.Calculus.Deriv.Pow
import Mathlib.Analysis.Calculus.LocalExtr.Basic
import Mathlib.Tactic

namespace FEP0Q43

/-- Fermat's theorem: the derivative vanishes at every local minimum. -/
theorem fep043_localMin_deriv_zero
{f : R> R} {xe : R} (hmin : IsLocalMin f xe) :
deriv f xo = 0 :=
hmin.deriv_eqg_zero

/-- Exact scalar quadratic free-energy landscape. -/
def fep043_quadraticFreeEnergy (a xe ¢ X : R) : R :=
a* (x - xe)A2+c

/-- Its gradient field. -/
def fep@43_quadraticGradient (a xe x : R) : R :=
2 % ax* (x - xo)

/-- Exact first derivative of the quadratic free energy. -/
theorem fep043_quadratic_hasDerivAt (a xe c x : R)
HasDerivAt (fep043_quadraticFreeEnergy a Xe C)
(fep043_quadraticGradient a xe x) x := by
convert (((hasDerivAt_id x).sub_const xe).pow 2).const_mul a [>.add_const c using 1
all_goals
first
| exact AddCommGroup.ext rfl
| exact Module.ext rfl
| rfl
| (simp [fep043_quadraticGradient] ; ring)

/-- Positive curvature makes the center the unique global minimizer. -/
theorem fep043_quadratic_unique_min
{axecx :R} (ha:0<a):
fep043_quadraticFreeEnergy a xe C X =
fep043_quadraticFreeEnergy a Xe C Xo ©
X = Xe := by
constructor
- intro h
have hcenter : fep043_quadraticFreeEnergy a Xe C Xo = C := by
simp [fep043_quadraticFreeEnergy]
rw [hcenter] at h
rw [fep043_quadraticFreeEnergy] at h
have hsquare : (x - xo) # 2 = 0 := by nlinarith
nlinarith
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- rintro rfl
rfl

/-- For positive curvature, the unique critical point is the unique minimum. -/
theorem fep043_quadratic_critical_iff
{a xe c x : R} (ha : 8 <a) :
deriv (fep@43_quadraticFreeEnergy a xe C) X = 0 & X = Xo := by
Trw [(fep043_quadratic_hasDerivAt a xe ¢ X).deriv]
simp only [fep043_quadraticGradient]
constructor <3;> intro h
- nlinarith
- tw [h, sub_self, mul_zero]

/-- The gradient derivative is the constant scalar Hessian ‘2a‘. -/
theorem fep043_quadraticGradient_hasDerivAt (a xe x : R) :
HasDerivAt (fep043_quadraticGradient a xe) (2 % a) x := by
convert ((hasDerivAt_id x).sub_const Xe).const_mul (2 % a) using 1
all_goals
first
| exact AddCommGroup.ext rfl
| exact Module.ext rfl
| rfl
| simp
/-- Positive quadratic curvature gives a strictly positive Hessian. -/

theorem fep043_quadratic_hessian_pos {a : R} (ha : 0 < a) :
0 < 2 % a := by positivity

end FEP043

16.43.2 Typeset statement signatures

{f:R= R} {zy: R} (hmin : IsLocalMin f )
deriv fzg =0

(azgecz:R)
HasDerivAt (fep043_quadraticFreeEnergy a z, ¢) (fep043_quadraticGradient a x, )
x

{azqgcx:R}(ha:0< a)
fep043_quadraticFreeEnergy a x c x = fep043_quadraticFreeEnergyaxycxy <+ @

{azgcz:R}(ha:0<a)
deriv (fep043_quadraticFreeEnergy a zyc) x = 0 <> © = x4

(azgx:R)
HasDerivAt (fep043_quadraticGradienta x) (2 - a) =

{a:R}(ha:0< a)
0<2-a

16.44 fep-044 — Bernoulli Squared Hellinger Divergence

(365)

(366)

(367)

(368)

(369)

(370)

The squared Hellinger divergence between Bernoulli laws is nonnegative, symmetric, invariant under success/failure relabeling, and separates parameters on
[0,1]. Assumption scope: Nonnegativity and symmetry are unconditional for the real-valued formula; the probability-divergence interpretation and separation
theorem restrict both parameters to [0,1]. This is the Hellinger member of the alpha-divergence family, not a theorem for every alpha. Semantic disposition:

formalized.
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16.44.1 Lean sketch

import Mathlib.Analysis.Real.Sqrt
import Mathlib.Tactic

namespace FEP044

/-- Squared Hellinger divergence between Bernoulli laws, including the
conventional factor ‘1/2'. -/
noncomputable def fep044_hellingerSq (p g : R) : R :=
((Real.sqrt p - Real.sqrt q) » 2 +
(Real.sgrt (1 - p) - Real.sqgrt (1 - q)) »2) /2

/-- Squared Hellinger divergence is nonnegative. -/
theorem fep044_hellingerSg_nonneg (p q : R) :
0 < fep044_hellingerSq p q := by
unfold fep044_hellingerSq
positivity

/-- Squared Hellinger divergence is symmetric. -/
theorem fep044_hellingerSqg_symm (p q : R) :
fep044_hellingerSq p q = fep044_hellingerSq q p := by
unfold fep044_hellingerSq
ring

/-- On the probability interval, zero squared Hellinger divergence
characterizes equality of Bernoulli parameters. -/
theorem fep044_hellingerSq_eq_zero_iff
{p g : R} (hp : p e Set.Icc (0 : R) 1) (hg : g € Set.Icc (0 : R) 1) :
fep044_hellingerSq p q = 0 e p = g := by
constructor
- intro hzero
rw [fep044_hellingerSq] at hzero
have hfirst_sq : (Real.sqrt p - Real.sqrt gq) # 2 = 0 := by
nlinarith [sq_nonneg (Real.sqrt (1 - p) - Real.sqgrt (1 - q))]
have hfirst : Real.sqrt p - Real.sqrt g = 0 := by
nlinarith
have hsqrt : Real.sqrt p = Real.sqrt q := sub_eg_zero.mp hfirst
exact (Real.sqrt_inj hp.1 hq.1).mp hsqrt
- rintro rfl
simp [fep044_hellingerSq]

/-- Relabeling Bernoulli success and failure leaves Hellinger divergence
unchanged. -/
theorem fep044_hellingerSq_complement (p
fep044_hellingerSq (1 - p) (1 - q) =
unfold fep044_hellingerSq
congr 1
ring_nf

qg:R):
fep044_hellingerSq p q := by

end FEP044

16.44.2 Typeset statement signatures

'R
(pq:R) _ 371)
0 < fep044_hellingerSq p q
: R
(pq:R) . - 372
fep044_hellingerSq p ¢ = fep044_hellingerSq g p
{pq:R}(hp:p € Set.lecc(0:R)1) (hq:q € Set.lecc(0: R) 1) (373)
fep044_hellingerSqpq =0+ p =¢q
'R
(pa:R) 374)

fep044_hellingerSq (1 — p) (1 — q) = fep044_hellingerSqp g
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16.45 fep-045 — Finite Bernoulli Conjugate Closure

For a nonzero evidence normalizer, likelihood-times-Bernoulli-prior mass normalizes pointwise to another Bernoulli law at the Bayes-updated parameter. As-
sumption scope: Closure is exact for a binary latent hypothesis and binary evidence likelihood. Interior prior and positive likelihood assumptions prove positive
evidence and keep the updated parameter in [0,1]. This is a finite Bernoulli conjugate family, not Beta-density conjugacy. Semantic disposition: formalized.

16.45.1 Lean sketch

import Mathlib.Algebra.BigOperators.Group.Finset.Basic
import Mathlib.Tactic

namespace FEP0Q45

/-- Bernoulli mass function with ‘true‘ parameter ‘p‘. -/
def fep@45_bernoulliMass (p : R) : Bool » R

| false = 1 -p

| true = p

/-- Binary evidence likelihood, indexed by the latent Boolean hypothesis. -/
def fep045_binaryLikelihood (le 11 : R) : Bool » R

| false = 1o

| true = 14

/-- Evidence normalizer for a Bernoulli prior and binary likelihood. -/
def fep045_evidence (p le 11 : R) : R :=
p*ls+ (2 -p)*Te

/-- Updated Bernoulli parameter after observing the binary evidence. -/
noncomputable def fep045_posteriorParameter (p le 11 : R) : R :=
p ¥ Ls / fep045_evidence p lo 11

/-- Interior priors and positive likelihoods have positive evidence. -/
theorem fep045_evidence_pos
{p e 12 : R} (hpe : 0 < p) (hps : p < 1)
(hle : 0 < lo) (hla : 0 < 14) :
0 < fep045_evidence p le l1 := by
exact add_pos (mul_pos hpe hli) (mul_pos (sub_pos.mpr hpi) hle)

/-- The updated Bernoulli parameter remains in the unit interval. -/
theorem fep045_posteriorParameter_mem_unit
{p loe 12 : R} (hpe : 0 < p) (hps : p < 1)
(hle : 0 < lo) (hlsa : 0 < 14) :
0 = fep045_posteriorParameter p le 11 A
fep045_posteriorParameter p le 14 £ 1 := by
have hZ : 0 < fep045_evidence p lo 11 :=
fep045_evidence_pos hpe hps hle hls
constructor
- exact div_nonneg (mul_nonneg hpe.le hli.le) hZ.le
- apply (div_le_one hz).2
simp only [fep045_evidence]
exact le_add_of_nonneg_right (mul_nonneg (sub_nonneg.mpr hpi.le) hle.le)

/-- Pointwise Bayes closure: normalized likelihood-times-prior mass is exactly
the Bernoulli family at the updated parameter. -/
theorem fep045_bernoulli_posterior_closed
{p Lo 11 : R} (hZ : fep045_evidence p le 11 # 0) (b : Bool) :
fep045_bernoulliMass (fep045_posteriorParameter p le l1) b =
fep045_bernoulliMass p b * fep045_binaryLikelihood 1o 11 b /
fep045_evidence p le l1 := by
cases b
- simp only [fep@45_bernoulliMass, fep045_binaryLikelihood,
fep045_posteriorParameter]
field_simp [fep045_evidence]
simp only [fep045_evidence]
ring
- simp [fep045_bernoulliMass, fep045_binaryLikelihood,
fep045_posteriorParameter]
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/-- The conjugate posterior Bernoulli mass function remains normalized. -/
theorem fep045_posterior_mass_one (p le l1 : R) :
Y b : Bool, fep045_bernoulliMass (fep045_posteriorParameter p le l1) b = 1 := by
simp [fep045_bernoulliMass]

end FEP0Q45

16.45.2 Typeset statement signatures
{plyly : R} (hpy : 0 < p) (hpy :p < 1) (hly: 0 <ly)(hly:0<1y)
0 < fep045_evidencep{, [}

{ploly + R} (hpg : 0 <p) (hpy :p < 1) (hly: 0 <ly) (hly:0<1y)
0 < fep045_posteriorParameter p [, I; A fep045_posteriorParameterpl,l; <1

{plyly : R} (hZ : fep045_evidenceplyl; # 0) (b : Bool)

fep045_bernoulliMass (fep045_posteriorParameterpl ;) b

= fep045_bernoulliMass p b - fep045_binaryLikelihood [ I, b/fep045_evidence p
loly

(plyly : R)
Z b : Bool, fep045_bernoulliMass (fep045_posteriorParameter ply ;) b =1

16.46 fep-046 — Finite Stick-Breaking Mass Conservation

(375)

(376)

(377)

(378)

For every finite stick-breaking sequence, allocated weights plus residual mass equal exactly one; unit-interval breaks keep the residual in [0,1]. Assumption
scope: Mass conservation is a purely algebraic identity with no bounds. Residual nonnegativity and the unit upper bound require every break fraction in [0,1].

No infinite-series exhaustion or random-process law is claimed. Semantic disposition: formalized.

16.46.1 Lean sketch

import Mathlib.Algebra.BigOperators.Ring.List
import Mathlib.Tactic

namespace FEP0Q46

/-- Finite stick-breaking weights. The head receives fraction ‘v'‘; all later
weights are scaled by the retained fraction ‘1-v‘. -/
def fep046_stickWeights : List R » List R
| [1=1]
| v :: breaks =
v :: (fep046_stickWeights breaks).map (fun weight = (1 - v) % weight)

/-- Mass remaining after every listed break. -/
def fep046_remainder : List R > R
[ [1=>1
| v :: breaks = (1 - v) % fep046_remainder breaks

/-- Allocated weights plus residual mass equal exactly one after any finite
sequence of breaks. This algebraic conservation law needs no inequalities. -/
theorem fepB46_mass_conservation (breaks : List R) :
(fep046_stickWeights breaks).sum + fep046_remainder breaks = 1 := by
induction breaks with
| nil = simp [fep046_stickWeights, fep046_remainder]
| cons v breaks ih =
have hscaled :
((fep046_stickWeights breaks).map
(fun weight = (1 - v) % weight)).sum =
(1 - v) % (fepB46_stickWeights breaks).sum := by
simpa using
(List.sum_map_mul_left
(1 := fep046_stickWeights breaks)
(f :=id) (r :=1 - v))
simp only [fep046_stickWeights, fep@46_remainder, List.sum_cons]
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rw [hscaled]
calc
v+ (1 -v) % (fepO4b_stickWeights breaks).sum +
(1 - v) % fepO46_remainder breaks =
v+ (1-v) =%
((fepOdb_stickWeights breaks).sum +
fep046_remainder breaks) := by ring
- =Vv+ (1 -v)*1:=byrw[ih]
_ =1 := by ring

/-- Unit-interval break fractions leave nonnegative residual mass. -/
theorem fep046_remainder_nonneg (breaks : List R)
(hbreaks : ¥ v € breaks, v € Set.Icc (0 : R) 1) :
0 = fep046_remainder breaks := by
induction breaks with
| nil = simp [fepO46_remainder]
| cons v breaks ih =
rw [fep046_remainder]
exact mul_nonneg (sub_nonneg.mpr (hbreaks v (by simp)).2)
(ih (fun w hw = hbreaks w (by simp [hw])))

/-- The residual mass never exceeds one for unit-interval breaks. -/
theorem fep046_remainder_le_one (breaks : List R)
(hbreaks : ¥ v € breaks, v € Set.Icc (0 : R) 1) :
fep046_remainder breaks = 1 := by
induction breaks with
| nil = simp [fepO46_remainder]
| cons v breaks ih =
rw [fep046_remainder]
have hv := hbreaks v (by simp)
have htail : V w € breaks, w € Set.Icc (0 : R) 1 :=
fun w hw = hbreaks w (by simp [hw])
have hrem@ := fep046_remainder_nonneg breaks htail
have hreml := ih htail
nlinarith [mul_nonneg hv.1 hremQ]

end FEP046

16.46.2 Typeset statement signatures

(breaks : List R)
(fep046_stickWeights breaks).sum + fep046_remainder breaks = 1

(breaks : List R) (hbreaks : Vv € breaks, v € Set.lcc (0 : R) 1)
0 < fep046_remainder breaks

(breaks : List R) (hbreaks : Vv € breaks,v € Set.lcc (0 : R) 1)
fep046_remainder breaks < 1

16.47 fep-047 — Compositional Finite Sum-Product Propagation

(379)

(380)

(381)

Finite sum-product forward propagation is matrix—vector multiplication: it preserves nonnegativity and order under nonnegative factors, has zero and identity
laws, and composes exactly by matrix multiplication. Assumption scope: Nonnegativity and monotonicity require entrywise nonnegative factors and inputs.
Identity and composition are unconditional algebraic laws. The row proves exact finite propagation, not normalization or loopy fixed-point convergence. Semantic

disposition: formalized.

16.47.1 Lean sketch

import Mathlib.Data.Matrix.Mul
import Mathlib.Basic.Real.Basic

namespace FEP047
open Finset

abbrev State := Fin 7

20



abbrev Factor := Matrix State State R

/-- A full finite sum-product forward pass is matrix--vector multiplication. -/
def fep047_forward (factor : Factor) (incoming : State » R) : State » R :=
Matrix.mulVec factor incoming

/-- Forward message is nonneg when factors and incoming messages are nonneg. -/
theorem fep047_forward_nonneg
(factor : Factor) (incoming : State - R)
(hfactor : ¥ x y, 0 < factor x y)
(hincoming : V y, 0 < incoming y) (x : State) :
0 < fep047_forward factor incoming x := by
simp only [fep047_forward, Matrix.mulVec, dotProduct]
exact Finset.sum_nonneg fun y _ =
mul_nonneg (hfactor x y) (hincoming y)

/-- Message-passing monotonicity: larger incoming messages -» larger output. -/
theorem fep047_forward_mono
(factor : Factor) (incomings incoming, : State » R)
(hfactor : V x y, 0 < factor x y)
(hincoming : ¥ y, incoming:s y < incomings y) (x : State) :
fep047_forward factor incoming: x <
fep047_forward factor incoming, x := by
simp only [fep047_forward, Matrix.mulVec, dotProduct]
exact Finset.sum_le_sum fun y _ =
mul_le_mul_of_nonneg_left (hincoming y) (hfactor x y)

/-- Zero incoming messages -» zero forward output. -/
theorem fep047_zero_in (factor : Factor) :
fep047_forward factor (fun - = 0) = 0 := by
ext x
change (¥ y : State, factor x y % 0)
simp

(0 : R)

/-- Identity factor leaves every incoming message unchanged. -/
theorem fep047_identity (incoming : State - R) :
fep047_forward (1 : Factor) incoming = incoming := by
exact Matrix.one_mulVec incoming

/-- Two consecutive sum-product passes are exactly one pass through the
matrix product of their factors. -/
theorem fep047_forward_compose
(outer inner : Factor) (incoming : State » R) :
fep047_forward outer (fep047_forward inner incoming) =
fep047_forward (outer % inner) incoming := by
exact Matrix.mulVec_mulVec incoming outer inner

end FEP047

16.47.2 Typeset statement signatures
(factor : Factor) (incoming : State = R) (hfactor : Va 3,0 < factorz y)
(hincoming : Vy,0 < incomingy) (x : State)
0 < fep047_forward factor incoming x

(factor : Factor) (incoming, incoming, : State = R)
(hfactor : Va y,0 < factor z y) (hincoming : Yy, incoming, y < incomings y)
(x : State)

fep047_forward factor incoming, x < fep047_forward factor incoming, x

(factor : Factor)
fep047_forward factor (A_— 0) =0

(incoming : State = R)

fep047_forward (1 : Factor) incoming = incoming
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(outerinner : Factor) (incoming : State = R)
fep047_forward outer (fep047_forward inner incoming) = fep047_forward (386)

(outer - inner) incoming

16.48 fep-048 — Contractive Policy Update Uniqueness

Mathlib’s global ContractingWith contract gives a unique fixed point on R, and iterations of the concrete halving update converge to zero. Assumption scope:
ContractingWith packages a nonnegative Lipschitz coefficient strictly below one. Completeness and nonemptiness of R discharge the Banach fixed-point
assumptions; no claim is made for arbitrary noncontractive policy updates. Semantic disposition: formalized.

16.48.1 Lean sketch

import Mathlib.Order.Monotone.Basic
import Mathlib.Topology.MetricSpace.Contracting
import Mathlib.Tactic

namespace FEP048
open Topology
-- [proof strategy: native Mathlib ContractingWith and fixed-point API]

/-- Sync update: both components advance together, total is nonneg. -/
theorem fep048_sync_nonneg (a b : R) (ha : @ sa) (hb : @ <b) : 0<sa+b:=
add_nonneg ha hb

/-- Async update: sequential composition preserves monotonicity. -/
theorem fep048_async_mono (f g : R > R) (hf : Monotone f) (hg : Monotone g) :
Monotone (g o f) :=
hg.comp hf

/-- Mathlib's global contraction contract gives fixed-point uniqueness. -/
theorem fep048_contraction_unique (f : R » R) (c : NNReal)
(hcontract : ContractingWith ¢ f) (x y : R)
(hfx : Function.IsFixedPt f x) (hfy : Function.IsFixedPt f y) : x =y :=
hcontract.fixedPoint_unique' hfx hfy

/-- A concrete nontrivial contraction used as an executable witness. -/
noncomputable def fep048_halfUpdate (x : R) : R := x / 2

/-- Halving contracts distances by exactly one half. -/
theorem fep048_halfUpdate_contracts :

ContractingWith (1 / 2 : NNReal) fep048_halfUpdate := by
refine (by norm_num, LipschitzWith.of_dist_le_mul ?_)
intro a b
simp only [fep048_halfUpdate, Real.dist_eq]
rw [« sub_div, abs_div]
norm_num [div_eq_mul_inv]
rw [mul_comm]

/-- The concrete halving contraction has zero as its unique fixed point. -/
theorem fep048_halfUpdate_unique_fixed_point (x : R)
(hx : Function.IsFixedPt fep048_halfUpdate x) : x = 0 := by
exact fep048_halfUpdate_contracts.fixedPoint_unique' hx (by
change fep048_halfUpdate 0 = 0
norm_num [fep048_halfUpdate])

/-- Iterating the halving update from any real initial state converges to zero. -/
theorem fep048_halfUpdate_iterates_converge (x : R) :
Filter.Tendsto (fun n » fep048_halfUpdater[n] x) Filter.atTop (N 0):=by
have hzero : Function.IsFixedPt fep@48_halfUpdate 0 := by
change fep048_halfUpdate 0 = 0
norm_num [fep048_halfUpdate]
have hfixed : ContractingWith.fixedPoint fep048_halfUpdate
fep048_halfUpdate_contracts = 0 :=
(fep048_halfUpdate_contracts.fixedPoint_unique hzero).symm
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rw [« hfixed]
exact fep048_halfUpdate_contracts.tendsto_iterate_fixedPoint x

/-- Identity update is monotone (trivial sync). -/
theorem fep048_id_mono : Monotone (id : R> R) := fun _ _ h = h

/-- Sum of monotone scalar updates is monotone. -/
theorem fep048_add_mono (f g : R » R) (hf : Monotone f) (hg : Monotone g) :
Monotone (fun x = f x + g x) :=
fun _ _ h = add_le_add (hf h) (hg h)

end FEPO48

16.48.2 Typeset statement signatures
(ab:R)(ha:0<a)(hb:0<D)

387
0<a+bd (387)
(fg: R = R) (hf: Monotone f) (hg : Monotone g) (388)
Monotone (g o f)
(f : R=R)(c: Ryg) (hcontract : ContractingWithc f) (zy : R)
hfx : Function.IsFixedPt f x) (hfy : Function.IsFixedPt f ) (389)
T=y
ContractingWith (1/2 : R) fep048_halfUpdate (390)
(2 : R) (hx : Function.IsFixedPt fep048_halfUpdate ) 390
xz=0
(z:R)
[ (392)
Filter. Tendsto (A n  fep048_halfUpdate'n] x) Filter.atTop (V 0)
Monotone (id : R = R) (393)
: R = R) (hf : Monotone f) (hg : Monotone
(fg )( f) (hg 9) (304)

Monotone (A z > fz + g )

16.49 fep-049 — Linear Constitutive Entropy Production

Under J;=L;X;, the flux—force pairing is a nonnegative quadratic form that separates equilibrium for L;>0. Independently, positive forward/reverse edge fluxes
have production (f-r)log(f/r)>=0, with equality exactly at detailed balance. Assumption scope: The finite constitutive law is diagonal and assumes nonnegative
conductances. The edge theorem assumes strictly positive bidirectional fluxes so affinity is finite. Cross-coupled Onsager matrices and microscopic derivations

remain outside the claim. Semantic disposition: formalized.

16.49.1 Lean sketch

import Mathlib.Algebra.Order.BigOperators.Group.Finset
import Mathlib.Analysis.SpecialFunctions.Log.Basic
import Mathlib.Tactic

namespace FEP049
open Finset
/-- Diagonal linear constitutive law ‘Ji = Li Xi‘. -/
def fep049_linearFlux {1 : Typex}
(conductance force : 1 > R) (i : 1) : R :=
conductance i % force i
/-- Entropy production generated by diagonal conductances and forces. -/

def fep049_entropyProduction {1 : Typex} [Fintype 1]
(conductance force : 1 > R) : R :=
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Y i, conductance i % force i * 2

/-- The flux--force pairing is exactly the entropy-production quadratic form. -/
theorem fep049_flux_force_identity {1 : Typex} [Fintype 1]
(conductance force : 1 > R) :
(Y i, force i % fep049_linearFlux conductance force i) =
fep049_entropyProduction conductance force := by
apply Finset.sum_congr rfl

intro i _
simp only [fep049_linearFlux]
ring

/-- Nonnegative conductances imply nonnegative entropy production. -/
theorem fep049_entropyProduction_nonneg {1 : Typex} [Fintype 1]
(conductance force : 1 » R)
(hconductance : V i, 0 =< conductance i) :
0 = fep049_entropyProduction conductance force := by
exact Finset.sum_nonneg fun i _ =
mul_nonneg (hconductance i) (sg-nonneg (force i))

/-- With strictly positive conductances, entropy production vanishes exactly
at thermodynamic equilibrium (all forces zero). -/
theorem fep049_entropyProduction_eq_zero_iff {1 : Typex} [Fintype 1]
(conductance force : 1 > R)
(hconductance : V i, 0 < conductance i) :
fep049_entropyProduction conductance force = 0 o
YV i, force i = 0 := by
constructor
- intro hzero i
have hterm : conductance i % force i A 2 = 0 :=
(Finset.sum_eq_zero_iff_of_nonneg
(fun j - = mul_nonneg (hconductance j).le (sg-nonneg (force j)))).mp
hzero i (Finset.mem_univ i)
have hsquare : force i # 2 =0 :=
(mul_eq-zero.mp hterm).resolve_left (ne_of_gt (hconductance i))
nlinarith
- intro hforce
simp [fep049_entropyProduction, hforce]

/-- Thermodynamic affinity of a directed edge from positive forward and

reverse stationary fluxes. -/

noncomputable def fep049_edgeAffinity (forward reverse : R) : R :=
Real.log (forward / reverse)

/-- Edge entropy production is current times affinity. -/
noncomputable def fep049_edgeProduction (forward reverse : R) : R :=
(forward - reverse) x fep049_edgeAffinity forward reverse

/-- Positive bidirectional fluxes produce nonnegative edge entropy. -/
theorem fep049_edgeProduction_nonneg
{forward reverse : R} (hforward : 0 < forward)
0 < fep049_edgeProduction forward reverse := by
rw [fep049_edgeProduction, fep049_edgeAffinity,
Real.log_div hforward.ne' hreverse.ne']
rcases le_total reverse forward with h | h
- exact mul_nonneg (sub_nonneg.mpr h)
(sub_nonneg.mpr (Real.log_le_log hreverse h))
- exact mul_nonneg_of_nonpos_of_nonpos (sub_nonpos.mpr h)
(sub_nonpos.mpr (Real.log_le_log hforward h))

(hreverse : 0 < reverse) :

/-- Under positive bidirectional fluxes, zero edge production is equivalent
to detailed balance on that edge. -/
theorem fep049_edgeProduction_eq_zero_iff
{forward reverse : R} (hforward : 0 < forward) (hreverse : 0 < reverse) :
fep049_edgeProduction forward reverse = 0 o forward = reverse := by
constructor
- intro hzero
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rcases mul_eq_zero.mp hzero with hcurrent | haffinity
. exact sub_eqg_zero.mp hcurrent
- have hratio : forward / reverse = 1 :=
Real.eq_one_of_pos_of_log_eq_zero (div_pos hforward hreverse) haffinity
have hmul : forward = 1 % reverse :=
(div_eq_iff hreverse.ne').mp hratio
simpa using hmul
- rintro rfl
simp [fep049_edgeProduction]

end FEP049

16.49.2 Typeset statement signatures

{1 : Type"} [Fintype ¢] (conductance force : 1 = R)
(Z i, forcei - fep049_linearFlux conductance force 1)

= fep049_entropyProduction conductance force

{¢: Type"} [Fintype ] (conductance force : . = R)

(hconductance : V3,0 < conductance?)

0 < fep049_entropyProduction conductance force

{v: Type"} [Fintype ¢] (conductance force : ¢ = R)

(hconductance : V4,0 < conductance?)

fep049_entropyProduction conductance force = 0 <> Vi, forcei = 0

{forward reverse : R} (hforward : 0 < forward) (hreverse : 0 < reverse)

0 < fep049_edgeProduction forward reverse

{forward reverse : R} (hforward : 0 < forward) (hreverse : 0 < reverse)

fep049_edgeProduction forward reverse = 0 <+ forward = reverse

16.50 fep-050 — Logical Erasure and the Landauer Bound

(395)

(396)

(397)

(398)

(399)

A noninjective reset maps an unbiased bit to a pure state and loses exactly kB log 2 entropy; nonnegative total entropy at positive temperature derives the
corresponding heat bound, and work above heat derives the work bound. Assumption scope: The derivation explicitly assumes the second-law total-entropy
inequality, positive environmental temperature, and work at least as large as dissipated heat. It does not model a microscopic Hamiltonian or finite-time erasure

protocol. Semantic disposition: formalized.

16.50.1 Lean sketch

import Mathlib.Analysis.SpecialFunctions.BinaryEntropy
import Mathlib.Tactic

namespace FEPQO50

/-- Logical reset of a binary memory to ‘false‘. -/
def fep050_erasure (_bit : Bool) : Bool := false

/-- Reset is logically irreversible because it is not injective. -/
theorem fep050_erasure_not_injective :
-~Function.Injective fep050_erasure := by
intro hinjective
have hfalse_true : false = true := hinjective (by rfl)
simp at hfalse_true

/-- Thermodynamic bit entropy in nats with Boltzmann constant ‘kB‘. -/
noncomputable def fep050_bitEntropy (kB p : R) : R :=
kB % Real.binEntropy p

/-- Entropy lost when an unbiased bit is reset to a pure state. -/

noncomputable def fep050_erasureEntropyLoss (kB : R) : R :=
fep050_bitEntropy kB (2 : R)-! - fep050_bitEntropy kB 0
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/-- Resetting an unbiased bit loses exactly ‘kB log 2‘ entropy. -/
theorem fep050_erasureEntropyLoss_eq (kB : R) :
fep050_erasureEntropyLoss kB = kB % Real.log 2 := by
simp [fepO50_erasureEntropyLoss, fep050_bitEntropy]

/-- Environmental entropy gain from heat ‘Q‘ delivered at temperature ‘T‘. -/
noncomputable def fep@50_environmentEntropyChange (Q T : R) : R:=Q / T

/-- Total entropy change for one-bit erasure. -/
noncomputable def fep050_totalEntropyChange (Q T kB : R) : R :=
fep050_environmentEntropyChange Q T - fepOG50_erasureEntropyLoss kB

/-- Landauer threshold ‘kB T log 2‘. -/
noncomputable def fep@50_landauerBound (kB T : R) : R :=
kB ¥ T % Real.log 2

/-- The second-law entropy balance derives the Landauer heat bound; the
threshold inequality is a conclusion rather than an input. -/
theorem fep050_landauer_heat_bound
{QT kB : R} (hT : 0 <T)
(hsecondLaw : 0 < fep050_totalEntropyChange Q T kB) :
fep050_landauerBound kB T < Q := by
have hratio : kB % Real.log 2 < Q / T := by
rw [fep050_totalEntropyChange, fep050_environmentEntropyChange,
fep050_erasureEntropyLoss_eq] at hsecondLaw
exact sub_nonneg.mp hsecondLaw
have hheat : (kB % Real.log 2) * T = Q :=
(le_div_iffe hT).mp hratio
rw [fep050_landauerBound]
nlinarith

/-- If supplied work dominates dissipated heat, the heat bound yields the
Landauer work bound. -/
theorem fep050_landauer_work_bound

{WQTkB : R} (hT : 0<T)

(hsecondLaw : 0 < fep@50_totalEntropyChange Q T kB)

(hworkHeat : Q = W) :

fep050_landauerBound kB T < W :=

(fep050_landauer_heat_bound hT hsecondLaw).trans hworkHeat

/-- The Landauer threshold is positive for positive ‘kB‘ and temperature. -/
theorem fep050_landauerBound_pos
{kB T : R} (hkB : @ < kB) (hT : 0 < T) :
0 < fep050_landauerBound kB T := by
exact mul_pos (mul_pos hkB hT)
(Real.log_pos (by norm_num : (1 : R) < 2))

end FEPO50

16.50.2 Typeset statement signatures

—Function.Injective fep050_erasure
(kB : R)
fep050_erasureEntropylLoss kB = kB - Real.log 2

{QTkB: R} (hT :0 < T) (hsecondLaw : 0 < fep050_totalEntropyChange Q T'kB)
fep050_landauerBound kBT < Q)

{WQTkB: R} (hT:0 < T) (hsecondLaw : 0 < fep050_totalEntropyChange Q T'kB)
(hworkHeat : Q < W)
fep050_landauerBound kBT < W

{kBT : R} (hkB: 0 < kB) (hT:0<T)
0 < fep050_landauerBound kBT’
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16.51 fep-051 — Likelihood-Ratio Reconstruction under Absolute Continuity

A native Radon—-Nikodym derivative reconstructs a target measure from its reference exactly when the target is absolutely continuous with respect to that
reference. Assumption scope: Both results require a measurable carrier and a HaveLebesgueDecomposition instance. The forward reconstruction additionally
assumes target << reference; the equivalence proves that this is the exact support condition and does not erase a singular component. Semantic disposition:
formalized.

16.51.1 Lean sketch

import FepSketches.measure_bayes
namespace FEPO51

open MeasureTheory

variable {Q : Typex} [MeasurableSpace Q]

/-- Absolute continuity is sufficient for reconstruction by the native
Radon--Nikodym likelihood ratio. -/
theorem fep051_likelihoodRatio_reconstruction

(target reference : Measure Q)

[target.HavelLebesgueDecomposition reference]

(h_ac : target « reference) :

reference.withDensity (target.rnDeriv reference) = target :=

FEP.MeasureBayes.likelihoodRatio_reconstruction target reference h_ac

/-- The same equality characterizes absolute continuity, exposing the exact
failure boundary when a singular component is present. -/
theorem fep051_reconstruction_iff_absoluteContinuous

(target reference : Measure Q)

[target.HavelLebesgueDecomposition reference] :

reference.withDensity (target.rnDeriv reference) = target e

target « reference :=
(FEP.MeasureBayes.likelihoodRatio_reconstruction_iff
target reference).symm

end FEPO51

16.51.2 Typeset statement signatures
{Q) : Type"} [MeasurableSpace()]

(target reference : Measure(?) [target.HavelebesgueDecomposition reference]

(405)
(h_ac : target < reference)
reference.withDensity (target.rnDeriv reference) = target
{Q : Type"} [MeasurableSpace()]
(target reference : Measure(Q) [target.HavelebesgueDecomposition reference] (406)

reference.withDensity (target.rnDeriv reference) = target +> target < reference

16.52 fep-052 — Posterior Density as a Likelihood Tilt

A posterior kernel is a prior measure tilted by the likelihood-to-predictive Radon—-Nikodym derivative for predictive-almost-every observation. Assumption
scope: The native result assumes a finite prior, a finite likelihood kernel, a nonempty standard-Borel parameter space, countable generation between the parameter
and observation spaces, and prior-almost-every likelihood domination. The countable specialization discharges domination but remains an almost-everywhere
identity, not a pointwise formula on null observations. Semantic disposition: conditional_proxy.

16.52.1 Lean sketch

import FepSketches.measure_bayes
namespace FEP052

open Filter MeasureTheory ProbabilityTheory
open scoped MeasureTheory ProbabilityTheory

variable {Parameter Observation : Typex}
[MeasurableSpace Parameter] [MeasurableSpace Observation]
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[StandardBorelSpace Parameter] [Nonempty Parameter]
[MeasurableSpace.CountableOrCountablyGenerated Parameter Observation]

/-- The posterior density is a likelihood-ratio tilt only almost everywhere
under the predictive observation law. -/
theorem fep052_posterior_density_tilt
(prior : Measure Parameter) [IsFiniteMeasure prior]
(likelihood : Kernel Parameter Observation) [IsFiniteKernel likelihood]
(h_ac : V™ parameter dprior,
likelihood parameter « likelihood om prior) :
VY™ observation dlikelihood om prior,
(likelihoodtprior) observation =
prior.withDensity (fun parameter =
likelihood.rnDeriv
(Kernel.const Parameter (likelihood om prior))
parameter observation) :=
FEP.MeasureBayes.posterior_density_as_likelihood_tilt h_ac

/-- For countable parameter spaces Mathlib supplies the required domination,
but the resulting density identity remains predictive-almost-everywhere. -/
theorem fep052_countable_posterior_density_tilt

{Parameter : Typex} [Countable Parameter] [MeasurableSpace Parameter]

[Nonempty Parameter] [StandardBorelSpace Parameter]

(prior : Measure Parameter) [IsFiniteMeasure prior]

(likelihood : Kernel Parameter Observation) [IsFiniteKernel likelihood] :

V™ observation dlikelihood opn prior,

(likelihoodfprior) observation =
prior.withDensity (fun parameter =
(likelihood parameter).rnDeriv (likelihood om prior) observation) :=
posterior_eg_withDensity_of_countable likelihood prior

end FEPO52

16.52.2 Typeset statement signatures

{Parameter Observation : Type"}
(prior : MeasureParameter) [IsFiniteMeasure prior]
(likelihood : Kernel Parameter Observation) [IsFiniteKernel likelihood] (h_ac :

V¢ parameter d prior, likelihood parameter < likelihood o,,, prior) (407)

V¢ observation d likelihood o, prior, (IikelihoodTprior) observation
= prior.withDensity (A parameter - likelihood.rnDeriv (Kernel.const Parameter

(likelihood o,,, prior)) parameter observation)

{Parameter Observation : Type*}

{Parameter : Type”} [Countable Parameter| [MeasurableSpaceParameter]
[Nonempty Parameter] [StandardBorelSpace Parameter] (prior : MeasureParameter)
[IsFiniteMeasure prior] (likelihood : Kernel Parameter Observation)

[IsFiniteKernel likelihood] (408)

V¢ observation d likelihood o,,, prior, (IikelihoodTprior) observation
= prior.withDensity (A parameter — (likelihood parameter).rnDeriv (likelihood

o,, prior) observation)

16.53 fep-053 — Kernel Bayesian-Inversion Reconstruction

Bayesian inversion reconstructs the swapped prior-likelihood joint measure, and at every positive finite evidence atom posterior mass times evidence equals
the corresponding joint atom. Assumption scope: The measure theorem requires a finite prior and likelihood on a nonempty standard-Borel parameter space.
The finite atom theorem additionally exposes strictly positive predictive evidence; it makes no normalized posterior claim at a zero-evidence atom. Semantic
disposition: formalized.

16.53.1 Lean sketch

import FepSketches.measure_bayes
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namespace FEP053

open FEP MeasureTheory ProbabilityTheory
open scoped MeasureTheory ProbabilityTheory

variable {Parameter Observation : Typex}
[MeasurableSpace Parameter] [MeasurableSpace Observation]
[StandardBorelSpace Parameter] [Nonempty Parameter]

/-- A posterior kernel reconstructs the complete swapped joint law, not only
one posterior density. -/
theorem fep053_kernelBayes_joint_reconstruction

(prior : Measure Parameter) [IsFiniteMeasure prior]

(likelihood : Kernel Parameter Observation) [IsFiniteKernel likelihood] :

(likelihood om prior) em likelihoodfprior =

(prior ®m likelihood).map Prod.swap :=
FEP.MeasureBayes.posterior_joint_reconstruction

/-- At a positive finite evidence atom, posterior times evidence reconstructs
the corresponding joint atom exactly. -/
theorem fep053_finiteBayes_atom_reconstruction
{FiniteParameter FiniteEvidence : Typex}
[Fintype FiniteParameter] [Fintype FiniteEvidence]
(prior : FiniteLaw FiniteParameter)
(likelihood : FiniteKernel FiniteParameter FiniteEvidence)
(evidence : FiniteEvidence)
(hEvidence : 0 < likelihood.predictive prior evidence)
(parameter : FiniteParameter) :
likelihood.posterior prior evidence hEvidence parameter *
likelihood.predictive prior evidence =
prior parameter % likelihood parameter evidence :=
FEP.MeasureBayes.finite_posterior_reconstruction
prior likelihood evidence hEvidence parameter

end FEPO53

16.53.2 Typeset statement signatures

{Parameter Observation : Type*}
(prior : MeasureParameter) [IsFiniteMeasure prior]

(likelihood : Kernel Parameter Observation) [IsFiniteKernel likelihood]

(likelihood o, prior) ®,, likelihood'prior = (prior ®,,, likelihood).map Prod.swap

m

{Parameter Observation : Type"}

{FiniteParameter FiniteEvidence : Type"} [Fintype FiniteParameter]
[Fintype FiniteEvidence] (prior : FiniteLaw FiniteParameter) (likelihood :
FiniteKernel FiniteParameter FiniteEvidence) (evidence : FiniteEvidence)
(hEvidence : 0 < likelihood.predictive prior evidence)

(parameter : FiniteParameter)

likelihood.posterior prior evidence hEvidence parameter - likelihood.predictive

prior evidence = prior parameter - likelihood parameter evidence

16.54 fep-054 — Bayes Involution for Finite Joint Laws

(409)

(410)

Inverting a finite Markov likelihood twice returns the original likelihood prior-almost-everywhere, and one inversion followed by prediction reconstructs the prior
exactly as a measure. Assumption scope: The likelihood and prior are native finite kernels and measures, not only finite atom tables. Involution requires both
parameter and observation carriers to be nonempty standard Borel and the likelihood to be Markov; its conclusion is almost-everywhere rather than pointwise

kernel equality. Semantic disposition: conditional_proxy.

16.54.1 Lean sketch

import FepSketches.measure_bayes

namespace FEP054
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open Filter MeasureTheory ProbabilityTheory
open scoped MeasureTheory ProbabilityTheory

variable {Parameter Observation : Typex}
[MeasurableSpace Parameter] [MeasurableSpace Observation]
[StandardBorelSpace Parameter] [Nonempty Parameter]

/-- Inverting a Markov likelihood twice recovers it prior-almost-everywhere,
which is the native Bayes involution law. -/
theorem fep054_bayes_involution
(prior : Measure Parameter) [IsFiniteMeasure prior]
(likelihood : Kernel Parameter Observation)
[StandardBorelSpace Observation] [Nonempty Observation]
[IsFiniteKernel likelihood] [IsMarkovKernel likelihood] :
(likelihoodtprior)t(likelihood om prior) ="[prior] likelihood :=
FEP.MeasureBayes.posterior_involution

/-- The one-sided inversion law is exact as a measure equality. -/
theorem fep054_posterior_reconstructs_prior
(prior : Measure Parameter) [IsFiniteMeasure prior]
(likelihood : Kernel Parameter Observation)
[IsFiniteKernel likelihood] [IsMarkovKernel likelihood] :
likelihoodfprior om likelihood om prior = prior :=
FEP.MeasureBayes.posterior_reconstructs_prior

end FEPO54

16.54.2 Typeset statement signatures
{Parameter Observation : Type*}
(prior : MeasureParameter) [IsFiniteMeasure prior|
likelihood : Kernel Parameter Observation) [StandardBorelSpace Observation]

(
[Nonempty Observation] [IsFiniteKernel likelihood] [IsMarkovKernel likelihood]
(likelihood ' prior)T (likelihood o, prior) < [prior] likelihood

{Parameter Observation : Type"}

(prior : MeasureParameter) [IsFiniteMeasure prior|

(likelihood : Kernel Parameter Observation) [IsFiniteKernel likelihood|
[IsMarkovKernel likelihood)]

IikelihoodTprior o,, likelihood o, prior = prior

16.55 fep-055 — Composite-Kernel Bayesian Inversion

@11

(412)

Bayesian inversion reverses a two-kernel composition into the corresponding composition of inversions, and the associated predictive law is exactly the chrono-
logical two-stage prediction. Assumption scope: The prior and both kernels are finite, and the parameter and intermediate spaces are nonempty standard Borel.
The inverse-kernel equality holds only almost everywhere under the final predictive law; predictive associativity itself is an unconditional measure equality under

finiteness. Semantic disposition: conditional_proxy.

16.55.1 Lean sketch

import FepSketches.measure_bayes
namespace FEP055

open Filter MeasureTheory ProbabilityTheory
open scoped MeasureTheory ProbabilityTheory

variable {Parameter Intermediate Observation : Typex}
[MeasurableSpace Parameter] [MeasurableSpace Intermediate]
[MeasurableSpace Observation]

/-- Bayesian inversion reverses sequential kernel composition almost

everywhere under the final predictive law. -/
theorem fep055_compositeKernel_bayesInversion

719



(prior : Measure Parameter) [IsFiniteMeasure prior]

[StandardBorelSpace Parameter] [Nonempty Parameter]

[StandardBorelSpace Intermediate] [Nonempty Intermediate]

(earlier : Kernel Parameter Intermediate) [IsFiniteKernel earlier]

(later : Kernel Intermediate Observation) [IsFiniteKernel later] :

(later ok earlier)fprior ="[later om earlier on prior]

earlierfprior ok laterf(earlier om prior) :=

FEP.MeasureBayes.posterior_composite later

/-- The predictive law of the composite is the chronological two-kernel
predictive law used as the almost-everywhere reference above. -/
theorem fep055_compositePredictive_associativity
(prior : Measure Parameter) [IsFiniteMeasure prior]
(earlier : Kernel Parameter Intermediate) [IsFiniteKernel earlier]
(later : Kernel Intermediate Observation) [IsFiniteKernel later] :
(later ok earlier) om prior = later om earlier om prior := by
Tw [Measure.comp_assoc]

end FEPO55

16.55.2 Typeset statement signatures

{Parameter Intermediate Observation : Type*}
(prior : MeasureParameter) [IsFiniteMeasure prior]
[StandardBorelSpace Parameter]| [Nonempty Parameter]

[StandardBorelSpace Intermediate] [Nonempty Intermediate]

(earlier : Kernel Parameter Intermediate) [IsFiniteKernel earlier] (413)
(later : Kernel Intermediate Observation) [IsFiniteKernel later]
(later o, earlier)prior “= [later o, earlier o, , prior] earlier prioro,,
IaterT(earIier °,, prior)
{Parameter Intermediate Observation : Type"}
(prior : MeasureParameter) [IsFiniteMeasure prior]
earlier : Kernel Parameter Intermediate) [IsFiniteKernel earlier] 414)

(
(later : Kernel Intermediate Observation) [IsFiniteKernel later]
(

later o, earlier) o, prior = later o, earliero,, prior

m

16.56 fep-056 — Standard-Borel Conditional-Kernel Reconstruction

Mathlib’s canonical conditional kernel reconstructs a finite joint measure from its first marginal and is normalized at every conditioning value. Assumption
scope: The conditioned carrier must be nonempty standard Borel and the joint measure finite. This is the maintained standard-Borel disintegration theorem,
not a claim that regular conditional probabilities exist on arbitrary measurable spaces. Semantic disposition: formalized.

16.56.1 Lean sketch

import FepSketches.measure_bayes
namespace FEPQ56

open MeasureTheory ProbabilityTheory
open scoped ENNReal MeasureTheory

variable {Conditioning Conditioned : Typex}
[MeasurableSpace Conditioning] [MeasurableSpace Conditioned]
[StandardBorelSpace Conditioned] [Nonempty Conditioned]

/-- The canonical conditional kernel reconstructs every finite joint measure
whose conditioned space is standard Borel. -/
theorem fep056_standardBorel_condKernel_reconstruction
(joint : Measure (Conditioning x Conditioned)) [IsFiniteMeasure joint] :
joint.fst em joint.condKernel = joint :=
FEP.MeasureBayes.conditionalKernel_reconstruction joint

/-- The constructed conditional kernel is normalized at every conditioning
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value, including values in a marginal null set. -/
theorem fep056_standardBorel_condKernel_mass_one
(joint : Measure (Conditioning x Conditioned)) [IsFiniteMeasure joint]
(conditioning : Conditioning) :
joint.condKernel conditioning Set.univ = 1 :=
measure_univ

end FEPO56

16.56.2 Typeset statement signatures
{Conditioning Conditioned : Type*}
(joint : Measure(Conditioning x Conditioned)) [IsFiniteMeasure joint]

joint.fst ®,,, joint.condKernel = joint

{Conditioning Conditioned : Type"}
(joint : Measure(Conditioning x Conditioned)) [IsFiniteMeasure joint]
(conditioning : Conditioning)

joint.condKernel conditioning {2 = 1

16.57 fep-057 — Conditional-Expectation Tower through a Kernel

(415)

(416)

Integrating a conditional expectation against the conditioning marginal equals the original joint expectation, with a parallel extended-nonnegative tower law.
Assumption scope: The joint measure is finite and the conditioned carrier nonempty standard Borel. Real-valued observables must be integrable; extended-

nonnegative observables need measurability but no separate integrability premise. Semantic disposition: formalized.

16.57.1 Lean sketch

import FepSketches.measure_bayes
namespace FEP057

open MeasureTheory ProbabilityTheory
open scoped ENNReal MeasureTheory

variable {Conditioning Conditioned : Typex}
[MeasurableSpace Conditioning] [MeasurableSpace Conditioned]
[StandardBorelSpace Conditioned] [Nonempty Conditioned]

/-- Conditional expectation followed by marginal expectation equals the
joint expectation for every integrable real observable. -/
theorem fep057_conditionalExpectation_tower

(joint : Measure (Conditioning x Conditioned)) [IsFiniteMeasure joint]

{observable : Conditioning x Conditioned » R}

(hintegrable : Integrable observable joint)

(/ conditioning,

/ conditioned, observable (conditioning, conditioned)
djoint.condKernel conditioning djoint.fst) =
[ pair, observable pair djoint :=
FEP.MeasureBayes.conditionalExpectation_tower joint hintegrable

/-- The nonnegative tower law holds without an integrability premise because
Lebesgue integration uses extended nonnegative values. -/
theorem fep057_conditionalLIntegral_tower
(joint : Measure (Conditioning x Conditioned)) [IsFiniteMeasure joint]
{observable : Conditioning x Conditioned - R20«}
(hmeasurable : Measurable observable)
(/- conditioning,
/- conditioned, observable (conditioning, conditioned)
djoint.condKernel conditioning djoint.fst) =
[/~ pair, observable pair djoint :=
joint.lintegral_condKernel hmeasurable

end FEPQ57
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16.57.2 Typeset statement signatures

{Conditioning Conditioned : Type"}

(joint : Measure(Conditioning x Conditioned)) [IsFiniteMeasure joint]
{observable : Conditioning x Conditioned = R}

(hintegrable : Integrable observable joint)

(/conditioning,/conditioned,observable (conditioning, conditioned)

djoint.condKernel conditioning d joint.fst) = /pair, observable paird joint

{Conditioning Conditioned : Type"}
(joint : Measure(Conditioning x Conditioned)) [IsFiniteMeasure joint]
{observable : Conditioning x Conditioned = R} }

(hmeasurable : Measurable observable)

(/ conditioning,/ conditioned, observable (conditioning, conditioned)

djoint.condKerneIconditioningdjoint.fst):/ pair, observable pair d joint

16.58 fep-058 — Finite Gibbs Variational Principle

417)

(418)

Finite Gibbs free energy is bounded below by minus the certified log partition, and the explicit normalized Gibbs law attains that bound. Assumption scope:
GibbsCertificate exposes strict support for reference and optimizer laws and the exact pointwise log-density identity. The theorem is finite and does not assert
existence of such a certificate for arbitrary continuous potentials. Semantic disposition: formalized.

16.58.1 Lean sketch

import FepSketches.variational_duality

namespace FEPO58

open FEP FEP.VariationalDuality

variable {State : Typex} [Fintype State]

/-- The certified log partition is the exact lower bound of finite Gibbs free

energy. -/

theorem fep058_gibbsVariational_lower_bound
(certificate : GibbsCertificate State) (candidate : FinitelLaw State) :

-certificate.logPartition

<

gibbsFreeEnergy certificate candidate :=
neg_logPartition_le_gibbsFreeEnergy certificate candidate

/-- The explicit normalized Gibbs law attains the variational lower bound. -/
theorem fep058_gibbsVariational_optimizer
(certificate : GibbsCertificate State) :
gibbsFreeEnergy certificate certificate.optimizer =
-certificate.logPartition :=
gibbsFreeEnergy_optimizer certificate

/-- The certificate assumptions are jointly satisfiable: on every nonempty
finite state space, the uniform zero-potential model attains dual value zero. -/
theorem fep058_uniformGibbs_nonvacuity [Nonempty State] :

dvObjective (uniformZeroPotentialGibbs (a := State))

(uniformZeroPotentialGibbs (a := State)).optimizer = 0 :

uniformZeroPotentialGibbs_objective

end FEPO58

16.58.2 Typeset statement signatures

{State : Type*} [Fintype State]
(certificate : GibbsCertificate State) (candidate : FiniteLaw State)
— certificate.logPartition < gibbsFreeEnergy certificate candidate
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{State : Type*} [Fintype State]
(certificate : GibbsCertificate State)

gibbsFreeEnergy certificate certificate.optimizer = —certificate.logPartition

{State : Type"} [Fintype State]

[Nonempty State]

dvObjective (uniformZeroPotentialGibbs (« := State))
(uniformZeroPotentialGibbs (o := State)).optimizer = 0

16.59 fep-059 — Finite Donsker—Varadhan Equality with a Full-Support Gibbs Optimizer

(420)

421)

The finite Donsker—Varadhan objective is bounded by the certified log partition, with equality exactly at the supplied full-support Gibbs optimizer. Assumption
scope: The result is parameterized by GibbsCertificate, whose strict-support and log-density fields make the finite logarithmic boundary explicit. It does not
extend the equality to arbitrary measures, unbounded potentials, or an optimizer whose existence has not been certified. Semantic disposition: formalized.

16.59.1 Lean sketch

import FepSketches.variational_duality
namespace FEPO59

open FEP FEP.VariationalDuality
variable {State : Typex} [Fintype State]

/-- A finite Donsker--Varadhan objective is bounded by the certified log
partition. -/
theorem fep059_donskerVaradhan_upper_bound
(certificate : GibbsCertificate State) (candidate : FinitelLaw State) :
dvObjective certificate candidate =< certificate.logPartition :=
dvObjective_le_logPartition certificate candidate

/-- The full-support Gibbs optimizer attains the Donsker--Varadhan equality. -/
theorem fep059_donskerVaradhan_optimizer
(certificate : GibbsCertificate State) :
dvObjective certificate certificate.optimizer =
certificate.logPartition :=
dvObjective_optimizer certificate

/-- Equality uniquely characterizes that normalized optimizer. -/
theorem fep059_donskerVaradhan_equality_iff
(certificate : GibbsCertificate State) (candidate : FinitelLaw State) :
dvObjective certificate candidate = certificate.logPartition e
candidate = certificate.optimizer :=
dvObjective_eq_logPartition_iff certificate candidate

end FEPO59

16.59.2 Typeset statement signatures
{State : Type”} [Fintype State]
(certificate : GibbsCertificate State) (candidate : FiniteLaw State)

dvObjective certificate candidate < certificate.logPartition

{State : Type"} [Fintype State]
(certificate : GibbsCertificate State)

dvObjective certificate certificate.optimizer = certificate.logPartition

{State : Type*} [Fintype State]
(certificate : GibbsCertificate State) (candidate : FiniteLaw State)
dvObjective certificate candidate = certificate.logPartition <+ candidate

= certificate.optimizer
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16.60 fep-060 — Coordinate ELBO Decomposition

A finite joint ELBO separates exactly into a prior-coordinate score minus an expected conditional KL remainder, and that remainder is nonnegative. Assumption
scope: The decomposition assumes every reference-prior and reference-kernel atom is strictly positive so all logarithmic rewrites are sound. Conditional
KL nonnegativity is proved for the project’s totalized finite divergence, but no zero-reference extended-real interpretation is claimed. Semantic disposition:
formalized.

16.60.1 Lean sketch

import FepSketches.variational_duality
namespace FEPO60
open FEP FEP.FiniteInformation FEP.VariationalDuality

variable {Latent Observation : Typex}
[Fintype Latent] [Fintype Observation]

/-- Joint ELBO separates into a prior-coordinate score and an expected
conditional KL penalty under explicit reference support. -/
theorem fep060_coordinateELBO_decomposition
(actualPrior referencePrior : FinitelLaw Latent)
(actualkernel referenceKernel : FiniteKernel Latent Observation)
(hprior : V latent, 0 < referencePrior latent)
(hkernel : V¥ latent observation,
0 < referenceKernel latent observation) :
jointELBO actualPrior referencePrior actualKernel referenceKernel =
-finiteKL actualPrior referencePrior -
conditionalKL actualPrior actualKernel referenceKernel :=
jointELBO_coordinate_decomposition actualPrior referencePrior
actualKernel referenceKernel hprior hkernel

/-- The conditional remainder in the coordinate decomposition is
nonnegative even under the totalized finite-KL convention. -/
theorem fep060_coordinateKL_nonnegative
(prior : FiniteLaw Latent)
(actual reference : FiniteKernel Latent Observation)
0 = conditionalKL prior actual reference :=
conditionalKL_nonneg prior actual reference

end FEPO60

16.60.2 Typeset statement signatures
{Latent Observation : Type*}
(actualPrior referencePrior : FiniteLaw Latent) (actualKernel referenceKernel :
FiniteKernel Latent Observation) (hprior : Vlatent,0 < referencePrior latent)
(hkernel : Vlatent observation, 0 < referenceKernel latent observation) (425)
jointELBO actualPrior referencePrior actualKernel referenceKernel = —finiteKL
actualPrior referencePrior — conditionalKL actualPrior actualKernel

referenceKernel

{Latent Observation : Type™}
(prior : FiniteLaw Latent) (actual reference : FiniteKernel Latent Observation) (426)

0 < conditionalKL prior actual reference

16.61 fep-061 — Mean-Field Coordinate Free-Energy Optimum

Holding one supported mean-field factor fixed reduces the coordinate free energy exactly to finite KL, whose unique zero is the supported target factor. As-
sumption scope: The fixed and target laws have full support on finite carriers. The theorem is a one-coordinate optimum with the other factor held fixed; it does
not prove global convergence of alternating mean-field updates or handle continuous variational families. Semantic disposition: formalized.

16.61.1 Lean sketch

import FepSketches.variational_duality
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namespace FEP0O61
open FEP FEP.VariationalDuality

variable {Fixed Coordinate : Typex}
[Fintype Fixed] [Fintype Coordinate]

/-- Holding one mean-field factor fixed reduces the supported joint objective

exactly to KL of the coordinate being updated. -/

theorem fep061_meanFieldCoordinate_reduction
(fixed : FiniteLaw Fixed) (candidate target : FinitelLaw Coordinate)
(hfixed : V x, 0 < fixed x) (htarget : V y, 0 < target y)
meanFieldCoordinateFreeEnergy fixed candidate target =

FEP.FiniteInformation.finiteKL candidate target :=
meanFieldCoordinateFreeEnergy_eq fixed candidate target hfixed htarget

/-- The supported target factor is the unique zero-free-energy coordinate

optimum. -/

theorem fep061_meanFieldCoordinate_optimum_iff
(fixed : FiniteLaw Fixed) (candidate target : FinitelLaw Coordinate)
(hfixed : V x, 0 < fixed x) (htarget : ¥V y, 0 < target y) :
meanFieldCoordinateFreeEnergy fixed candidate target = 0 o

candidate = target :=
meanFieldCoordinate_optimum_iff fixed candidate target hfixed htarget

end FEPO61

16.61.2 Typeset statement signatures

{Fixed Coordinate : Type"}

(fixed : FiniteLaw Fixed) (candidate target : FiniteLaw Coordinate)

(hfixed : Vz,0 < fixed x) (htarget : Vy,0 < targety) 427)
meanFieldCoordinateFreeEnergy fixed candidate target

= FEP.Finitelnformation.finiteKL candidate target

{Fixed Coordinate : Type"}

(fixed : FiniteLaw Fixed) (candidate target : FiniteLaw Coordinate)

(hfixed : V2,0 < fixed z) (htarget : Vy, 0 < targety)
meanFieldCoordinateFreeEnergy fixed candidate target = 0 <+ candidate = target

(428)

16.62 fep-062 — Fixed-Sample Importance-Weighted Jensen Bound

For a positive fixed sample count and positive weights, the IID product-law expectation of the log sample-mean weight is at most the log of its expected sample-
mean weight. Assumption scope: The carrier is finite, NeZero excludes sample count zero, and every weight is strictly positive before Real.log is used. The
positive-expectation witness additionally assumes a nonempty carrier and full-support sampling law. Semantic disposition: formalized.

16.62.1 Lean sketch

import FepSketches.variational_duality
namespace FEP062

open FEP FEP.VariationalDuality Finset
open scoped BigOperators

variable {Sample : Typex} [Fintype Sample]

/-- A positive fixed sample count and the explicit IID product law satisfy the
importance-weighted Jensen bound. -/
theorem fep062_iidProduct_importanceJensen

(base : FiniteLaw Sample) (sampleCount : N) [NeZero sampleCount]

(weight : Sample » R) (hweight : V sample, 0 < weight sample) :

Y sampleTuple, iidProductLaw base sampleCount sampleTuple *

Real.log (sampleMeanWeight sampleCount weight sampleTuple) =<
Real.log (Y sampleTuple, iidProductLaw base sampleCount sampleTuple
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sampleMeanWeight sampleCount weight sampleTuple) :=
fixedSampleImportancelensen base sampleCount weight hweight

/-- For any fixed finite sample law and positive importance weights, expected
log weight is at most the log expected weight. -/
theorem fep062_fixedSample_importanceJensen

(sampling : FiniteLaw Sample) (weight : Sample - R)

(hweight : ¥ sample, 0 < weight sample) :

Y sample, sampling sample % Real.log (weight sample) <

Real.log (Y sample, sampling sample % weight sample) :=
expected_log_weight_le_log_expected_weight sampling weight hweight

/-- Strict positivity is visible at the averaging boundary: the weighted
arithmetic mean of positive weights is positive. -/
theorem fep062_expectedImportanceWeight_positive
[Nonempty Sample]
(sampling : FiniteLaw Sample) (weight : Sample - R)
(hsampling : V sample, O < sampling sample)
(hweight : ¥ sample, 0 < weight sample) :
0 < Y sample, sampling sample % weight sample :=
Finset.sum_pos (fun sample _ =
mul_pos (hsampling sample) (hweight sample)) Finset.univ_nonempty

end FEP062

16.62.2 Typeset statement signatures

{Sample : Type”} [Fintype Sample]
(base : FiniteLaw Sample) (sampleCount : N) [NeZero sampleCount]
(weight : Sample = R) (hweight : Vsample, 0 < weight sample)

Z sampleTuple, iidProductLaw base sampleCount sampleTuple - Real.log (429)
(sampleMeanWeight sampleCount weight sampleTuple) < Real.log (Z sampleTuple,

iidProductLaw base sampleCount sampleTuple - sampleMeanWeight sampleCount weight

sampleTuple)

{Sample : Type"} [Fintype Sample]
(sampling : FiniteLaw Sample) (weight : Sample = R)
(hweight : Vsample, 0 < weight sample) (430)
Z sample, sampling sample - Real.log (weight sample) < Real.log
(Z sample, sampling sample - weight sample)
{Sample : Type"} [Fintype Sample]
[Nonempty Sample] (sampling : FiniteLaw Sample) (weight : Sample = R)
(hsampling : Vsample, 0 < samplingsample) 431)
(hweight : Vsample, 0 < weight sample)
0< Z sample, sampling sample - weight sample

16.63 fep-063 — Finite-Channel KL Data-Processing Inequality

Passing two finite full-support laws through the same strictly positive finite channel cannot increase their finite KL divergence. Assumption scope: Input is
nonempty, both input laws have strict support, and every channel atom is strictly positive; these conditions force reference-predictive support and avoid the
project’s totalized-log boundary. This is stronger support than the most general measure-theoretic data-processing theorem. Semantic disposition: conditio
nal_proxy.

16.63.1 Lean sketch

import FepSketches.variational_duality
namespace FEP063

open FEP FEP.FiniteInformation FEP.VariationalDuality
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variable {Input Output : Typex}
[Fintype Input] [Fintype Output] [Nonempty Input]

/-- Passing two full-support laws through the same strictly positive finite
channel cannot increase KL divergence. -/
theorem fep063_finiteChannel_klDataProcessing
(actual reference : FiniteLaw Input)
(channel : FiniteKernel Input Output)
(hactual : ¥ input, 0 < actual input)
(hreference : ¥ input, 0 < reference input)
(hchannel : V input output, 0 < channel input output) :
finiteKL (channel.predictive actual) (channel.predictive reference) =
finiteKL actual reference :=
finiteChannel_dataProcessing actual reference channel
hactual hreference hchannel

/-- The same support assumptions make every reference predictive atom
positive, pinning the logarithmic boundary used by the proof. -/
theorem fep063_referencePredictive_fullSupport
(reference : FinitelLaw Input)
(channel : FiniteKernel Input Output)
(hreference : Y input, O < reference input)
(hchannel : V input output, © < channel input output)
(output : Output) :
0 < channel.predictive reference output := by
simp only [FiniteKernel.predictive_mass]
exact Finset.sum_pos (fun input _ =
mul_pos (hreference input) (hchannel input output))
Finset.univ_nonempty

omit [Nonempty Input] in
/-- A deterministic identity channel preserves finite KL exactly, despite
its zero off-diagonal channel entries. -/
theorem fep063_identityChannel_preserveskL [DecidableEq Input]
(actual reference : FiniteLaw Input) :
finiteKL (FiniteKernel.identity.predictive actual)
(FiniteKernel.identity.predictive reference) = finiteKL actual reference :=
finiteChannel_identity_preserveskKL actual reference

omit [Nonempty Input] in
/-- Complete deterministic coarsening strictly reduces the repository's
finite divergence for unequal normalized input laws. -/
theorem fep063_constantChannel_strict
(actual reference : FiniteLaw Input) (hne : actual # reference) :
finiteKL
((FiniteKernel.deterministic (fun _ : Input = ())).predictive actual)
((FiniteKernel.deterministic (fun _ : Input = ())).predictive reference) <
finiteKL actual reference :=
constantChannel_KL_strict actual reference hne

end FEP0O63

16.63.2 Typeset statement signatures
{Input Output : Type"}
(actual reference : FiniteLaw Input) (channel : FiniteKernel Input Output)
(hactual : Vinput, 0 < actual input)
(hreference : Vinput, 0 < reference input) (432)
(hchannel : Vinput output, 0 < channel input output)
finiteKL (channel.predictive actual) (channel.predictive reference) < finiteKL

actual reference
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{Input Output : Type"}

(reference : FiniteLaw Input) (channel : FiniteKernel Input Output)

(hreference : Vinput, 0 < reference input) (433)
(hchannel : Vinput output, 0 < channel input output) (output : Output)

0 < channel.predictive reference output

{Input Output : Type"}

[DecidableEq Input] (actual reference : FiniteLaw Input) 434)
finiteKL (FiniteKernel.identity.predictive actual)

(FiniteKernel.identity.predictive reference) = finiteKL actual reference

{Input Output : Type"}

(actual reference : FiniteLaw Input) (hne : actual # reference)

finiteKL ((FiniteKernel.deterministic (A _ : Input — ())).predictive actual) (435)
((FiniteKernel.deterministic (A _ : Input = ())).predictive reference)

< finiteKL actual reference

16.64 fep-064 — Rate—Distortion Lagrangian Weak Duality

Separately certified lower bounds on finite mutual information and expected distortion combine into a lower bound on their rate—distortion Lagrangian for every
nonnegative multiplier. Supporting theorems now additionally establish an attained information minimum for every nonempty finite fixed-source distortion-
feasible set, an actual Lagrangian-infimum weak-duality bound, and an attained strictly positive optimum at fair Boolean Hamming budget one quarter. As-
sumption scope: The theorem assumes both component lower bounds rather than deriving a dual function. The supporting attainment theorem instead derives
primal optimizer existence from compactness and the continuous zero-safe entropy expression for mutual information, requiring only a feasible finite joint
with fixed source marginal. Infimum-derived weak duality requires nonnegative distortion and multiplier; zero-multiplier dual value requires a nonempty code
alphabet. Neither general strong duality, dual attainment, a closed-form interior rate function, nor general optimizer uniqueness is claimed. The structural-proxy
disposition and primary theorem remain unchanged: the primary theorem still assumes separately certified component lower bounds, while the independently
reviewed supporting theorems establish finite optimizer attainment and infimum-derived weak duality. Semantic disposition: structural_proxy.

16.64.1 Lean sketch

import FepSketches.variational_duality

namespace FEP064

open FEP FEP.FiniteInformation FEP.VariationalDuality
variable {Source Code : Typex} [Fintype Source] [Fintype Code]

/-- Separately certified rate and distortion lower bounds yield a lower bound
on the finite rate--distortion Lagrangian for every nonnegative multiplier. -/
theorem fep064_rateDistortion_weakDuality
(joint : FiniteLaw (Source x Code))
(distortion : Source » Code » R)
(multiplier rateLower distortionLower : R)
(hmultiplier : 0 < multiplier)
(hrate : rateLower < mutualInformation joint)
(hdistortion :
distortionLower < expectedDistortion joint distortion) :
rateLower + multiplier % distortionLower =<
rateDistortionLagrangian joint distortion multiplier :=
rateDistortion_weak_duality joint distortion multiplier
rateLower distortionLower hmultiplier hrate hdistortion

/-- With zero multiplier, the Lagrangian reduces exactly to mutual
information; no optimizer-existence claim is smuggled into weak duality. -/
theorem fep064_zeroMultiplier_boundary

(joint : FiniteLaw (Source x Code))

(distortion : Source » Code - R) :

rateDistortionLagrangian joint distortion 0 =

mutualInformation joint := by
simp [rateDistortionLagrangian]
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/-- Every nonempty finite fixed-source distortion problem has an attained
information minimum, including feasible faces with zero-mass atoms. -/
theorem fep064_rateDistortion_exists_minimizer
(source : FinitelLaw Source) (distortion : Source » Code » R) (budget : R)
(hfeasible : 3 joint, RateDistortionFeasible source distortion budget joint) :
3 optimizer : FinitelLaw (Source x Code),
RateDistortionFeasible source distortion budget optimizer a
Y candidate : FiniteLaw (Source x Code),
RateDistortionFeasible source distortion budget candidate -
mutualInformation optimizer < mutualInformation candidate :=
rateDistortion_exists_minimizer source distortion budget hfeasible

/-- The actual Lagrangian infimum supplies weak duality for every feasible
joint; no separately certified rate or distortion lower bounds are inputs. -/
theorem fep064_rateDistortion_dual_lower_bound
(source : FinitelLaw Source) (distortion : Source » Code > R)
(budget multiplier : R) (hdistortion : V x y, 0 < distortion x y)
(hmultiplier : 0 < multiplier) (joint : FinitelLaw (Source x Code))
(hjoint : RateDistortionFeasible source distortion budget joint) :
rateDistortionDualValue source distortion budget multiplier < mutuallnformation joint :=
rateDistortionDual_le_feasible_information source distortion budget multiplier
hdistortion hmultiplier joint hjoint

/-- Zero multiplier gives dual value zero on a nonempty finite reproduction
alphabet, even when the distortion budget is infeasible. -/
theorem fep064_dual_zeroMultiplier [Nonempty Code]
(source : FinitelLaw Source) (distortion : Source » Code » R) (budget : R)
rateDistortionDualValue source distortion budget 0 = 0 :=
rateDistortionDual_zeroMultiplier source distortion budget

/-- A negative budget is infeasible for nonnegative distortion. -/
theorem fep064_negativeBudget_infeasible
(source : FinitelLaw Source) (distortion : Source » Code » R) (budget : R)
(hdistortion : V x y, 0 < distortion x y) (hbudget : budget < 0) :
- 3 joint, RateDistortionFeasible source distortion budget joint :=
rateDistortion_infeasible_of_negativeBudget source distortion budget hdistortion hbudget

/-- Fair Boolean Hamming distortion at the interior budget one quarter has
an attained and strictly informative optimum. -/
theorem fep064_quarterBudget_informative_optimum :

3 optimizer : FiniteLaw (Bool x Bool),

RateDistortionFeasible FiniteLaw.uniform boolHammingDistortion (1 / 4) optimizer a
0 < mutualInformation optimizer A
Y candidate, RateDistortionFeasible FiniteLaw.uniform boolHammingDistortion
(1 / 4) candidate » mutualInformation optimizer < mutuallnformation candidate :=
boolQuarterBudget_exists_positive_minimizer

/-- At Boolean Hamming budget one half there are distinct attained
information minima, so general uniqueness is false. -/
theorem fep064_halfBudget_nonunique :
3 left right : FiniteLaw (Bool x Bool), left # right A
(RateDistortionFeasible FinitelLaw.uniform boolHammingDistortion (1 / 2) left a
V candidate, RateDistortionFeasible FiniteLaw.uniform boolHammingDistortion
(1 / 2) candidate » mutualInformation left < mutualInformation candidate) A
(RateDistortionFeasible FinitelLaw.uniform boolHammingDistortion (1 / 2) right A
VY candidate, RateDistortionFeasible FiniteLaw.uniform boolHammingDistortion
(1 / 2) candidate » mutuallnformation right < mutualInformation candidate) :=
boolHalfBudget_distinct_minimizers

/-- At zero Boolean Hamming budget the fixed fair source forces a unique
perfect-reproduction joint. -/
theorem fep064_zeroBudget_unique
(joint : FiniteLaw (Bool x Bool))
(hjoint : RateDistortionFeasible FiniteLaw.uniform boolHammingDistortion @ joint) :
joint = boolZeroDistortionJoint :=
boolZeroBudget_unique_feasible joint hjoint
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end FEPO64

16.64.2 Typeset statement signatures

{Source Code : Type*} [Fintype Source] [Fintype Code]

(joint : FiniteLaw (Source x Code)) (distortion : Source = Code = R)

(multiplier rateLower distortionLower : R) (hmultiplier : 0 < multiplier)

(hrate : rateLower < mutuallnformation joint) (hdistortion : distortionLower (436)
< expectedDistortion joint distortion)

rateLower 4+ multiplier - distortionLower < rateDistortionLagrangian joint

distortion multiplier

{Source Code : Type"} [Fintype Source] [Fintype Code]
(joint : FiniteLaw (Source x Code)) (distortion : Source = Code = R) (437)

rateDistortionLagrangian joint distortion 0 = mutuallnformation joint

{Source Code : Type"} [Fintype Source] [Fintype Code]

(source : FiniteLaw Source) (distortion : Source = Code = R) (budget : R)

(hfeasible : Jjoint, RateDistortionFeasible source distortion budget joint)

Toptimizer : FiniteLaw (Source x Code), RateDistortionFeasible source (438)
distortion budget optimizer A Vcandidate : FiniteLaw (Source x Code),

RateDistortionFeasible source distortion budget candidate = mutuallnformation

optimizer < mutuallnformation candidate

{Source Code : Type*} [Fintype Source] [Fintype Code]

(source : FiniteLaw Source) (distortion : Source = Code = R)

(budget multiplier : R) (hdistortion : Va y,0 < distortion x )

(hmultiplier : 0 < multiplier) (joint : FiniteLaw (Source x Code)) (hjoint : (439)
RateDistortionFeasible source distortion budget joint)

rateDistortionDualValue source distortion budget multiplier < mutuallnformation

joint

{Source Code : Type*} [Fintype Source] [Fintype Code]
[Nonempty Code] (source : FiniteLaw Source) (distortion : Source = Code = R)
(budget : R)

rateDistortionDualValue source distortion budget 0 = 0

(440)

{Source Code : Type"} [Fintype Source] [Fintype Code]
(source : FiniteLaw Source) (distortion : Source = Code = R) (budget : R) 441)
(hdistortion : Va y, 0 < distortion z y) (hbudget : budget < 0)

—Jjoint, RateDistortionFeasible source distortion budget joint

{Source Code : Type*} [Fintype Source| [Fintype Code]

Joptimizer : FiniteLaw (Bool x Bool), RateDistortionFeasible FiniteLaw.uniform

boolHammingDistortion (1/4) optimizer A 0 < mutuallnformation optimizer A ¥V (442)
candidate, RateDistortionFeasible FiniteLaw.uniform boolHammingDistortion

(1/4) candidate = mutuallnformation optimizer < mutuallnformation candidate

{Source Code : Type"} [Fintype Source] [Fintype Code]

Jleft right : FiniteLaw (Bool x Bool), left # right A (RateDistortionFeasible

FiniteLaw.uniform bool[HammingDistortion (1/2) left A Vcandidate,

RateDistortionFeasible FiniteLaw.uniform boolHammingDistortion (1/2) candidate 443)
= mutuallnformation left < mutuallnformation candidate)

A (RateDistortionFeasible FiniteLaw.uniform boolHammingDistortion (1/2) right

A Vcandidate, RateDistortionFeasible FiniteLaw.uniform boolHammingDistortion (1

/2) candidate = mutuallnformation right < mutuallnformation candidate)
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{Source Code : Type"} [Fintype Source] [Fintype Code]
(joint : FiniteLaw (Bool x Bool)) (hjoint : RateDistortionFeasible (444)
FiniteLaw.uniform bool[HammingDistortion 0 joint)

joint = boolZeroDistortionJoint

16.65 fep-065 — Controlled-Kernel Normalization

Every action and source state in a finite controlled kernel selects a normalized next-state law. Assumption scope: State and action carriers are finite and
ControlledKernel is an action-indexed family of normalized FiniteKernel rows. No policy, controllability, stationarity, or infinite-horizon claim follows from
row normalization alone. Semantic disposition: formalized.

16.65.1 Lean sketch

import FepSketches.controlled_markov
namespace FEPO65

open FEP FEP.ControlledMarkov Finset
open scoped BigOperators

variable {State Action : Typex} [Fintype State] [Fintype Action]

/-- Every action-conditioned Markov row is a normalized finite law. -/
theorem fepO@65_controlledKernel_normalization
(transition : ControlledKernel State Action)
(action : Action) (state : State) :
¥ nextState, transition action state nextState = 1 :=
controlledKernel_sum_one transition action state

end FEPO65

16.65.2 Typeset statement signatures

{State Action : Type"} [Fintype State] [Fintype Action]
(transition : ControlledKernel State Action) (action : Action) (state : State) (445)

Z nextState, transition action state nextState = 1

16.66 fep-066 — Action-Conditioned Bayesian Belief Update

A positive-evidence action-conditioned prediction and observation update is normalized and reconstructs its predicted state-observation joint mass. Assumption
scope: All carriers are finite and the selected action has strictly positive observation evidence. The normalized posterior is not constructed at zero evidence, and
the theorem concerns one update rather than policy optimality. Semantic disposition: formalized.

16.66.1 Lean sketch

import FepSketches.controlled_markov
namespace FEPQ66

open FEP FEP.ControlledMarkov Finset
open scoped BigOperators

variable {State Action Observation : Typex}
[Fintype State] [Fintype Action] [Fintype Observation]

/-- A positive-evidence action-conditioned Bayes update reconstructs its
predicted state-observation joint mass. -/
theorem fep066_actionConditioned_bayes_reconstruction
(prior : FiniteLaw State) (transition : ControlledKernel State Action)
(emission : FiniteKernel State Observation) (action : Action)
(observation : Observation)
(hEvidence : 0 < actionEvidence prior transition emission action observation)
(state : State) :
actionBeliefUpdate prior transition emission action observation hEvidence state #
actionEvidence prior transition emission action observation =
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actionPrediction prior transition action state % emission state observation :=
actionBeliefUpdate_reconstruction prior transition emission action observation
hEvidence state

/-- The same positive-evidence update is normalized. -/
theorem fep066_actionConditioned_update_normalized
(prior : FiniteLaw State) (transition : ControlledKernel State Action)
(emission : FiniteKernel State Observation) (action : Action)
(observation : Observation)
(hEvidence : 0 < actionEvidence prior transition emission action observation) :
Y state,
actionBeliefUpdate prior transition emission action observation hEvidence state =
1 :=
actionBeliefUpdate_sum_one prior transition emission action observation hEvidence

/-- A zero-evidence observation cannot be passed to the normalized update. -/
theorem fep066_zero_evidence_boundary
(prior : FiniteLaw State) (transition : ControlledKernel State Action)
(emission : FiniteKernel State Observation) (action : Action)
(observation : Observation)
(hZero : actionEvidence prior transition emission action observation = 0)
-0 < actionEvidence prior transition emission action observation :=
actionEvidence_zero_boundary prior transition emission action observation hZero

end FEPO66

16.66.2 Typeset statement signatures

{State Action Observation : Type™}

(prior : FiniteLaw State) (transition : ControlledKernel State Action)

(emission : FiniteKernel State Observation) (action : Action)

(observation : Observation) (hEvidence : 0 < actionEvidence prior transition
emission action observation) (state : State)

actionBeliefUpdate prior transition emission action observation hEvidence state

- actionEvidence prior transition emission action observation = actionPrediction

prior transition action state - emission state observation

{State Action Observation : Type"}

(prior : FiniteLaw State) (transition : ControlledKernel State Action)
(emission : FiniteKernel State Observation) (action : Action)

(observation : Observation) (hEvidence : 0 < actionEvidence prior transition
emission action observation)

Z state, actionBeliefUpdate prior transition emission action observation

hEvidence state = 1

{State Action Observation : Type"}

(prior : FiniteLaw State) (transition : ControlledKernel State Action)
(emission : FiniteKernel State Observation) (action : Action)

(observation : Observation) (hZero : actionEvidence prior transition emission
action observation = 0)

—0 < actionEvidence prior transition emission action observation

16.67 fep-067 — Reachable Finite-Belief POMDP Reduction

Expanding a finite reachable-belief index into its interpreted finite law preserves every fixed finite-horizon feedback-policy value. Assumption scope: Reachable-
BeliefPOMDP supplies a finite indexed carrier, an interpretation into FiniteLaw, and sound positive-evidence updates; DecidableEq is required for the belief
index. This is not a finite enumeration of the full probability simplex or an infinite-horizon POMDP reduction. Semantic disposition: structural_proxy.

16.67.1 Lean sketch

import FepSketches.controlled_markov
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namespace FEPO67
open FEP FEP.ControlledMarkov

variable {Belief State Action Observation : Typex}
[Fintype Belief] [Fintype State] [Fintype Action] [Fintype Observation]
[DecidableEq Belief]

/-- A finite reachable belief index denotes a finite law; expanding that
interpretation preserves every finite-horizon feedback-policy value. -/
theorem fep067_reachableBelief_policyValue_equivalence
(model : ReachableBeliefPOMDP Belief State Action Observation)
(stateCost : State » Action » R) (policy : N » Belief » Action)
(horizon : N) (belief : Belief)
reducedPolicyValue model stateCost policy horizon belief =
interpretedPolicyValue model stateCost policy horizon belief :=
reachableBelief_policyValue_eq model stateCost policy horizon belief

/-- The concrete two-index Boolean model satisfies the exact positive-evidence
Bayesian update required by the reachable reduction. -/
theorem fep067_bool_reachable_update
(belief action observation : Bool)
(hEvidence : 0 < actionEvidence
(boolReachablePOMDP.interpret belief) boolReachablePOMDP.transition
boolReachablePOMDP.emission action observation)
boolReachablePOMDP.interpret
(boolReachablePOMDP.update belief action observation) =
actionBeliefUpdate (boolReachablePOMDP.interpret belief)
boolReachablePOMDP. transition boolReachablePOMDP.emission action observation
hEvidence :=
boolReachablePOMDP_update_sound belief action observation hEvidence

end FEPO67

16.67.2 Typeset statement signatures

{Belief State Action Observation : Type™}

(model : ReachableBeliefPOMDP Belief State Action Observation)

(stateCost : State = Action = R) (policy : N = Belief = Action) (horizon : N)
(belief : Belief)

reducedPolicyValue model stateCost policy horizon belief

(449)

= interpretedPolicyValue model stateCost policy horizon belief

{Belief State Action Observation : Type"}

(belief action observation : Bool) (hEvidence : 0 < actionEvidence
(boolReachablePOMDP.interpret belief) boolReachablePOMDP.transition
boolReachablePOMDP.emission action observation)
boolReachablePOMDP.interpret

(boolReachablePOMDP.update belief action observation) = actionBeliefUpdate
(boolReachablePOMDP.interpret belief) boolReachablePOMDP.transition

boolReachablePOMDP.emission action observation hEvidence

(450)

16.68 fep-068 — Soft Bellman Recursion

On a nonempty finite action carrier, a positive-temperature soft Bellman partition is positive, its successor value is the exact temperature-scaled log-sum-exp
backup, and that soft value is no larger than any hard action energy. Assumption scope: State and action sets are finite, the action carrier is inhabited, and
temperature is strictly positive before division, logarithmic aggregation, and the soft-minimum comparison. The statement is an exact finite-horizon recursion
and pointwise hard/soft bound, not an infinite-horizon fixed-point or optimality-limit theorem. Semantic disposition: formalized.

16.68.1 Lean sketch

import FepSketches.controlled_markov

namespace FEP068
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open FEP FEP.ControlledMarkov Finset
open scoped BigOperators

variable {State Action : Typex}
[Fintype State] [Fintype Action] [Nonempty Action]

/-- At positive temperature, every finite soft Bellman backup has a positive
partition, satisfies its exact recursion, and lies below each hard action
energy. -/
theorem fep068_softBellman_recursion (temperature : R)
(hTemperature : @ < temperature) (stageCost : State » Action » R)
(transition : ControlledKernel State Action)
(horizon : N) (state : State) :
(0 < ¥ action,
Real.exp (-((softBellmanActionEnergy temperature stageCost transition
horizon state action) / temperature))) a
(softBellmanValue temperature stageCost transition (horizon + 1) state =
-temperature x Real.log
(Y action,
Real.exp (-((softBellmanActionEnergy temperature stageCost transition
horizon state action) / temperature)))) A
Y action,
softBellmanValue temperature stageCost transition (horizon + 1) state <
softBellmanActionEnergy temperature stageCost transition
horizon state action := by
exact
(softBellmanValue_partition_pos temperature stageCost transition horizon state,
softBellmanValue_succ temperature stageCost transition horizon state,
fun action » softBellmanValue_le_actionEnergy temperature hTemperature
stageCost transition horizon state action)

end FEP068

16.68.2 Typeset statement signatures

{State Action : Type"}

(temperature : R) (hTemperature : 0 < temperature)

(stageCost : State = Action = R) (transition : ControlledKernel State Action)
(horizon : N) (state : State)

(0< Z action, Real.exp (—((softBellmanActionEnergy temperature stageCost

transition horizon state action) /temperature))) A (softBellmanValue

temperature stageCost transition (horizon + 1) state = —temperature - Real.log

(Z action, Real.exp (—((softBellmanActionEnergy temperature stageCost transition

horizon state action) /temperature)))) A Vaction, softBellmanValue temperature
stageCost transition (horizon + 1) state < softBellmanActionEnergy temperature

stageCost transition horizon state action

16.69 fep-069 — KL-Control Desirability Recursion

4s1)

One finite desirability backup is an exponential state-cost tilt of a passive transition prediction and preserves nonnegativity. Assumption scope: The theorem
gives the algebraic KL-control desirability operator on a finite Markov kernel. It does not derive this operator from a path-space KL objective, prove an optimal

controlled kernel, or establish convergence of iteration. Semantic disposition: structural_proxy.

16.69.1 Lean sketch

import FepSketches.controlled_markov
namespace FEPO69

open FEP FEP.ControlledMarkov Finset
open scoped BigOperators

variable {State : Typex} [Fintype State]
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/-- One KL-control desirability backup is an exponential state-cost tilt of
the passive-kernel prediction. -/
theorem fep069_desirability_recursion

(passive : FiniteKernel State State) (stateCost desirability : State » R)

(state : State) :

desirabilityStep passive stateCost desirability state =

Real.exp (-stateCost state) *
Y nextState, passive state nextState % desirability nextState :=
rfl

/-- The desirability recursion preserves nonnegativity. -/
theorem fep069_desirability_nonnegative
(passive : FiniteKernel State State) (stateCost desirability : State » R)
(hDesirability : V state, 0 < desirability state) (state : State) :
0 < desirabilityStep passive stateCost desirability state :=
desirabilityStep_nonneg passive stateCost desirability hDesirability state

/-- Zero state cost and unit desirability give an exact normalized fixed point. -/
theorem fep069_zeroCost_unitDesirability
(passive : FiniteKernel State State) (state : State)
desirabilityStep passive (fun _ = 0) (fun - = 1) state = 1 :=
desirabilityStep_zero_cost_one passive state

end FEP0O69

16.69.2 Typeset statement signatures

{State : Type"} [Fintype State]
(passive : FiniteKernel State State) (stateCost desirability : State = R)
(state : State)

desirabilityStep passive stateCost desirability state = Real.exp 452)
(—stateCost state) - Z nextState, passive state nextState - desirability

nextState

{State : Type"} [Fintype State]

(passive : FiniteKernel State State) (stateCost desirability : State = R) 453)

(hDesirability : Vstate, 0 < desirability state) (state : State)
0 < desirabilityStep passive stateCost desirability state

{State : Type"} [Fintype State]
(passive : FiniteKernel State State) (state : State) (454)
desirabilityStep passive (A_+> 0) (A_+> 1)state =1

16.70 fep-070 — Control-as-Inference Policy Posterior

A prior-weighted exponential action score normalizes to a control posterior whose mass reconstructs the unnormalized score. Assumption scope: The action
carrier is finite, precision and costs are real, and positivity of the exponential partition is supplied by the finite Boltzmann construction. The result is an exact
algebraic posterior but does not derive its cost from a full generative observation model. Semantic disposition: structural_proxy.

16.70.1 Lean sketch

import FepSketches.controlled_markov
namespace FEPO70

open FEP FEP.ControlledMarkov Finset
open scoped BigOperators

variable {Action : Typex} [Fintype Action]
/-- The prior-weighted exponential control posterior is a normalized finite

action law. -/
theorem fep070_controlPosterior_normalized (prior : FiniteLaw Action)
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(precision : R) (cost : Action » R) :
Y action, controlPosterior prior precision cost action = 1 :=
controlPosterior_sum_one prior precision cost

/-- Posterior control mass reconstructs its prior-weighted exponential score. -/
theorem fep070_controlPosterior_reconstruction (prior : FiniteLaw Action)

(precision : R) (cost : Action - R) (action : Action) :

controlPosterior prior precision cost action %

boltzmannPartition prior (fun candidate = precision % cost candidate) =
boltzmannWeight prior (fun candidate = precision % cost candidate) action :=
boltzmannPosterior_mul_partition prior
(fun candidate = precision % cost candidate) action

/-- Zero control cost leaves the prior action law unchanged. -/
theorem fep070_zeroCost_posterior_eq_prior (prior : FiniteLaw Action)
(precision : R) :
controlPosterior prior precision (fun - = 0) = prior :=
controlPosterior_zero_cost prior precision

end FEPOQ70

16.70.2 Typeset statement signatures

{Action : Type"} [Fintype Action|
(prior : FiniteLaw Action) (precision : R) (cost : Action = R) (455)

E action, controlPosterior prior precision cost action = 1

{Action : Type"} [Fintype Action]

(prior : FiniteLaw Action) (precision : R) (cost : Action = R) (action : Action)

controlPosterior prior precision cost action - boltzmannPartition prior (456)
(X candidate 1 precision - cost candidate) = boltzmannWeight prior

(A candidate > precision - cost candidate) action

{Action : Type"} [Fintype Action]
(prior : FiniteLaw Action) (precision : R) 457)

controlPosterior prior precision (A _ - 0) = prior

16.71 fep-071 — Sophisticated Expected-Free-Energy Backward Induction

Finite sophisticated expected-free-energy recursion reoptimizes after each observation-dependent belief update, and a two-stage witness strictly separates feed-
back from every fixed open-loop second action. Assumption scope: Belief, action, and observation carriers are finite and Action is nonempty so each finite
argmin exists. The theorem is a maintained finite-horizon recursion with an exact Boolean two-stage witness; it does not prove continuous-state or infinite-horizon
sophisticated planning. Semantic disposition: conditional_proxy.

16.71.1 Lean sketch

import FepSketches.controlled_markov
namespace FEPO71

open FEP FEP.ControlledMarkov Finset
open scoped BigOperators

variable {Belief Action Observation : Typex}
[Fintype Belief] [Fintype Action] [Fintype Observation] [Nonempty Action]

/-- Sophisticated expected free energy applies a new finite minimum after the
observation-dependent continuation at every backward-induction node. -/
theorem fep071_sophisticatedEFE_backward_step
(model : SophisticatedEFEModel Belief Action Observation)
(horizon : N) (belief : Belief) :
sophisticatedEFEValue model (horizon + 1) belief =
model.stageEFE horizon belief (sophisticatedEFEAction model horizon belief) +
Y observation,
model.observationLaw belief (sophisticatedEFEAction model horizon belief)
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observation %
sophisticatedEFEValue model horizon
(model.update belief (sophisticatedEFEAction model horizon belief)
observation) :=
sophisticatedEFEValue_succ model horizon belief

/-- In the exact two-stage Boolean witness, different observations select
different second-stage actions. -/
theorem fep071_twoStage_feedback_changes_action :
twoStageFeedback false # twoStageFeedback true :=
twoStageFeedback_changes_action

/-- The observation-dependent second action strictly improves on every fixed
open-loop Boolean action. -/
theorem fep071_twoStage_feedback_strictly_better (action : Bool) :
twoStageFeedbackExpectedCost < twoStageOpenLoopExpectedCost action :=
twoStageFeedback_beats_openLoop action

end FEPO71

16.71.2 Typeset statement signatures
{Belief Action Observation : Type*}
(model : SophisticatedEFEModel Belief Action Observation) (horizon : N)
(belief : Belief)
sophisticatedEFEValue model (horizon + 1) belief = model.stageEFE horizon belief
(sophisticatedEFEAction model horizon belief) + Z observation,
model.observationLaw belief (sophisticatedEFEAction model horizon belief)
observation - sophisticatedEFEValue model horizon (model.update belief

(sophisticatedEFEAction model horizon belief) observation)

{Belief Action Observation : Type*}
twoStageFeedback false # twoStageFeedback true

{Belief Action Observation : Type"}
(action : Bool)

twoStageFeedbackExpectedCost < twoStageOpenlLoopExpectedCost action

16.72 fep-072 — Hidden-Markov Forward Filtering Recursion

(458)

(459)

(460)

One positive-evidence finite hidden-Markov filtering step reconstructs its predicted state-observation joint, with an exact asymmetric Boolean posterior witness.
Assumption scope: State and observation carriers are finite, transition and emission rows are normalized, and observed evidence is strictly positive. No filter is

claimed at zero evidence and no continuous-state or Kalman—Bucy limit is inferred. Semantic disposition: formalized.

16.72.1 Lean sketch

import FepSketches.temporal_inference
namespace FEPQ72

open FEP FEP.Temporallnference Finset
open scoped BigOperators

variable {State Observation : Typex}
[Fintype State] [Fintype Observation]

/-- One positive-evidence hidden-Markov forward update reconstructs the
predicted state-observation joint. -/
theorem fep072_forward_filtering_recursion (prior : FinitelLaw State)
(transition : FiniteKernel State State)
(emission : FiniteKernel State Observation) (observation : Observation)
(hEvidence : 0 < forwardEvidence prior transition emission observation)
(state : State) :
forwardFilter prior transition emission observation hEvidence state %
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forwardEvidence prior transition emission observation =
forwardPrediction prior transition state % emission state observation :=
forwardFilter_reconstruction prior transition emission observation hEvidence state

/-- The exact asymmetric Boolean filter assigns mass ‘20/23‘ to ‘true‘. -/
theorem fep072_bool_forward_mass : boolForwardFilter true = 20 / 23 :=
boolForwardFilter_true_mass

/-- Zero evidence is outside the normalized forward-filter construction. -/
theorem fep072_zero_evidence_boundary (prior : FinitelLaw State)
(transition : FiniteKernel State State)
(emission : FiniteKernel State Observation) (observation : Observation)
(hZero : forwardEvidence prior transition emission observation = 0) :
-0 < forwardEvidence prior transition emission observation :=
forwardEvidence_zero_boundary prior transition emission observation hZero

end FEPQ72

16.72.2 Typeset statement signatures

{State Observation : Type"}
(prior : FiniteLaw State) (transition : FiniteKernel State State)
(emission : FiniteKernel State Observation) (observation : Observation)

(hEvidence : 0 < forwardEvidence prior transition emission observation)

461
(state : State) “oh
forwardFilter prior transition emission observation hEvidence state
- forwardEvidence prior transition emission observation = forwardPrediction
prior transition state - emission state observation
State Observation : Type”*
{ _ ype'} 462)
boolForwardFilter true = 20/23
{State Observation : Type"}
(prior : FiniteLaw State) (transition : FiniteKernel State State)
(emission : FiniteKernel State Observation) (observation : Observation) (hZero : (463)

forwardEvidence prior transition emission observation = 0)

—0 < forwardEvidence prior transition emission observation

16.73 fep-073 — Backward Information-Message Recursion

Finite backward information messages obey the exact future-observation recursion and preserve nonnegativity from one message to the preceding one. Assump-
tion scope: State and observation carriers are finite and transition and emission rows are normalized. Nonnegativity requires the supplied next message to be
pointwise nonnegative; the theorem does not normalize messages or assert a limiting smoother. Semantic disposition: formalized.

16.73.1 Lean sketch

import FepSketches.temporal_inference
namespace FEPO73
open FEP FEP.Temporallnference

variable {State Observation : Typex}
[Fintype State] [Fintype Observation]

/-- Backward information messages obey the exact finite future-observation
recursion. -/
theorem fep073_backward_message_recursion

(transition : FiniteKernel State State)

(emission : FiniteKernel State Observation) (observation : Observation)

(future : List Observation) (state : State)

backwardMessage transition emission (observation :: future) state =

backwardMessageStep transition emission observation
(backwardMessage transition emission future) state :=
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backwardMessage_cons transition emission observation future state

/-- Nonnegative terminal information stays nonnegative under a backward step. -/
theorem fep073_backward_message_nonnegative
(transition : FiniteKernel State State)
(emission : FiniteKernel State Observation) (observation : Observation)
(nextMessage : State » R) (hMessage : V state, 0 < nextMessage state)
(state : State) :
0 < backwardMessageStep transition emission observation nextMessage state :=
backwardMessage_nonneg transition emission observation nextMessage hMessage state

end FEPO73

16.73.2 Typeset statement signatures

{State Observation : Type"}

(transition : FiniteKernel State State)

(emission : FiniteKernel State Observation) (observation : Observation)

(future : List Observation) (state : State) (464)
backwardMessage transition emission (observation :: future) state

= backwardMessageStep transition emission observation

(backwardMessage transition emission future) state

{State Observation : Type"}
(transition : FiniteKernel State State)

(emission : FiniteKernel State Observation) (observation : Observation) (465)
(nextMessage : State = R) (hMessage : Vstate, 0 < nextMessage state)

(state : State)

0 < backwardMessageStep transition emission observation nextMessage state

16.74 fep-074 — Forward-Backward Smoothing Factorization

At positive normalizer, a finite smoothing marginal factors into forward law times backward information, and one-step forward and backward computations
agree on observation evidence. Assumption scope: The forward law is normalized, the backward message is nonnegative, and its weighted normalizer is strictly
positive. The statement covers a finite factorization and does not assert positivity when all backward weights vanish. Semantic disposition: formalized.

16.74.1 Lean sketch

import FepSketches.temporal_inference
namespace FEP0Q74

open FEP FEP.Temporallnference

variable {State : Typex} [Fintype State]

/-- At positive normalizer, a smoothing marginal factors exactly into its

forward law and backward information message. -/

theorem fep074_forwardBackward_smoothing_factorization
(filtered : FiniteLaw State) (backward : State - R)
(hBackward : Y state, 0 < backward state)
(hNormalizer : O < smoothingNormalizer filtered backward) (state : State) :
forwardBackwardSmoothing filtered backward hBackward hNormalizer state x

smoothingNormalizer filtered backward =
filtered state x backward state :=
forwardBackwardSmoothing_factorization filtered backward hBackward hNormalizer state

/-- Forward and backward evaluation agree on one-step observation evidence. -/
theorem fep074_forward_backward_evidence_agreement
{Observation : Typex} [Fintype Observation]
(prior : FiniteLaw State) (transition : FiniteKernel State State)
(emission : FiniteKernel State Observation) (observation : Observation) :
forwardEvidence prior transition emission observation =
backwardEvidence prior transition emission observation :=
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forward_backward_evidence_agree prior transition emission observation

end FEPQ74

16.74.2 Typeset statement signatures
{State : Type*} [Fintype State]
(filtered : FiniteLaw State) (backward : State = R)
(hBackward : Vstate, 0 < backward state) (hNormalizer : 0 < smoothingNormalizer

] (466)
filtered backward) (state : State)
forwardBackwardSmoothing filtered backward hBackward hNormalizer state
- smoothingNormalizer filtered backward = filtered state - backward state

{State : Type"} [Fintype State]

{Observation : Type"} [Fintype Observation] (prior : FiniteLaw State)

(transition : FiniteKernel State State)

467)

(emission : FiniteKernel State Observation) (observation : Observation)
forwardEvidence prior transition emission observation = backwardEvidence prior

transition emission observation

16.75 fep-075 — Smoothing-Marginal Normalization

A nonnegative forward—backward product with positive normalizer defines a normalized finite smoothing marginal. Assumption scope: The state carrier is finite,
backward weights are pointwise nonnegative, and their forward expectation is strictly positive. The construction explicitly excludes a zero normalizer rather than
selecting an arbitrary fallback law. Semantic disposition: formalized.

16.75.1 Lean sketch

import FepSketches.temporal_inference
namespace FEPQ75

open FEP FEP.Temporallnference Finset
open scoped BigOperators

variable {State : Typex} [Fintype State]

/-- A positive-normalizer forward--backward smoothing marginal is normalized. -/
theorem fep075_smoothing_marginal_normalization
(filtered : FiniteLaw State) (backward : State - R)
(hBackward : Y state, 0 < backward state)
(hNormalizer : O < smoothingNormalizer filtered backward) :
Y state, forwardBackwardSmoothing filtered backward hBackward hNormalizer state =
1 :=
forwardBackwardSmoothing_sum_one filtered backward hBackward hNormalizer

/-- The nontrivial Boolean smoother normalizes with masses ‘7/46‘ and ‘39/46‘. -/
theorem fep075_bool_smoothing_normalization :
boolSmoothing false + boolSmoothing true = 1 :=
boolSmoothing_sum_one

/-- A zero forward--backward normalizer is explicitly outside the smoother's
construction boundary. -/
theorem fep075_zero_normalizer_boundary (filtered : FiniteLaw State)
(backward : State » R) (hZero : smoothingNormalizer filtered backward = 0) :
-0 < smoothingNormalizer filtered backward :=
smoothingNormalizer_zero_boundary filtered backward hZero

end FEPQ75
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16.75.2 Typeset statement signatures

{State : Type"} [Fintype State]
(filtered : FiniteLaw State) (backward : State = R)
(hBackward : Vstate, 0 < backward state) (hNormalizer : 0 < smoothingNormalizer

filtered backward) (468)
Z state, forwardBackwardSmoothing filtered backward hBackward hNormalizer state
=1
{State : Type"} [Fintype State] (469)
boolSmoothing false + boolSmoothing true = 1
{State : Type"} [Fintype State]
(filtered : FiniteLaw State) (backward : State = R)
(470)

(hZero : smoothingNormalizer filtered backward = 0)

—0 < smoothingNormalizer filtered backward

16.76 fep-076 — One-Step Normalized Variational State Update

A finite prior-weighted exponential energy tilt is normalized and reconstructs its unnormalized weight, with zero energy acting as the identity update. Assumption
scope: The state carrier is finite and the real exponential makes the partition positive without a separate support premise. This is one exact normalized update,
not convergence of a variational optimization algorithm. Semantic disposition: formalized.

16.76.1 Lean sketch

import FepSketches.temporal_inference
namespace FEPQ76

open FEP FEP.Temporallnference FEP.ControlledMarkov Finset
open scoped BigOperators

variable {State : Typex} [Fintype State]

/-- A prior-weighted one-step variational state update is a normalized finite
law. -/
theorem fep@76_variational_state_update_normalized
(prior : FiniteLaw State) (energy : State » R)
Y state, variationalStateUpdate prior energy state = 1 :=
variationalStateUpdate_sum_one prior energy

/-- Normalized state mass reconstructs the corresponding unnormalized
variational tilt. -/
theorem fep076_variational_state_update_reconstruction
(prior : FiniteLaw State) (energy : State » R) (state : State) :
variationalStateUpdate prior energy state % boltzmannPartition prior energy =
boltzmannWeight prior energy state :=
variationalStateUpdate_reconstruction prior energy state

/-- Zero state energy is the identity variational update. -/
theorem fep076_zeroEnergy_update_eq_prior (prior : FiniteLaw State) :
variationalStateUpdate prior (fun _ = 0) = prior :=
variationalStateUpdate_zero_energy prior

end FEPO76

16.76.2 Typeset statement signatures

{State : Type"} [Fintype State]
(prior : FiniteLaw State) (energy : State = R) 71)

Z state, variationalStateUpdate prior energy state = 1
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{State : Type"} [Fintype State]
(prior : FiniteLaw State) (energy : State = R) (state : State) 472)
variationalStateUpdate prior energy state - boltzmannPartition prior energy

= boltzmannWeight prior energy state

{State : Type*} [Fintype State]
(prior : FiniteLaw State) (473)
variationalStateUpdate prior (A_ — 0) = prior

16.77 fep-077 — Two-Level Hierarchical Predictive Factorization

Two-level finite hierarchical prediction is exactly prediction through the chronological composition of its two normalized kernels. Assumption scope: Upper,
middle, and observation carriers are finite and both conditional maps are FiniteKernel values. The result establishes two-level factorization only, not identifiability
of latent levels or an unbounded hierarchy. Semantic disposition: formalized.

16.77.1 Lean sketch

import FepSketches.temporal_inference
namespace FEPQ77
open FEP FEP.Temporallnference

variable {Upper Middle Observation : Typex}
[Fintype Upper] [Fintype Middle] [Fintype Observation]

/-- Two-level hierarchical prediction equals prediction through the composed
normalized kernel. -/
theorem fep077_hierarchical_predictive_factorization

(top : FiniteLaw Upper) (upperKernel : FiniteKernel Upper Middle)

(lowerKernel : FiniteKernel Middle Observation) :

hierarchicalPredictive top upperKernel lowerKernel =

(FiniteKernel.comp lowerKernel upperKernel).predictive top :=
hierarchicalPredictive_eq top upperKernel lowerKernel

end FEPQ77

16.77.2 Typeset statement signatures

{Upper Middle Observation : Type*}

(top : FiniteLaw Upper) (upperKernel : FiniteKernel Upper Middle)

(lowerKernel : FiniteKernel Middle Observation) 474)
hierarchicalPredictive top upperKernel lowerKernel

= (FiniteKernel.comp lowerKernel upperKernel).predictive top

16.78 fep-078 — Bayesian Model-Averaging Predictive Law

Bayesian model averaging is the prior-weighted finite mixture of model predictive laws and remains normalized. Assumption scope: Model and observation sets
are finite, the model prior is normalized, and each model predictive row is normalized. No posterior model update, asymptotic selection, or continuous model
class is claimed. Semantic disposition: formalized.

16.78.1 Lean sketch

import FepSketches.temporal_inference
namespace FEPO78

open FEP FEP.Temporallnference Finset
open scoped BigOperators

variable {Model Observation : Typex} [Fintype Model] [Fintype Observation]

/-- Bayesian model averaging is the finite prior-weighted predictive mixture. -/
theorem fep078_modelAverage_predictive_law (modelPrior : FinitelLaw Model)
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(modelPredictive : FiniteKernel Model Observation)
(observation : Observation) :
modelAverage modelPrior modelPredictive observation =
Y model, modelPrior model % modelPredictive model observation :=
modelAverage_mass modelPrior modelPredictive observation

/-- The Bayesian model-averaged predictive mixture remains normalized. -/
theorem fep078_modelAverage_normalized (modelPrior : FiniteLaw Model)
(modelPredictive : FiniteKernel Model Observation) :
Y observation, modelAverage modelPrior modelPredictive observation = 1 :=
modelAverage_sum_one modelPrior modelPredictive

/-- A nonuniform Boolean model prior and informative predictive kernel yield
the exact nontrivial mixture mass ‘13/20‘ on ‘true'‘'. -/
theorem fep078_bool_modelAverage_true_mass :
modelAverage boolInitialLaw boolAccurateEmission true = 13 / 20 :=
boolModelAverage_true_mass

end FEPO78

16.78.2 Typeset statement signatures

{Model Observation : Type*} [Fintype Model] [Fintype Observation]
(modelPrior : FiniteLaw Model)

(modelPredictive : FiniteKernel Model Observation) (observation : Observation)
modelAverage modelPrior modelPredictive observation = Z model, modelPrior model

- modelPredictive model observation

{Model Observation : Type”} [Fintype Model] [Fintype Observation]
(modelPrior : FiniteLaw Model)

(modelPredictive : FiniteKernel Model Observation)

Z observation, modelAverage modelPrior modelPredictive observation = 1

{Model Observation : Type"} [Fintype Model] [Fintype Observation]

modelAverage boollnitialLaw boolAccurateEmission true = 13/20

16.79 fep-079 — Blanket Factorization and Conditional-Mutual-Information Equivalence

(475)

(476)

477)

On a finite conditional-blanket carrier with full blanket support, vanishing conditional mutual information is equivalent to pointwise internal—external factor-
ization. Assumption scope: Blanket, internal, and external carriers are finite and every blanket atom is strictly positive for the equivalence. The static-model
specialization proves zero conditional mutual information even with null blanket atoms, but the theorem does not identify a general physical Markov blanket.

Semantic disposition: conditional_proxy.

16.79.1 Lean sketch

import FepSketches.causal_dynamics
namespace FEPO79
open FEP FEP.CausalDynamics FEP.FiniteInformation FEP.MarkovBlanket

variable {Blanket Internal External Sensory Active : Typex}
[Fintype Blanket] [Fintype Internal] [Fintype External]
[Fintype Sensory] [Fintype Active]

/-- Under full blanket support, vanishing finite conditional mutual information
is equivalent to pointwise internal-external conditional factorization. -/
theorem fep079_blanketFactorization_iff_conditionalMutualInformation_zero
(model : ConditionalBlanketModel Blanket Internal External)
(hBlanket : V blanket, O < model.blanketLaw blanket)
conditionalMutualInformation model = @ o Factorizes model :=
conditionalMutualInformation_eq_zero_iff_factorizes model hBlanket

/-- A constructed static Markov-blanket model has zero conditional mutual
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information even if some blanket values have zero probability. -/
theorem fep079_staticBlanket_conditionalMutualInformation_zero
(model : StaticModel Internal Sensory Active External) :
conditionalMutualInformation (ofStaticModel model) = 0 :=
ofStaticModel_conditionalMutualInformation_zero model

end FEPOQ79

16.79.2 Typeset statement signatures

{Blanket Internal External Sensory Active : Type*}
(model : ConditionalBlanketModel Blanket Internal External)

478
(hBlanket : Vblanket, 0 < model.blanketLaw blanket) “78)
conditionalMutuallnformation model = 0 <+ Factorizes model
{Blanket Internal External Sensory Active : Type*}
(model : StaticModel Internal Sensory Active External) (479)

conditionalMutuallnformation (ofStaticModel model) = 0

16.80 fep-080 — Shared-Conditional Mixture Preservation

Convex mixing of two finite input laws commutes exactly with forming their joint laws when both components share the same conditional kernel. Assumption
scope: Input and output carriers are finite, the mixing weight lies in the closed unit interval, and both components use one identical normalized kernel. The
result does not cover mixtures whose conditional mechanisms differ. Semantic disposition: formalized.

16.80.1 Lean sketch

import FepSketches.causal_dynamics

namespace FEPQO80O

open FEP FEP.CausalDynamics

variable {Input Output : Typex} [Fintype Input] [Fintype Output]

/-- Convex mixing commutes with formation of a joint law whenever both
components share the same conditional kernel. -/
theorem fep080_sharedConditional_mixture_preservation

(weight : R) (hWeightNonneg : 0 =< weight)

(hWeightLeOne : weight < 1)

(left right : FiniteLaw Input) (kernel : FiniteKernel Input Output) :

kernel.joint (mixLaw weight hWeightNonneg hWeightLeOne left right) =

mixLaw weight hWeightNonneg hWeightLeOne
(kernel. joint left) (kernel.joint right) :=
sharedConditional_mixture_preserves_joint
weight hWeightNonneg hWeightLeOne left right kernel

/-- The half-mixture witness puts positive, unequal-component mass on both
Boolean atoms. -/
theorem fep080_boolHalfMixture_nonvacuity :
boolHalfMixture false = 1 / 2 A boolHalfMixture true =1 / 2 :=
(boolHalfMixture_false, boolHalfMixture_true)

end FEPO80O

16.80.2 Typeset statement signatures
{Input Output : Type"} [Fintype Input] [Fintype Output]
(weight : R) (hWeightNonneg : 0 < weight) (hWeightLeOne : weight < 1)
(left right : FiniteLaw Input) (kernel : FiniteKernel Input Output) (480)
kernel.joint (mixLaw weight hWeightNonneg hWeightLeOne left right) = mixLaw
weight hWeightNonneg hWeightLeOne (kernel.joint left) (kernel.joint right)

{Input Output : Type*} [Fintype Input] [Fintype Output]

. . (481)
boolHalfMixture false = 1/2 A boolHalfMixture true = 1/2
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16.81 fep-081 — Coupled-Subsystem Blanket Composition

Two conditionally factorized subsystems retain zero paired-row mutual information under an arbitrarily coupled joint blanket law. Assumption scope: Every
carrier is finite and subsystem internal and external kernels factor by their own blanket coordinates. The conclusion is rowwise conditional mutual information
for paired variables; it does not assert that the joint blanket factorizes or that the complete subsystems are marginally independent. Semantic disposition:
structural_proxy.

16.81.1 Lean sketch

import FepSketches.causal_dynamics
namespace FEP0O81
open FEP FEP.CausalDynamics FEP.FiniteInformation FEP.MarkovBlanket

variable {Blanket: Blanket: Internal: Internalz. Externali External:. : Typex}
[Fintype Blanket:] [Fintype Blanket:]
[Fintype Internali] [Fintype Internal:]
[Fintype Externali] [Fintype External:]

/-- Two subsystems may have an arbitrarily coupled joint blanket law while
their paired internal and external rows retain zero conditional mutual
information. -/
theorem fep081_coupledSubsystem_blanketComposition
(blanketlLaw : FinitelLaw (Blanket: x Blanket:))
(internals : FiniteKernel Blanket: Internal:)
(internal: : FiniteKernel Blanket. Internal:)
(externals : FiniteKernel Blanket: Externali)
(external:, : FiniteKernel Blanket. External:)
(blanket : Blanket: x Blanket:)
mutualInformation
(conditionalJoint
(coupledBlanketModel blanketLaw internali internal. externali: external:)
blanket) = 0 :=
coupledBlanket_conditionalMutualInformation_zero
blanketLaw internals internal: external: external: blanket

/-- The coupled-blanket carrier admits a non-product-looking diagonal Boolean
witness with zero cross mass. -/
theorem fep081_correlatedBlanket_nonvacuity :
correlatedBoolBlanket (false, false) =1 / 2 A
correlatedBoolBlanket (true, true) =1 /2 A
0 < mutualInformation correlatedBoolBlanket :=
(correlatedBoolBlanket_diagonal.1,
correlatedBoolBlanket_diagonal.2,
correlatedBoolBlanket_mutualInformation_pos)

end FEPO81

16.81.2 Typeset statement signatures
{Blanket, Blanket, Internal, Internaly, External, Externals, : Type"}
(blanketLaw : FiniteLaw (Blanket, x Blanket,))
internaly : FiniteKernel Blanket, Internal;)

. (482)
external, : FiniteKernel Blanket, External;)

(

(internaly : FiniteKernel Blanket, Internals)

(

(external, : FiniteKernel Blanket, External,) (blanket : Blanket, x Blanket,)
mutuallnformation (conditionalJoint (coupledBlanketModel blanketLaw internal,

internaly external, externaly) blanket) = 0

{Blanket, Blanket, Internal, Internal, External, External, : Type"}
correlatedBoolBlanket (false, false) = 1/2 A correlatedBoolBlanket (483)
(true, true) = 1/2 A 0 < mutuallnformation correlatedBoolBlanket
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16.82 fep-082 — Finite Intervention-Kernel Normalization

A hard finite intervention kernel places unit mass on the chosen value, zero mass on every distinct value, and remains normalized in every context. Assumption
scope: Context and value carriers are finite and value equality is decidable. The kernel represents a deterministic do-assignment only; it does not by itself encode

graph surgery, confounding assumptions, or interventional identifiability. Semantic disposition: formalized.

16.82.1 Lean sketch

import FepSketches.causal_dynamics
namespace FEP082

open FEP FEP.CausalDynamics Finset
open scoped BigOperators

variable {Context Value : Typex} [Fintype Context] [Fintype Value]
[DecidableEq Value]

/-- Every hard finite intervention kernel is normalized in every context. -/
theorem fep082_interventionKernel_normalization
(chosen : Vvalue) (context : Context) :
Y value, interventionKernel (Context := Context) chosen context value = 1 :=
interventionKernel_sum_one chosen context

/-- The hard intervention gives its chosen value unit mass. -/
theorem fep082_interventionKernel_chosen_mass
(chosen : Value) (context : Context) :
interventionKernel (Context := Context) chosen context chosen = 1 :
interventionKernel_chosen chosen context

/-- Every distinct value receives zero intervention mass. -/
theorem fep082_interventionKernel_other_mass
(chosen other : Value) (hOther : other # chosen) (context : Context) :
interventionKernel (Context := Context) chosen context other = 0 :=
interventionKernel_other chosen other hOther context

end FEP082

16.82.2 Typeset statement signatures
{Context Value : Type*} [Fintype Context] [Fintype Value]

(chosen : Value) (context : Context)

Z value, interventionKernel (Context := Context) chosen context value = 1

{Context Value : Type*} [Fintype Context] [Fintype Value]

(chosen : Value) (context : Context)

interventionKernel (Context := Context) chosen context chosen = 1

{Context Value : Type"} [Fintype Context| [Fintype Value]
(chosen other : Value) (hOther : other # chosen) (context : Context)

interventionKernel (Context := Context) chosen context other = 0

16.83 fep-083 — Non-Descendant Intervention Invariance

(484)

(485)

(486)

Intervening on the root of the maintained ordered four-node model preserves the named non-descendant marginal while permitting a descendant marginal
to change. Assumption scope: The result is scoped to OrderedFourNodeModel with finite carriers and a decidable root; the non-descendant is structurally
assigned an independent root law. It does not prove intervention invariance for arbitrary DAGs or derive the graph from observational conditional independences.

Semantic disposition: conditional_proxy.

16.83.1 Lean sketch

import FepSketches.causal_dynamics
namespace FEP0O83

open FEP FEP.CausalDynamics
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variable {Root NonDescendant Mediator Outcome : Typex}
[Fintype Root] [Fintype NonDescendant]
[Fintype Mediator] [Fintype Outcome] [DecidableEq Root]

/-- Intervening on the ordered root preserves the marginal law of the named

non-descendant. -/

theorem fep083_nonDescendant_intervention_invariance
(model : OrderedFourNodeModel Root NonDescendant Mediator Outcome)
(root : Root) :
nonDescendantMarginal (interventionalJoint model root) =

model.nonDescendantLaw :=
nonDescendant_intervention_invariant model root

/-- In the concrete four-node model the intervention changes the mediator
descendant from zero to unit true-mass while preserving the non-descendant. -/
theorem fep083_fourNode_descendantChange_nonDescendantPreservation :
mediatorMarginal (interventionalJoint boolOrderedModel false) true = O A
mediatorMarginal (interventionalJdoint boolOrderedModel true) true = 1 A
nonDescendantMarginal (interventionalJdoint boolOrderedModel false) =
nonDescendantMarginal (interventionalJoint boolOrderedModel true) :=
(boolIntervention_false_mediator_true_zero,
boolIntervention_true_mediator_true_one,
boolIntervention_preserves_named_nonDescendant)

end FEP083

16.83.2 Typeset statement signatures

{Root NonDescendant Mediator Outcome : Type*}
(model : OrderedFourNodeModel Root NonDescendant Mediator Outcome) (root : Root) (487)

nonDescendantMarginal (interventionalJoint model root) = model.nonDescendantLaw

{Root NonDescendant Mediator Outcome : Type"}

mediatorMarginal (interventionalJoint boolOrderedModel false) true = 0

A mediatorMarginal (interventionalJoint boolOrderedModel true) true = 1 (488)
A nonDescendantMarginal (interventionalJoint boolOrderedModel false)

= nonDescendantMarginal (interventionalJoint boolOrderedModel true)

16.84 fep-084 — Ordered Finite Causal Factorization

The maintained four-node observational law is exactly its ordered product of two root laws and two parent-conditioned kernels, and that product normalizes.
Assumption scope: Root, non-descendant, mediator, and outcome carriers are finite and every component is a normalized finite law or kernel. The carrier
records one fixed parent order rather than a general acyclic-graph factorization calculus. Semantic disposition: formalized.

16.84.1 Lean sketch

import FepSketches.causal_dynamics
namespace FEP084

open FEP FEP.CausalDynamics Finset
open scoped BigOperators

variable {Root NonDescendant Mediator Outcome : Typex}
[Fintype Root] [Fintype NonDescendant]
[Fintype Mediator] [Fintype Outcome]

/-- The four-node observational law is exactly the product of its two root
laws and its two ordered parent kernels. -/
theorem fep084_orderedFiniteCausal_factorization
(model : OrderedFourNodeModel Root NonDescendant Mediator Outcome)
(root : Root) (nonDescendant : NonDescendant)
(mediator : Mediator) (outcome : Outcome) :
orderedJoint model (((root, nonDescendant), mediator), outcome) =
((model.rootLaw Toot % model.nonDescendantlLaw nonDescendant)
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model.mediatorGivenRoot root mediator) *
model.outcomeGivenParents (nonDescendant, mediator) outcome :=
orderedJoint_factorization model root nonDescendant mediator outcome

/-- The ordered factorization is a normalized joint law. -/
theorem fep084_orderedFiniteCausal_normalization
(model : OrderedFourNodeModel Root NonDescendant Mediator Outcome) :
Y state, orderedJoint model state = 1 :=
orderedJoint_sum_one model

end FEP084

16.84.2 Typeset statement signatures

{Root NonDescendant Mediator Outcome : Type”}

(model : OrderedFourNodeModel Root NonDescendant Mediator Outcome) (root : Root)

(nonDescendant : NonDescendant) (mediator : Mediator) (outcome : Outcome)

orderedJoint model (((root, nonDescendant), mediator), outcome)

= ((model.rootLaw root - model.nonDescendantLaw nonDescendant)

- model.mediatorGivenRoot root mediator) - model.outcomeGivenParents

(nonDescendant, mediator) outcome

{Root NonDescendant Mediator Outcome : Type”}

(model : OrderedFourNodeModel Root NonDescendant Mediator Outcome)

Z state, orderedJoint model state = 1

16.85 fep-085 — Local Markov Property from Ordered Factorization

In the ordered four-node carrier, conditioning on the outcome’s two parents factorizes the outcome from its non-parent predecessor root and forces their finite
mutual information to zero. Assumption scope: All carriers are finite and mediator evidence must be strictly positive. The result is a local statement for one
authored ordering and parent set; it is not a proof of general d-separation, faithfulness, or native measurable conditional independence. Semantic disposition:

conditional_proxy.

16.85.1 Lean sketch

import FepSketches.causal_dynamics

namespace FEP0O85

open FEP FEP.CausalDynamics FEP.FiniteInformation

variable {Root NonDescendant Mediator Outcome : Typex}
[Fintype Root] [Fintype NonDescendant]

[Fintype Mediator] [Fintype Outcome]

/-- In the maintained ordered carrier, the outcome and non-parent predecessor

root factorize after fixing the outcome's non-descendant and mediator parents. -/

theorem fep085_localMarkov_factorization_from_ordered
(model : OrderedFourNodeModel Root NonDescendant Mediator Outcome)
(nonDescendant : NonDescendant) (mediator : Mediator)
(hEvidence : 0 < mediatorEvidence model mediator)
localMarkovConditional model nonDescendant mediator hEvidence =

(model.mediatorGivenRoot.posterior model.rootLaw mediator hEvidence).product

(model.outcomeGivenParents.row (nonDescendant, mediator)) :=
localMarkov_factorization_from_ordered
model nonDescendant mediator hEvidence

/-- The exact local product law has zero finite mutual information. This is a
local Markov statement for the four-node carrier, not general d-separation. -/
theorem fep085_localMarkov_mutualInformation_zero

(model : OrderedFourNodeModel Root NonDescendant Mediator Outcome)

(nonDescendant : NonDescendant) (mediator : Mediator)

(hEvidence : 0 < mediatorEvidence model mediator)

mutualInformation

(localMarkovConditional model nonDescendant mediator hEvidence) = 0 :=
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localMarkov_mutualInformation_zero model nonDescendant mediator hEvidence

/-- The Boolean local-Markov theorem conditions on a positive half-mass
mediator event, providing a concrete nonvacuity witness. -/
theorem fep085_bool_localMarkov_nonvacuity :

mutualInformation

(localMarkovConditional boolOrderedModel false true
(by rw [boolMediatorEvidence_true]; norm_num)) = 0 :=
localMarkov_mutualInformation_zero boolOrderedModel false true
(by rw [boolMediatorEvidence_true]; norm_num)

/-- Zero mediator evidence is the explicit conditioning boundary. -/
theorem fep085_zeroEvidence_boundary
(model : OrderedFourNodeModel Root NonDescendant Mediator Outcome)
(mediator : Mediator) (hZero : mediatorEvidence model mediator = 0) :
-0 < mediatorEvidence model mediator :=
localMarkov_zeroEvidence_boundary model mediator hZero

end FEPO85

16.85.2 Typeset statement signatures

{Root NonDescendant Mediator Outcome : Type™}

(model : OrderedFourNodeModel Root NonDescendant Mediator Outcome)
(nonDescendant : NonDescendant) (mediator : Mediator)

(hEvidence : 0 < mediatorEvidence model mediator)

localMarkovConditional model nonDescendant mediator hEvidence

= (model.mediatorGivenRoot.posterior model.rootLaw mediator hEvidence).product

(model.outcomeGivenParents.row (nonDescendant, mediator))

{Root NonDescendant Mediator Outcome : Type"}

(model : OrderedFourNodeModel Root NonDescendant Mediator Outcome)
(nonDescendant : NonDescendant) (mediator : Mediator)

(hEvidence : 0 < mediatorEvidence model mediator)

mutuallnformation (localMarkovConditional model nonDescendant mediator
hEvidence) = 0

{Root NonDescendant Mediator Outcome : Type"}
mutuallnformation (localMarkovConditional boolOrderedModel false true (by rw

[boolMediatorEvidence_true|; norm_num)) = 0

{Root NonDescendant Mediator Outcome : Type”}
(model : OrderedFourNodeModel Root NonDescendant Mediator Outcome)
(mediator : Mediator) (hZero : mediatorEvidence model mediator = 0)

—0 < mediatorEvidence model mediator

16.86 fep-086 — Precision-Weighted Prediction-Error Energy

(491)

(492)

(493)

(494)

Nonnegative precision yields nonnegative scalar prediction-error energy, and under positive precision zero energy occurs exactly at exact prediction. Assumption
scope: The carrier is scalar real arithmetic. Nonnegativity needs precision at least zero and separation needs precision strictly positive; zero precision cannot

distinguish any estimate from the observation. Semantic disposition: formalized.

16.86.1 Lean sketch

import FepSketches.predictive_coding

namespace FEP086

open FEP.PredictiveCoding

/-- Nonnegative precision produces nonnegative squared prediction-error

energy. -/
theorem fep086_precisionWeighted_predictionError_nonnegative
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{precision : R} (hPrecision : @ < precision)

(observation estimate : R) :

0 < precisionEnergy precision observation estimate :=
precisionEnergy_nonneg hPrecision observation estimate

/-- At positive precision, zero energy occurs exactly at an exact prediction. -/
theorem fep086_precisionWeighted_zero_iff_exactPrediction
{precision : R} (hPrecision : @ < precision)
(observation estimate : R) :
precisionEnergy precision observation estimate = 0 o
estimate = observation :=
precisionEnergy_eq_zero_iff hPrecision observation estimate

/-- Unit prediction error at precision two has exactly unit energy. -/
theorem fep086_unitError_nonvacuity : precisionEnergy 2 1 0 = 1 := by

norm_num [precisionEnergy, predictionError]

end FEP0O86

16.86.2 Typeset statement signatures

{precision : R} (hPrecision : 0 < precision) (observation estimate : R)

- - . ) (495)
0 < precisionEnergy precision observation estimate
{precision : R} (hPrecision : 0 < precision) (observation estimate : R) 496)
precisionEnergy precision observation estimate = ( <+ estimate = observation
precisionEnergy210 =1 (497)

16.87 fep-087 — Hierarchical Predictive-Coding Energy Decomposition

Finite hierarchical predictive-coding energy decomposes into the zeroth precision-weighted error plus all successor-level errors and is nonnegative when every
precision is nonnegative. Assumption scope: The hierarchy is finite and energies are explicit scalar quadratics. Nonnegativity requires pointwise nonnegative
precision; the result does not model neural implementation, learned precision, or an infinite hierarchy. Semantic disposition: formalized.

16.87.1 Lean sketch

import FepSketches.predictive_coding
namespace FEP087

open FEP.PredictiveCoding Finset
open scoped BigOperators

/-- A finite successor hierarchy splits into the zeroth prediction-error
energy and the sum over all higher levels. -/
theorem fep087_hierarchicalPredictiveCoding_decomposition {depth : N}

(precision error : Fin (depth + 1) > R) :

hierarchicalEnergy precision error =

precision 0 / 2 % error 0 A 2 +
Y level : Fin depth,
precision level.succ / 2 % error level.succ * 2 :=
hierarchicalEnergy_succ precision error

/-- Nonnegative precision at every hierarchy level makes the total energy
nonnegative. -/
theorem fep087_hierarchicalPredictiveCoding_nonnegative
{Level : Typex} [Fintype Level]
(precision error : Level > R)
(hPrecision : V level, 0 < precision level)
0 < hierarchicalEnergy precision error :=
hierarchicalEnergy_nonneg precision error hPrecision

/-- Both levels contribute in the concrete energy value eleven. -/

theorem fep087_twoLevel_decomposition_nonvacuity :
hierarchicalEnergy
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(fun level : Fin 2 = if level = 0 then 2 else 4)
(fun level : Fin 2 = if level = 0 then 3 else 1) = 11 :=
twoLevelEnergy_witness

end FEPO87

16.87.2 Typeset statement signatures
{depth : N} (precision error : Fin (depth + 1) = R)
hierarchicalEnergy precision error = precision 0/2 - error 02 + Z level :

. - 2
Fin depth, precision level.succ/2 - error level.succ

{Level : Type"} [Fintype Level] (precision error : Level = R)
(hPrecision : Vlevel, 0 < precision level)

0 < hierarchicalEnergy precision error

hierarchicalEnergy (A level : Fin2 i iflevel = Othen2else4)
(Mlevel : Fin2  iflevel = Othen3elsel) = 11

16.88 fep-088 — Prediction-Error Gradient Identity

(498)

(499)

(500)

Differentiating scalar precision-weighted prediction-error energy with respect to the estimate gives exactly minus precision times signed prediction error. As-
sumption scope: The theorem is an exact HasDerivAt statement for a scalar quadratic and requires no positivity assumption for differentiation. It does not

assert a gradient for a nonlinear decoder, a vector network, or a stochastic process. Semantic disposition: formalized.

16.88.1 Lean sketch

import FepSketches.predictive_coding
namespace FEPO88
open FEP.PredictiveCoding

/-- The estimate derivative of precision-weighted error energy is exactly
minus precision times signed prediction error. -/
theorem fep088_predictionError_gradient_identity
(precision observation estimate : R) :
HasDerivAt (fun candidate => precisionEnergy precision observation candidate)
(-precision % predictionError observation estimate) estimate :=
precisionEnergy_hasDerivAt precision observation estimate

/-- The named prediction-error gradient is definitionally the derivative
certified above. -/
theorem fep088_namedGradient_hasDerivAt
(precision observation estimate : R) :
HasDerivAt (fun candidate => precisionEnergy precision observation candidate)
(precisionEnergyGradient precision observation estimate) estimate :=
precisionEnergy_derivative_eq_gradient precision observation estimate

/-- The gradient is nonzero for a concrete imperfect prediction. -/
theorem fep088_gradient_nonvacuity :
precisionEnergyGradient 2 1 0 = -2 := by
norm_num [precisionEnergyGradient, predictionError]

end FEP0O88

16.88.2 Typeset statement signatures
(precision observation estimate : R)
HasDerivAt (A candidate — precisionEnergy precision observation candidate)

(—precision - predictionError observation estimate) estimate

(precision observation estimate : R)
HasDerivAt (A candidate > precisionEnergy precision observation candidate)

(precisionEnergyGradient precision observation estimate) estimate
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precisionEnergyGradient210 = —2 (503)

16.89 fep-089 — Finite Generalized-Coordinate Shift Semigroup

Natural-number shifts on a finite generalized-coordinate jet compose associatively, with the highest retained coordinate shifting into an explicit zero truncation
boundary. Assumption scope: Generalized coordinates are finite jets represented by finitely supported coefficients. The semigroup is discrete and exact; no
analytic infinite jet, time derivative, or continuous-flow convergence is claimed. Semantic disposition: formalized.

16.89.1 Lean sketch

import FepSketches.predictive_coding
namespace FEP0O89
open FEP.PredictiveCoding

/-- Generalized-coordinate shifts form a natural-number semigroup. -/
theorem fep089_finiteJet_shift_semigroup {order : N}
(first second : N) (jet : FiniteJet order) :
shift (first + second) jet = shift first (shift second jet) :=
shift_add first second jet

/-- The highest retained coordinate shifts into the explicitly truncated zero
coefficient. -/
theorem fep089_finiteJet_terminal_boundary {order : N}
(jet : FiniteJet order) :
(shift 1 jet).coefficient order = 0 :=
shift_top_zero jet

/-- A first-order jet shifts velocity into position and exposes zero at its
terminal coordinate. -/
theorem fep089_firstOrder_shift_nonvacuity (value velocity : R) :
(shift 1 (firstOrderJet value velocity)).coefficient 0 = velocity a
(shift 1 (firstOrderJet value velocity)).coefficient 1 = 0 :=
firstOrderJet_shift_boundary value velocity

end FEP089

16.89.2 Typeset statement signatures

{order : N} (first second : N) (jet : FiniteJet order)

. . I . : (504)
shift (first + second) jet = shift first (shift second jet)

{order : N} (jet : FiniteJet order)

s _ (505)
(shift 1 jet).coefficient order = 0

(value velocity : R)
(shift 1 (firstOrderJet value velocity)).coefficient 0 = velocity (506)
A (shift 1 (firstOrderJet value velocity)).coefficient 1 = 0

16.90 fep-090 — Finite-Jet Generalized-Filtering Correction Equation

One finite-jet generalized-filtering Euler step equals the current coordinate plus a truncated shift minus the certified quadratic energy gradient. Assumption
scope: Step size and coordinate precisions are real and the jet order is finite. The pointwise correction has an exact scalar derivative witness, but the theorem
does not identify an infinite generalized flow or prove stability of repeated coupled-jet updates. Semantic disposition: formalized.

16.90.1 Lean sketch

import FepSketches.predictive_coding
namespace FEPQ90
open FEP.PredictiveCoding

/-- One generalized-filtering Euler correction is the current jet plus step
size times truncated shift minus the certified quadratic energy gradient. -/
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theorem fep090_finiteJet_generalizedFiltering_correctionEquation
{order : N} (stepSize : R) (precision : N > R)
(target estimate : FiniteJet order) (degree : N) :

(generalizedFilteringStep stepSize precision target estimate).coefficient degree =
estimate.coefficient degree + stepSize %

((shift 1 estimate).coefficient degree -
precisionEnergyGradient (precision degree)
(target.coefficient degree) (estimate.coefficient degree)) :=
generalizedFilteringStep_equation stepSize precision target estimate degree

/-- The correction's pointwise gradient is backed by an exact derivative
statement rather than a symbolic placeholder. -/
theorem fep090_finiteJet_coordinateGradient_hasDerivAt
{order : N} (precision : N » R)
(target estimate : FiniteJet order) (degree : N) :
HasDerivAt
(fun candidate =

precisionEnergy (precision degree) (target.coefficient degree) candidate)
(precisionEnergyGradient (precision degree)
(target.coefficient degree) (estimate.coefficient degree))
(estimate.coefficient degree) :=
generalizedCoordinateEnergy_hasDerivAt precision target estimate degree

/-- At the top finite coordinate the shift term is exactly absent. -/
theorem fep090_finiteJet_truncation_visible

{order : N} (precision : N » R)

(target estimate : FiniteJet order) :

(generalizedFlow precision target estimate).coefficient order =

-precisionEnergyGradient (precision order)
(target.coefficient order) (estimate.coefficient order) :=
generalizedFlow_top_boundary precision target estimate

/-- Both coordinates of a concrete first-order jet receive nonzero, exact
corrections. -/

theorem fep090_firstOrder_correction_nonvacuity :
let corrected := generalizedFilteringStep (1 / 2 : R) (fun _ = 1)
(firstOrderJet 2 0) (firstOrderJet 0 1)
corrected.coefficient @ = 3 / 2 A corrected.coefficient 1 =1 / 2 :=
firstOrderCorrection_witness

end FEP090

16.90.2 Typeset statement signatures

{order : N} (stepSize : R) (precision : N = R)

(target estimate : FiniteJet order) (degree : N)

(generalizedFilteringStep stepSize precision target estimate).coefficient degree
= estimate.coefficient degree + stepSize - ((shift 1 estimate).coefficient

degree — precisionEnergyGradient (precision degree) (target.coefficient degree)

(estimate.coefficient degree) )

{order : N} (precision : N = R) (target estimate : FiniteJet order) (degree : N)
HasDerivAt (A candidate  precisionEnergy (precision degree)
(target.coefficient degree) candidate) (precisionEnergyGradient (precision
degree) (target.coefficient degree) (estimate.coefficient degree))

(estimate.coefficient degree)

{order : N} (precision : N = R) (target estimate : FiniteJet order)
(generalizedFlow precision target estimate).coefficient order

= —precisionEnergyGradient (precision order) (target.coefficient order)
(estimate.coefficient order)

let corrected

Y46

(507)

(508)

(509)

(510)



16.91 fep-091 — Precision Modulation of Prediction Error

Increasing nonnegative precision cannot decrease a fixed scalar prediction-error energy, and scaling precision scales its exact gradient by the same factor.
Assumption scope: Energy monotonicity assumes a nonnegative lower precision and an ordered upper precision. Gradient scaling is algebraic for arbitrary real
scale, including negative values, but only nonnegative precision retains an energy weighting interpretation. Semantic disposition: formalized.

16.91.1 Lean sketch

import FepSketches.predictive_coding
namespace FEP091
open FEP.PredictiveCoding

/-- Greater precision cannot lower the energy of a fixed prediction error. -/
theorem fep091_precisionModulation_energy_mono

{lower upper : R} (hLowerNonneg : 0 < lower)

(hPrecision : lower < upper)

(observation estimate : R) :

0 < precisionEnergy lower observation estimate A

precisionEnergy lower observation estimate =<
precisionEnergy upper observation estimate :=
precisionEnergy_mono hLowerNonneg hPrecision observation estimate

/-- Scaling precision scales the exact prediction-error gradient by the same
factor. -/
theorem fep091_precisionModulation_gradient_scale
(scale precision observation estimate : R) :
precisionEnergyGradient (scale % precision) observation estimate =
scale % precisionEnergyGradient precision observation estimate :=
precisionGradient_scale scale precision observation estimate

/-- Doubling precision strictly increases the energy of one concrete nonzero
error. -/
theorem fep091_doubledPrecision_nonvacuity :
precisionEnergy 2 1 0 = 2 % precisionEnergy 1 1 0 A
precisionEnergy 1 1 0 < precisionEnergy 2 1 0 :=
doubledPrecision_nontrivial_witness

end FEP091

16.91.2 Typeset statement signatures

{lower upper : R} (hLowerNonneg : 0 < lower) (hPrecision : lower < upper)

(observation estimate : R)

- ) . . (511)
0 < precisionEnergy lower observation estimate A precisionEnergy lower
observation estimate < precisionEnergy upper observation estimate
(scale precision observation estimate : R)
precisionEnergyGradient (scale - precision) observation estimate = scale (512)
- precisionEnergyGradient precision observation estimate
precisionEnergy 210 = 2 - precisionEnergy 110 A precisionEnergy 110 513)

< precisionEnergy 210

16.92 fep-092 — Quadratic Predictive-Coding Convergence

Exact scalar quadratic prediction updates contract energy by the squared factor one minus step size, strictly decrease positive-precision nonzero error for step
sizes in the open interval zero to two, and drive error to zero. Assumption scope: Convergence requires 0 < stepSize < 2; strict descent additionally requires
positive precision and unequal target and estimate. The result is scalar and exact-quadratic, not a convergence theorem for nonlinear predictive-coding networks.
Semantic disposition: formalized.

16.92.1 Lean sketch

import FepSketches.predictive_coding
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namespace FEP092
open FEP.PredictiveCoding Filter Topology

/-- Each quadratic prediction update contracts energy by the exact squared
factor ‘(1-stepSize)*2‘. -/
theorem fep092_quadraticPredictiveCoding_contraction

(precision stepSize target estimate : R)

precisionEnergy precision target

(predictionUpdate stepSize target estimate) =
(1 - stepSize) A 2 % precisionEnergy precision target estimate :=
predictionEnergy_contraction precision stepSize target estimate

/-- Positive precision and a nonzero error give strict descent for every step

size strictly between zero and two. -/

theorem fep092_quadraticPredictiveCoding_strictDecrease
{precision stepSize target estimate : R}
(hPrecision : 0 < precision) (hStepPositive : 0 < stepSize)
(hStepBelowTwo : stepSize < 2) (hError : target # estimate) :
precisionEnergy precision target (predictionUpdate stepSize target estimate) <

precisionEnergy precision target estimate :=
predictionEnergy_strictDecrease hPrecision hStepPositive hStepBelowTwo hError

/-- Under the same step-size boundary, repeated exact prediction error
converges to zero. -/
theorem fep092_quadraticPredictiveCoding_error_tendsto_zero
{stepSize : R} (hStepPositive : 0 < stepSize)
(hStepBelowTwo : stepSize < 2) (target estimate : R)
Tendsto
(fun iterations = predictionError target
(iteratePredictionUpdate stepSize target iterations estimate))
atTop (nhds 0) :=
iteratePredictionError_tendsto_zero
hStepPositive hStepBelowTwo target estimate

/-- A half-step reduces a concrete unit energy to one quarter. -/
theorem fep092_halfStep_decrease_nonvacuity :
precisionEnergy 2 1 0 = 1 A
predictionUpdate (1 /2) 10 =1/ 24
precisionEnergy 2 1 (predictionUpdate (1 / 2) 1 0) =1 / 4 :=
halfStep_energy_witness

end FEP092

16.92.2 Typeset statement signatures
(precision stepSize target estimate : R)
precisionEnergy precision target (predictionUpdate stepSize target estimate)

= (1 — stepSize)? - precisionEnergy precision target estimate

{precision stepSize target estimate : R} (hPrecision : 0 < precision)
(hStepPositive : 0 < stepSize) (hStepBelowTwo : stepSize < 2)

(hError : target #+ estimate)

precisionEnergy precision target (predictionUpdate stepSize target estimate)

< precisionEnergy precision target estimate

{stepSize : R} (hStepPositive : 0 < stepSize) (hStepBelowTwo : stepSize < 2)
(target estimate : R)

Tendsto (A iterations — predictionError target (iteratePredictionUpdate
stepSize target iterations estimate)) atTop (nhds 0)

precisionEnergy 210 = 1 A predictionUpdate (1/2)10 = 1/2
A precisionEnergy 2 1 (predictionUpdate (1/2) 10) = 1/4
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16.93 fep-093 — Forward and Reverse Finite Path-Law Ratio

A finite forward path law is reconstructed pointwise from its supported reverse-aligned law and likelihood ratio, while both path laws normalize and path reversal
is involutive. Assumption scope: The path carrier is finite and reverse-aligned mass must be strictly positive for the ratio reconstruction. FinitePathProtocol
stores normalized laws and an involution; it does not derive reversal or reverse dynamics from a microscopic process. Semantic disposition: formalized.

16.93.1 Lean sketch

import FepSketches.path_thermodynamics

namespace FEP093

open FEP FEP.PathThermodynamics Finset

open scoped BigOperators

variable {Path : Typex} [Fintype Path]

/-- The supported forward/reverse likelihood ratio reconstructs forward path
mass, while both finite path laws remain normalized. -/
theorem fep093_forward_reverse_pathLaw_ratio

(protocol : FinitePathProtocol Path)

(hReverse : V path, 0 <
pathRatio protocol path
protocol.forward path

protocol.reverseAligned path) (path : Path) :
* protocol.reverseAligned path =

pathRatio_mul_reverse protocol hReverse path

/-- Forward and reverse path-law normalization is structural. -/
theorem fep093_pathLaws_normalized
(protocol : FinitePathProtocol Path) :
(Y path, protocol.forward path = 1) a
Y path, protocol.reverseAligned path = 1 :=
pathLaw_normalization protocol

/-- The recorded path reversal is involutive. -/
theorem fep093_pathReversal_involutive
(protocol : FinitePathProtocol Path) (path : Path) :
protocol.reversal (protocol.reversal path) = path :=
reverse_reverse protocol path

end FEP093

16.93.2 Typeset statement signatures

{Path : Type*} [Fintype Path]
(protocol : FinitePathProtocol Path)

518
(hReverse : Vpath, 0 < protocol.reverseAligned path) (path : Path) (18)
pathRatio protocol path - protocol.reverseAligned path = protocol.forward path
{Path : Type"} [Fintype Path]
(protocol : FinitePathProtocol Path) (519)

(Z path, protocol.forward path = 1) A Z path, protocol.reverseAligned path = 1

{Path : Type"} [Fintype Path]
(protocol : FinitePathProtocol Path) (path : Path) (520)

protocol.reversal (protocol.reversal path) = path

16.94 fep-094 — Entropy Production as Path KL

Mean finite path entropy production is the KL divergence from the forward to reverse-aligned path law, is nonnegative, and under full support equals the
forward expectation of the pointwise log ratio. Assumption scope: The primary equality is the maintained definition of entropyProduction. Expected-log-ratio
expansion requires strict support of both path laws, and the project’s totalized real KL is not an extended divergence at zero reverse mass. Semantic disposition:

structural_proxy.
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16.94.1 Lean sketch

import FepSketches.path_thermodynamics
namespace FEP094

open FEP FEP.PathThermodynamics FEP.FiniteInformation Finset
open scoped BigOperators

variable {Path : Typex} [Fintype Path]

/-- Mean stochastic entropy production is exactly the finite path-space KL
divergence. -/
theorem fep094_entropyProduction_as_pathKL
(protocol : FinitePathProtocol Path) :
entropyProduction protocol =
finiteKL protocol.forward protocol.reverseAligned :=
rfl

/-- Full path support converts the KL definition to the expected log ratio. -/
theorem fep094_entropyProduction_expected_logRatio

(protocol : FinitePathProtocol Path)

(hForward : V path, 0 < protocol.forward path)

(hReverse : V¥ path, 0 < protocol.reverseAligned path) :

entropyProduction protocol =

Y path, protocol.forward path % pathwiseEntropyProduction protocol path :=
entropyProduction_eg_expected_logRatio protocol hForward hReverse

/-- Finite path entropy production is nonnegative. -/
theorem fep094_entropyProduction_nonnegative
(protocol : FinitePathProtocol Path) :
0 = entropyProduction protocol :=
entropyProduction_nonneg protocol

end FEPQ94

16.94.2 Typeset statement signatures

{Path : Type*} [Fintype Path]
(protocol : FinitePathProtocol Path)

entropyProduction protocol = finiteKL protocol.forward protocol.reverseAligned

{Path : Type*} [Fintype Path]

(protocol : FinitePathProtocol Path)

(hForward : Vpath, 0 < protocol.forward path)

(hReverse : Vpath, 0 < protocol.reverseAligned path)
entropyProduction protocol = Z path, protocol.forward path
- pathwiseEntropyProduction protocol path

{Path : Type*} [Fintype Path]
(protocol : FinitePathProtocol Path)
0 < entropyProduction protocol

16.95 fep-095 — Detailed Fluctuation Symmetry

(521)

(522)

(523)

Under full path support, reverse-aligned mass times exponential pointwise entropy production reconstructs forward mass, and an exchanging reversal makes
entropy production antisymmetric. Assumption scope: Forward and reverse-aligned laws are strictly positive. Antisymmetry further assumes that the recorded
involution exchanges the two aligned laws in both directions; these exchange laws are not derived from protocol dynamics. Semantic disposition: condition

al_proxy.

16.95.1 Lean sketch

import FepSketches.path_thermodynamics

namespace FEP095
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open FEP FEP.PathThermodynamics
variable {Path : Typex} [Fintype Path]

/-- The supported pointwise detailed fluctuation symmetry reconstructs the
forward path law from the reverse law and exponential entropy production. -/
theorem fep095_detailedFluctuation_symmetry

(protocol : FinitePathProtocol Path)

(hForward : V path, 0 < protocol.forward path)

(hReverse : V path, 0 < protocol.reverseAligned path) (path : Path) :

protocol.reverseAligned path %

Real.exp (pathwiseEntropyProduction protocol path) =
protocol.forward path :=
detailedFluctuation_identity protocol hForward hReverse path

/-- When reversal exchanges the aligned laws, pathwise entropy production is
odd under the involution. -/
theorem fep095_entropyProduction_reversal_antisymmetry
(protocol : FinitePathProtocol Path)
(hForward : V path, 0 < protocol.forward path)
(hReverse : V path, 0 < protocol.reverseAligned path)
(hExchangeForward : V path,
protocol.forward (protocol.reversal path) = protocol.reverseAligned path)
(hExchangeReverse : YV path,
protocol.reverseAligned (protocol.reversal path) = protocol.forward path)
(path : Path) :
pathwiseEntropyProduction protocol (protocol.reversal path) =
-pathwiseEntropyProduction protocol path :=
pathwiseEntropyProduction_reverse protocol hForward hReverse
hExchangeForward hExchangeReverse path

end FEPQ95

16.95.2 Typeset statement signatures

{Path : Type*} [Fintype Path]
(protocol : FinitePathProtocol Path)
(hForward : Vpath, 0 < protocol.forward path)

(hReverse : Vpath, 0 < protocol.reverseAligned path) (path : Path) (624)
protocol.reverseAligned path - Real.exp
(pathwiseEntropyProduction protocol path) = protocol.forward path

{Path : Type"} [Fintype Path]

(protocol : FinitePathProtocol Path)

(hForward : Vpath, 0 < protocol.forward path)

(hReverse : Vpath, 0 < protocol.reverseAligned path) (hExchangeForward : V

path, protocol.forward (protocol.reversal path) = protocol.reverseAligned path) (525)

(hExchangeReverse : Vpath, protocol.reverseAligned (protocol.reversal path)
= protocol.forward path) (path : Path)
pathwiseEntropyProduction protocol (protocol.reversal path)

= —pathwiseEntropyProduction protocol path

16.96 fep-096 — Integral Fluctuation Theorem

The forward expectation of exponential negative pointwise entropy production equals one for normalized finite full-support forward and reverse path laws.
Assumption scope: The path carrier is finite and both path laws have strict support, so the likelihood ratio and logarithm are ordinary real values. The theorem
does not treat singular path measures or continuous-time trajectories. Semantic disposition: formalized.

16.96.1 Lean sketch

import FepSketches.path_thermodynamics

namespace FEP096
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open FEP FEP.PathThermodynamics Finset
open scoped BigOperators

variable {Path : Typex} [Fintype Path]

/-- Supported normalized finite path laws obey the integral fluctuation
identity. -/
theorem fep096_integralFluctuation_theorem

(protocol : FinitePathProtocol Path)

(hForward : V path, 0 < protocol.forward path)

(hReverse : V path, 0 < protocol.reverseAligned path) :

Y path, protocol.forward path %

Real.exp (-pathwiseEntropyProduction protocol path) = 1 :=
integralFluctuation_eg_one protocol hForward hReverse

end FEP096

16.96.2 Typeset statement signatures
{Path : Type*} [Fintype Path]
(protocol : FinitePathProtocol Path)
(hForward : Vpath, 0 < protocol.forward path)
(hReverse : Vpath, 0 < protocol.reverseAligned path) (526)
Z path, protocol.forward path - Real.exp

(—pathwiseEntropyProduction protocol path) = 1

16.97 fep-097 — Finite Jarzynski Equality

A normalized finite exponential-work protocol has work average equal to the exponential of negative inverse temperature times free-energy difference. As-
sumption scope: HasJarzynskiNormalization explicitly packages positive beta and the identity that the expectation of exp(-beta times (work minus free-energy
difference)) equals one. The theorem algebraically extracts Jarzynski’s equality from this normalization; it does not derive that premise from microscopic
reversibility. Semantic disposition: conditional_proxy.

16.97.1 Lean sketch

import FepSketches.path_thermodynamics
namespace FEP0Q97

open FEP FEP.PathThermodynamics
variable {Path : Typex} [Fintype Path]

/-- A positive inverse temperature and explicit exponential-work
normalization imply the finite Jarzynski equality. -/
theorem fep097_finiteJarzynski_equality
(law : FiniteLaw Path) (beta deltaFreeEnergy : R)
(work : Path » R)
(hNormalization :
HasJarzynskiNormalization law beta deltaFreeEnergy work) :
exponentialWorkAverage law beta work =
Real.exp (-beta % deltaFreeEnergy) :=
finiteJarzynski_eq law beta deltaFreeEnergy work hNormalization

end FEPQ97

16.97.2 Typeset statement signatures

{Path : Type"} [Fintype Path]
(law : FiniteLaw Path) (beta deltaFreeEnergy : R) (work : Path = R)

527
(hNormalization : HasJarzynskiNormalization law beta deltaFreeEnergy work) (527)

exponentialWorkAverage law beta work = Real.exp (—beta - deltaFreeEnergy)
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16.98 fep-098 — Local Detailed Balance and Current Cancellation

Detailed balance cancels every oriented finite probability current, while a zero reverse rate is exposed as a totalized-log affinity boundary. Assumption scope:
The law and transition kernel are normalized finite carriers and current cancellation assumes IsReversible. The zero-rate theorem reports the project’s real-log
value zero and must not be read as a finite extended-real affinity. Semantic disposition: formalized.

16.98.1 Lean sketch

import FepSketches.path_thermodynamics

namespace FEP098

open FEP FEP.FiniteMarkovDynamics FEP.PathThermodynamics
variable {State : Typex} [Fintype State]

/-- Finite detailed balance cancels every oriented local probability current. -/
theorem fep098_localDetailedBalance_currentCancellation
(law : FiniteLaw State) (kernel : FiniteKernel State State)
(hReversible : IsReversible law kernel) (source target : State) :
probabilityCurrent law kernel source target = 0 :=
localDetailedBalance_current_zero law kernel hReversible source target

/-- A zero reverse rate is kept as an explicit totalized-log boundary rather
than reported as an extended-real affinity. -/
theorem fep098_zeroReverseRate_boundary
(law : FiniteLaw State) (kernel : FiniteKernel State State)
(source target : State) (hZero : kernel target source = 0) :
localAffinity law kernel source target = 0 :=
localAffinity_zero_reverseRate_boundary law kernel source target hZero

end FEP0Q98

16.98.2 Typeset statement signatures

{State : Type"} [Fintype State]
(law : FiniteLaw State) (kernel : FiniteKernel State State)

528
(hReversible : IsReversible law kernel) (source target : State) (528)
probabilityCurrent law kernel source target = 0
{State : Type"} [Fintype State]
(law : FiniteLaw State) (kernel : FiniteKernel State State) (529)

(source target : State) (hZero : kernel target source = 0)

local Affinity law kernel source target = 0

16.99 fep-099 — Reversible-Chain One-Step KL Dissipation

One strictly positive reversible finite Markov step cannot increase KL to its stationary law; the identity transition saturates equality and an explicit irreversible
path protocol has positive entropy production. Assumption scope: State is finite and nonempty, actual and stationary laws have full support, every transition atom
is positive, and detailed balance supplies stationarity. The result is one-step dissipation, not strict contraction for every nonidentity kernel or a continuous-time
entropy-production theorem. Semantic disposition: formalized.

16.99.1 Lean sketch

import FepSketches.path_thermodynamics
namespace FEP099

open FEP FEP.FiniteInformation FEP.FiniteMarkovDynamics
FEP.PathThermodynamics

variable {State : Typex} [Fintype State]
/-- One full-support reversible Markov step dissipates KL to its stationary

law; detailed balance supplies stationarity and finite channel data processing
supplies the inequality. -/
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theorem fep099_reversibleChain_oneStep_KL_dissipation
[Nonempty State]
(actual stationary : FinitelLaw State)
(kernel : FiniteKernel State State)
(hActual : VY state, O < actual state)
(hStationary : V state, 0 < stationary state)
(hKernel : VY source target, 0 < kernel source target)
(hReversible : IsReversible stationary kernel)
finiteKL (kernel.predictive actual) stationary =

finiteKL actual stationary :=
reversibleKL_oneStep_dissipation actual stationary kernel hActual

hStationary hKernel hReversible

/-- The identity transition is the exact reversible equality boundary. -/
theorem fep099_reversibleEquality_boundary [DecidableEq State]
(actual stationary : FinitelLaw State)
finiteKL
((FiniteKernel.identity : FiniteKernel State State).predictive actual)
stationary = finiteKL actual stationary :=
identityKernel_KL_equality actual stationary

/-- A concrete unequal full-support Boolean forward/reverse pair has strictly
positive path entropy production. -/
theorem fep099_irreversiblePositiveProduction_witness :
0 < entropyProduction irreversibleBoolProtocol :=
irreversibleBool_entropyProduction_pos

end FEP0O99

16.99.2 Typeset statement signatures

{State : Type"} [Fintype State]

[Nonempty State| (actual stationary : FiniteLaw State)

(kernel : FiniteKernel State State) (hActual : Vstate, 0 < actual state)

(hStationary : Vstate, 0 < stationary state) (530)
(hKernel : Vsource target, 0 < kernel source target)

(hReversible : IsReversible stationary kernel )

finiteKL (kernel.predictive actual) stationary < finiteKL actual stationary

{State : Type*} [Fintype State]
[DecidableEq State] (actual stationary : FiniteLaw State)

- - I - - (531
finiteKL ((FiniteKernel.identity : FiniteKernel State State).predictive actual)
stationary = finiteKL actual stationary
State : Type"} [Fintype State
{ ype'} [Fintyp ] (532)

0 < entropyProduction irreversibleBoolProtocol

16.100 fep-100 — Categorical Fisher Positivity on Simplex Tangents

The inherited Fisher metric is strictly positive on every certified nonzero categorical simplex tangent under full support, while a duplicated-score model exhibits an
explicit nonzero null direction. Assumption scope: CategoricalFisherCarrier packages a full-support law, an existing ScoreModel, and exact metric and lowering-
map representations on simplex tangents. The general positivity theorem depends on this certificate. A separate genuine Fin 2 categorical construction proves
that its one-dimensional simplex tangent space is spanned by (1,-1) and is positive definite there; no claim is made that every arbitrary score parameterization
is full rank. Semantic disposition: conditional_proxy.

16.100.1 Lean sketch

import FepSketches.geometric_optimization
namespace FEP100
open FEP FEP.GeometricOptimization FEP.InformationGeometry

variable {d : N}

Y84



/-- The inherited Fisher metric is strictly positive on every certified
nonzero categorical simplex tangent under full support. -/
theorem fepl0O_categoricalFisher_simplexTangent_positivity
(carrier : CategoricalFisherCarrier d)
(tangent : Fin d » R) (hTangent : IsSimplexTangent tangent)
(hNonzero : tangent # 0) :
0 < fisherMetric carrier.model tangent tangent :=
categoricalFisher_pos carrier tangent hTangent hNonzero

/-- The genuine two-outcome categorical carrier is positive definite on its
entire nonzero simplex tangent space. -/
theorem fepl0O_twoCategorical_simplexMetric_fullRank
(tangent : Fin 2 > R) (hTangent : IsSimplexTangent tangent)
(hNonzero : tangent # 0) :
0 < fisherMetric twoCategoricalFisherCarrier.model tangent tangent :=
twoCategorical_simplexMetric_fullRank tangent hTangent hNonzero

/-- Every two-outcome simplex tangent is generated by the explicit nonzero
‘(1, -1)" direction. -/
theorem fepl00_twoCategorical_tangent_spanning
(tangent : Fin 2 > R) (hTangent : IsSimplexTangent tangent) :
tangent = fun coordinate ~
tangent 0 % twoCategoricalTangent coordinate :=
twoCategoricalTangent_spans tangent hTangent

/-- A concrete nonzero simplex tangent has Fisher energy exactly four. -/
theorem fep10O_fullRank_categorical_example :
IsSimplexTangent twoCategoricalTangent A
twoCategoricalTangent # 0 A
fisherMetric twoCategoricalFisherCarrier.model
twoCategoricalTangent twoCategoricalTangent = 4 :=
twoCategorical_nonzeroTangent_metric

/-- Duplicated score coordinates expose a nonzero null direction. -/
theorem fepl0O_rankDeficient_nullDirection_example :
duplicatedScoreNullTangent # 0 A
fisherMetric duplicatedFairBernoulliScoreModel
duplicatedScoreNullTangent duplicatedScoreNullTangent = 0 :=
duplicatedScore_nullDirection_example

end FEP100

16.100.2 Typeset statement signatures
{d: N}
(carrier : CategoricalFisherCarrier d) (tangent : Find = R)
(hTangent : IsSimplexTangent tangent) (hNonzero : tangent # 0)

0 < fisherMetric carrier.model tangent tangent

{d: N}

(tangent : Fin2 = R) (hTangent : IsSimplexTangent tangent)
(hNonzero : tangent # 0)

0 < fisherMetric twoCategoricalFisherCarrier.model tangent tangent

{d: N}
(tangent : Fin2 = R) (hTangent : IsSimplexTangent tangent)

tangent = )\ coordinate > tangent O - twoCategorical Tangent coordinate

{d: N}
IsSimplexTangent twoCategorical Tangent A twoCategorical Tangent # 0
A fisherMetric twoCategoricalFisherCarrier.model twoCategorical Tangent

twoCategoricalTangent = 4
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{d: N}

duplicatedScoreNullTangent # 0 A fisherMetric duplicatedFairBernoulliScoreModel

duplicatedScoreNull Tangent duplicatedScoreNull Tangent = 0

16.101 fep-101 — Fisher Pullback under Reparameterization

(537)

Pulling the existing finite Fisher metric through a composite Jacobian equals successive pullback, and every such pullback is positive semidefinite. Assumption
scope: Outcome and coordinate carriers are finite and Jacobians are finite real matrices. No invertibility is needed for pullback or semidefiniteness, so a

rank-deficient chart may retain null directions; positive definiteness is not claimed here. Semantic disposition: formalized.

16.101.1 Lean sketch

import FepSketches.geometric_optimization
namespace FEP101

open FEP FEP.GeometricOptimization FEP.InformationGeometry
open scoped Matrix

variable {Outcome : Typex} [Fintype Outcome]
variable {d k : N}

/-- Fisher pullback along a composite finite Jacobian equals successive
pullback through the two coordinate maps. -/
theorem fepl0l_fisherPullback_reparameterization

(model : ScoreModel Outcome d)

(outer : Matrix (Fin d) (Fin k) R)

(inner : Matrix (Fin k) (Fin d) R)

(left right : Fin d > R) :

pullbackMetric model (outer % inner) left right =

pullbackMetric model outer (inner.mulVec left) (inner.mulVec right) :=
fisherPullback_comp model outer inner left right

/-- Every Fisher pullback remains positive semidefinite. -/
theorem fep101_fisherPullback_nonnegative
(model : ScoreModel Outcome d)
(jacobian : Matrix (Fin d) (Fin k) R) (tangent : Fin k » R) :
0 < pullbackMetric model jacobian tangent tangent :=
pullbackMetric_nonneg model jacobian tangent

end FEP101

16.101.2 Typeset statement signatures
{Outcome : Type"} [Fintype Outcome] {d k : N}
(model : ScoreModel Outcome d) (outer : Matrix (Find) (Fin k) R)
(inner : Matrix (Fin k) (Find) R) (leftright : Find = R)
pullbackMetric model (outer - inner) left right = pullbackMetric model outer

(inner.mulVecleft) (inner.mulVec right)

{Outcome : Type"} [Fintype Outcome] {d k : N}

(model : ScoreModel Outcome d) (jacobian : Matrix (Fin d) (Fin k) R)
(tangent : Fink = R)

0 < pullbackMetric model jacobian tangent tangent

16.102 fep-102 — Unbiased Scalar Cramér-Rao Bound under Score Regularity

(538)

(539)

Finite unbiased scalar estimation under score regularity and positive Fisher information satisfies variance times Fisher information at least one. Assumption
scope: ScalarCramerRaoCertificate explicitly records centered unbiasedness, unit estimator—score covariance, and strictly positive scalar Fisher information
for an existing one-parameter ScoreModel. The theorem does not derive score regularity by differentiating a parameterized family or cover biased estimators.

Semantic disposition: formalized.
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16.102.1 Lean sketch

import FepSketches.geometric_optimization

namespace FEP102

open FEP FEP.GeometricOptimization FEP.InformationGeometry
variable {Outcome : Typex} [Fintype Outcome]

/-- Unbiasedness, the finite score-regularity identity, and positive Fisher
information imply the scalar Cramér--Rao lower bound. -/
theorem fepl02_unbiasedScalar_cramerRao

(model : ScoreModel Outcome 1) (estimator : Outcome - R)

(target : R)

(certificate : ScalarCramerRaoCertificate model estimator target) :

1 < estimatorVariance model.law estimator target x scalarFisher model :=

scalarCramerRao model estimator target certificate

end FEP102

16.102.2 Typeset statement signatures

{Outcome : Type*} [Fintype Outcome]

(model : ScoreModel Outcome 1) (estimator : Outcome = R) (target : R) (540)
(certificate : ScalarCramerRaoCertificate model estimator target)

1 < estimatorVariance model.law estimator target - scalarFisher model

16.103 fep-103 — Natural-Gradient Equivariance under an Invertible Full-Rank Chart

Under invertible Fisher and chart matrices, the natural gradient transports equivariantly so lowering the chart-coordinate vector yields the pulled-back covector.
Assumption scope: The finite ScoreModel Fisher matrix and square chart Jacobian each carry an Invertible instance. Rank-deficient metrics or charts are
excluded because the natural-gradient and chart-coordinate inverses would not be uniquely defined. The supporting weighted Cauchy—Schwarz theorem requires
positive right energy. Semantic disposition: formalized.

16.103.1 Lean sketch

import FepSketches.geometric_optimization
namespace FEP103

open FEP FEP.GeometricOptimization FEP.InformationGeometry
open scoped Matrix

variable {Outcome : Typex} [Fintype Outcome]
variable {d : N}

/-- An invertible full-rank Fisher metric and invertible chart transport the
natural gradient equivariantly to the pulled-back covector. -/
theorem fep103_naturalGradient_equivariance
(model : ScoreModel Outcome d) [Invertible (fisherMatrix model)]
(jacobian : Matrix (Fin d) (Fin d) R) [Invertible jacobian]
(covector : Fin d » R) :
chartPullbackLower model jacobian
(chartCoordinates jacobian (naturalGradient model covector)) =
chartCovector jacobian covector :=
naturalGradient_equivariant model jacobian covector

/-- The slice's finite Cauchy--Schwarz proof spike remains directly available
at this gate topic, with its strict positive-energy boundary explicit. -/
theorem fep103_weightedCauchySchwarz_proofSpike

(law : FiniteLaw Outcome) (left right : Outcome » R)

(hRight : @ < ¥ outcome, law outcome x right outcome # 2) :

(Y outcome, law outcome % left outcome % right outcome) # 2 <

(Y outcome, law outcome x left outcome * 2) x
Y outcome, law outcome % right outcome * 2 :=
weightedCauchySchwarz_of_right_pos law left right hRight
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end FEP103

16.103.2 Typeset statement signatures

{Outcome : Type*} [Fintype Outcome] {d : N}

(model : ScoreModel Outcome d) [Invertible (fisherMatrix model)]

(jacobian : Matrix (Fin d) (Fin d) R) [Invertible jacobian]

. (541)
(covector : Find = R)

chartPullbackLower model jacobian (chartCoordinates jacobian (naturalGradient

model covector)) = chartCovector jacobian covector

{Outcome : Type*} [Fintype Outcome] {d : N}
(law : FiniteLaw Outcome) (left right : Outcome = R) (hRight : 0 < Zoutcome7

law outcome - right outcome?)

. ) (542)
(Z outcome, law outcome - left outcome - right outcome)

< (Z outcome, law outcome - left outcomeQ) . Z outcome, law outcome - right

outcome?

16.104 fep-104 — Mirror-Descent Three-Point Identity

The algebraic Bregman expression associated with supplied potential and gradient data obeys the exact three-point identity used by mirror descent. Assumption
scope: The coordinate carrier is finite and potential and gradient are arbitrary supplied functions. The identity is algebraic and assumes neither convexity nor that
the gradient is the derivative of the potential; those extra properties are required before interpreting every term as a nonnegative divergence or an algorithmic
descent guarantee. Semantic disposition: formalized.

16.104.1 Lean sketch

import FepSketches.geometric_optimization
namespace FEP104

open FEP.GeometricOptimization

variable {d : N}

/-- The Bregman divergence generated by supplied potential and gradient data
obeys the exact mirror-descent three-point identity. -/
theorem fepl04_mirrorDescent_threePoint_identity
(potential : (Fin d > R) > R)
(gradient : (Fin d » R) » Fin d » R)
(left middle right : Fin d > R) :
bregmanDivergence potential gradient left right -
bregmanDivergence potential gradient left middle -
bregmanDivergence potential gradient middle right =
coordinatePairing
(fun coordinate »
gradient middle coordinate - gradient right coordinate)
(fun coordinate » left coordinate - middle coordinate) :=
mirrorDescent_threePoint_identity potential gradient left middle right

end FEP104

16.104.2 Typeset statement signatures
{d:n}
(potential : (Find = R) = R) (gradient : (Find = R) = Find = R)
(left middleright : Find = R)
bregmanDivergence potential gradient left right — bregmanDivergence potential (543)
gradient left middle — bregmanDivergence potential gradient middle right
= coordinatePairing (\ coordinate — gradient middle coordinate — gradient

right coordinate) (A coordinate i left coordinate — middle coordinate)
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16.105 fep-105 — Bregman Pythagorean Law for an Affine Information Projection

An affine projection certificate yields exact Bregman Pythagorean splitting, and a nonnegative residual divergence makes the certified projection a minimizer
over the maintained affine set. Assumption scope: AffineBregmanProjection explicitly supplies projection membership and gradient-difference orthogonality
for every candidate. Minimization separately assumes residual Bregman nonnegativity. Existence, uniqueness, convexity, and differentiability of the projection

are not derived. Semantic disposition: conditional_proxy.

16.105.1 Lean sketch

import FepSketches.geometric_optimization
namespace FEP105

open FEP.GeometricOptimization

variable {d : N}

/-- Orthogonality on the maintained affine family yields the exact Bregman
Pythagorean law. -/
theorem fepl05_affineProjection_bregmanPythagorean
(potential : (Fin d - R) > R)
(gradient : (Fin d > R) » Fin d » R)
(affineSet : Set (Fin d » R))
(base projection candidate : Fin d » R)
(hProjection : AffineBregmanProjection potential gradient affineSet
base projection)
(hCandidate : candidate € affineSet) :
bregmanDivergence potential gradient candidate base =
bregmanDivergence potential gradient candidate projection +
bregmanDivergence potential gradient projection base :=
affineProjection_bregmanPythagorean potential gradient affineSet base
projection candidate hProjection hCandidate

/-- Nonnegative residual divergence makes the affine projection a minimizer. -/
theorem fepl05_affineProjection_minimizes
(potential : (Fin d > R) > R)
(gradient : (Fin d > R) » Fin d » R)
(affineSet : Set (Fin d » R))
(base projection candidate : Fin d » R)
(hProjection : AffineBregmanProjection potential gradient affineSet
base projection)
(hCandidate : candidate € affineSet)
(hNonnegative :
0 < bregmanDivergence potential gradient candidate projection) :
bregmanDivergence potential gradient projection base =
bregmanDivergence potential gradient candidate base :=
affineProjection_minimizes potential gradient affineSet base projection
candidate hProjection hCandidate hNonnegative

end FEP105

16.105.2 Typeset statement signatures
{d:n}
(potential : (Find = R) = R) (gradient : (Find = R) = Find = R)
(affineSet : Set (Find = R)) (base projection candidate : Find = R)
(hProjection : AffineBregmanProjection potential gradient affineSet base
projection) (hCandidate : candidate € affineSet)

bregmanDivergence potential gradient candidate base = bregmanDivergence

potential gradient candidate projection 4+ bregmanDivergence potential gradient

projection base
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{d: )
(potential : (Find = R) = R) (gradient : (Find = R) = Find = R)
(affineSet : Set (Find = R)) (base projection candidate : Find = R)
(hProjection : AffineBregmanProjection potential gradient affineSet base
projection) (hCandidate : candidate € affineSet) (hNonnegative : 0

< bregmanDivergence potential gradient candidate projection)

bregmanDivergence potential gradient projection base < bregmanDivergence

potential gradient candidate base

16.106 fep-106 — Replicator-Natural-Gradient Equivalence

(545)

On a certified categorical Fisher carrier, the replicator vector is the natural gradient of centered fitness and has zero total mass. Assumption scope: Categorical-
FisherCarrier supplies full support and the exact bridge from the existing ScoreModel lowering map to categorical coordinates. The result is an instantaneous
finite-simplex vector-field identity, not positivity preservation or convergence of a time-integrated replicator flow. Semantic disposition: conditional_proxy.

16.106.1 Lean sketch

import FepSketches.geometric_optimization
namespace FEP106

open FEP FEP.GeometricOptimization FEP.InformationGeometry Finset
open scoped BigOperators

variable {d : N}

/-- On a certified categorical Fisher carrier, the replicator field is the
natural gradient of centered fitness. -/
theorem fepl@6_replicator_naturalGradient_equivalence
(carrier : CategoricalFisherCarrier d) (fitness : Fin d » R) :
IsNaturalGradient carrier.model
(fun coordinate » fitness coordinate - meanFitness carrier.law fitness)
(replicatorVector carrier.law fitness) :=
replicator_naturalGradient_equivalence carrier fitness

/-- Replicator dynamics preserves the affine simplex constraint. -/
theorem fepl06_replicator_massConservation
(law : FiniteLaw (Fin d)) (fitness : Fin d » R) :
Y coordinate, replicatorVector law fitness coordinate = 0 :=
replicatorVector_isSimplexTangent law fitness

/-- A concrete nonconstant two-outcome fitness produces a nonzero replicator
field and realizes the categorical natural-gradient equivalence. -/
theorem fepl06_twoCategorical_nonzero_replicator_witness :
twoCategoricalFitness 0 # twoCategoricalFitness 1 A
replicatorVector twoCategoricallLaw twoCategoricalFitness # 0 A
IsNaturalGradient twoCategoricalFisherCarrier.model
(fun coordinate »
twoCategoricalFitness coordinate -
meanFitness twoCategoricalLaw twoCategoricalFitness)
(replicatorVector twoCategoricallLaw twoCategoricalFitness) :=
twoCategorical_replicator_nonzero_witness

end FEP106

16.106.2 Typeset statement signatures
{d: N}
(carrier : CategoricalFisherCarrier d) (fitness : Find = R)
IsNaturalGradient carrier.model (A coordinate 1 fitness coordinate

— meanFitness carrier.law fitness) (replicatorVector carrier.law fitness)
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{d:ny
(law : FiniteLaw (Fin d)) (fitness : Find = R) (547)

Z coordinate, replicatorVector law fitness coordinate = 0

{d: N}
twoCategoricalFitness 0 # twoCategoricalFitness 1 A replicatorVector

twoCategoricalLaw twoCategoricalFitness # 0 A IsNaturalGradient (548)
twoCategoricalFisherCarrier.model (\ coordinate > twoCategoricalFitness

coordinate — meanFitness twoCategoricalLaw twoCategoricalFitness)

(replicatorVector twoCategoricalLaw twoCategorical Fitness)

16.107 fep-107 — Product-Agent Generative Law

Independent product priors and product observation kernels yield a normalized joint kernel whose generative mass factors exactly into the two agent-level
generative masses. Assumption scope: Both state and observation carriers are finite and each component law and kernel is normalized. Independence is
built into FiniteLaw.product and the productKernel coordinate definition; the theorem does not infer independence from an arbitrary coupled multiagent law.
Semantic disposition: formalized.

16.107.1 Lean sketch

import FepSketches.collective_inference

/-1 # Product-Agent Generative Law -/
namespace FEP107

open FEP Finset
open scoped BigOperators

variable {State: State. Observation. Observation: : Typex}
[Fintype State:] [Fintype State:]
[Fintype Observationi] [Fintype Observation:]

/-- Independent product kernels retain a normalized observation law at every
joint state. -/
theorem fepl107_productKernel_normalized

(left : FiniteKernel State: Observationi)

(right : FiniteKernel State, Observations)

(state : States x Statez) :

Y observation,

FEP.CollectivelInference.productKernel left right state observation = 1 :=
FEP.CollectivelInference.productKernel_sum_one left right state

/-- With product priors and product kernels, the joint generative mass is the
product of the two agent-level generative masses. -/
theorem fepl07_productAgent_generative_mass
(priorLeft : FiniteLaw States) (priorRight : FinitelLaw Statez)
(kernelLeft : FiniteKernel State: Observationi)
(kernelRight : FiniteKernel State, Observation:)
(stateLeft : States) (stateRight : Statez)
(observationLeft : Observationi) (observationRight : Observation:)
(FEP.CollectiveInference.productKernel kernelLeft kernelRight).joint
(FiniteLaw.product priorLeft priorRight)
((stateLeft, stateRight), (observationLeft, observationRight)) =
kernelLeft.joint priorLeft (stateLeft, observationLeft) =
kernelRight. joint priorRight (stateRight, observationRight) :=
FEP.CollectiveInference.productAgent_joint_mass
priorLeft priorRight kernelLeft kernelRight
stateLeft stateRight observationLeft observationRight

end FEP107
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16.107.2 Typeset statement signatures

{State, State, Observation, Observation, : Type"}
(left : FiniteKernel State; Observation,)
(right : FiniteKernel State, Observation,) (state : State; x States)

Z observation, FEP.Collectivelnference.productKernel left right state

observation = 1

{State, Statey Observation; Observation, : Type*}

priorLeft : FiniteLaw State,) (priorRight : FiniteLaw State,)
kernelLeft : FiniteKernel State, Observation,)

kernelRight : FiniteKernel State, Observation,) (stateleft : State,)
stateRight : State,) (observationLeft : Observation, )

(

(

(

(

(observationRight : Observations,)
(FEP.Collectivelnference.productKernel kernelLeft kernelRight).joint
(FiniteLaw.product priorLeft priorRight) ((stateLeft, stateRight),
(observationLeft, observationRight)) = kernelLeft.joint priorLeft
(stateLeft, observationLeft) - kernelRight.joint priorRight

(

stateRight, observationRight)

16.108 fep-108 — Additive Collective Variational Free Energy

Variational free energy of independent product laws with additive cost is exactly the sum of the two agent-level free energies. Assumption scope: State carriers
are finite, both reference factors have full support, actual and reference joint laws are products, and joint cost is additive. The result does not discard a dependence

or interaction term for a coupled law or nonadditive cost. Semantic disposition: formalized.

16.108.1 Lean sketch

import FepSketches.collective_inference

/-! # Additive Collective Variational Free Energy -/
namespace FEP108

open FEP
variable {States State, : Typex} [Fintype Statei] [Fintype State:]

/-- Product-law VFE is additive under full-support reference factors and an
additive cost. -/
theorem fepl108_collectiveVFE_additive
(actualLeft referenceLeft : FinitelLaw States)
(actualRight referenceRight : FinitelLaw Statez)
(leftCost : States » R) (rightCost : Statez » R)
(referenceLeftPositive : V¥ state, O < referenceLeft state)
(referenceRightPositive : V state, 0 < referenceRight state)
FEP.CollectiveInference.collectiveVFE
actualLeft referencelLeft actualRight referenceRight leftCost rightCost =
FEP.Collectivelnference.variationalFreeEnergy
actualLeft referenceLeft leftCost +
FEP.CollectivelInference.variationalFreeEnergy
actualRight referenceRight rightCost :=
FEP.CollectiveInference.collectiveVFE_additive
actualLeft referencelLeft actualRight referenceRight leftCost rightCost
referenceLeftPositive referenceRightPositive

/-- The expectation component has its own independent-product certificate. -/
theorem fep108_productCost_additive
(left : FiniteLaw States) (right : FiniteLaw State:)
(leftCost : State:s » R) (rightCost : Statez » R) :
FEP.CollectiveInference.expectedCost (FinitelLaw.product left right)
(fun state = leftCost state.1 + rightCost state.2) =
FEP.CollectiveInference.expectedCost left leftCost +
FEP.CollectiveInference.expectedCost right rightCost :=
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FEP.CollectivelInference.productExpectedCost_additive
left right leftCost rightCost

end FEP108

16.108.2 Typeset statement signatures

{State, State, : Type*} [Fintype State,] [Fintype State,]

(actualleft referenceleft : FiniteLaw State, )

(actualRight referenceRight : FiniteLaw State,) (leftCost : State; = R)
(rightCost : State, = R) (referenceleftPositive : Vstate, 0 < referenceLeft
state) (referenceRightPositive : Vstate, 0 < referenceRight state)
FEP.Collectivelnference.collectiveVFE actuallLeft referencelLeft actualRight
referenceRight leftCost rightCost

= FEP.Collectivelnference.variationalFreeEnergy actuallLeft referenceleft
leftCost + FEP.Collectivelnference.variationalFreeEnergy actualRight
referenceRight rightCost

{State, State, : Type"} [Fintype State,] [Fintype State,]

(left : FiniteLaw State, ) (right : FiniteLaw State,) (leftCost : State; = R)
(rightCost : State, = R)

FEP.Collectivelnference.expectedCost (FiniteLaw.product left right)

(A state > leftCost state.1 + rightCost state.2)

= FEP.Collectivelnference.expectedCost left leftCost

+ FEP.Collectivelnference.expectedCost right rightCost

16.109 fep-109 — Independent-Agent Expected-Free-Energy Additivity

Expected free energy of product predictive and preference laws with additive ambiguity equals the sum of independent agent-level expected free energies.
Assumption scope: Both finite preference factors have full support, predictive and preference joint laws are products, and ambiguity is coordinate-additive. No
additivity is claimed for statistically coupled agents, shared outcomes, or a nonseparable ambiguity functional. Semantic disposition: formalized.

16.109.1 Lean sketch

import FepSketches.collective_inference

/-1 # Independent-Agent Expected-Free-Energy Additivity -/
namespace FEP109

open FEP
variable {States State, : Typex} [Fintype State:] [Fintype State:]

/-- EFE additivity follows from product predictive and preference laws,
additive ambiguity, and full-support preferences. -/
theorem fep109_independentEFE_additive
(predictiveLeft preferenceLeft : FiniteLaw States)
(predictiveRight preferenceRight : FinitelLaw State:)
(ambiguityLeft : State:s » R) (ambiguityRight : State. » R)
(preferenceLeftPositive : V state, 0 < preferenceLeft state)
(preferenceRightPositive : V state, 0 < preferenceRight state) :
FEP.CollectiveInference.independentCollectiveEFE
predictivelLeft preferencelLeft predictiveRight preferenceRight
ambiguityLeft ambiguityRight =
FEP.CollectiveInference.expectedFreeEnergy
predictiveLeft preferenceLeft ambiguitylLeft +
FEP.CollectivelInference.expectedFreeEnergy
predictiveRight preferenceRight ambiguityRight :=
FEP.CollectivelInference.independentEFE_additive
predictiveLeft preferenceLeft predictiveRight preferenceRight
ambiguitylLeft ambiguityRight preferenceLeftPositive preferenceRightPositive

/-- Without the product construction, only the component expectation identity
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is available; no dependence term is silently discarded. -/
theorem fep109_additiveAmbiguity_expectation
(left : FiniteLaw States) (right : FiniteLaw State:)
(ambiguityLeft : State:s » R) (ambiguityRight : State: » R) :
FEP.CollectiveInference.expectedCost (FinitelLaw.product left right)
(fun state = ambiguitylLeft state.l + ambiguityRight state.2) =
FEP.CollectiveInference.expectedCost left ambiguitylLeft +
FEP.CollectiveInference.expectedCost right ambiguityRight :=
FEP.CollectivelInference.productExpectedCost_additive
left right ambiguitylLeft ambiguityRight

end FEP109

16.109.2 Typeset statement signatures

{State, State, : Type"} [Fintype State, ] [Fintype States)
(predictivelLeft preferencelLeft : FiniteLaw State )
(predictiveRight preferenceRight : FiniteLaw State,)

(ambiguityLeft : State; = R) (ambiguityRight : State, = R)

(preferenceLeftPositive : Vstate, 0 < preferenceleft state)

(preferenceRightPositive : Vstate, 0 < preferenceRight state) (553)
FEP.Collectivelnference.independentCollectiveEFE predictiveleft preferenceleft

predictiveRight preferenceRight ambiguityLeft ambiguityRight

= FEP.Collectivelnference.expectedFreeEnergy predictiveleft preferenceleft

ambiguitylLeft + FEP.Collectivelnference.expectedFreeEnergy predictiveRight

preferenceRight ambiguityRight

{State, State, : Type*} [Fintype State, ] [Fintype States)]

(left : FiniteLaw State, ) (right : FiniteLaw State,)

(ambiguityLeft : State; = R) (ambiguityRight : State, = R)

FEP.Collectivelnference.expectedCost (FiniteLaw.product left right) (554)
(A state - ambiguityLeft state.1 + ambiguityRight state.2)

= FEP.Collectivelnference.expectedCost left ambiguityLeft

+ FEP.Collectivelnference.expectedCost right ambiguityRight

16.110 fep-110 — Unit-Weight Product-of-Experts Pool Normalization

The unit-weight finite product-of-experts pool is the normalized pointwise product of two laws and has total mass one whenever its normalizer is positive.
Assumption scope: The state carrier is finite and the pointwise-product normalizer must be strictly positive. Disjoint supports are excluded. This unit-weight
product uses exponents one, not the one-half exponents of an equal-weight logarithmic pool, and no externally Bayesian pooling property is claimed. Semantic
disposition: formalized.

16.110.1 Lean sketch

import FepSketches.collective_inference

/-1 # Unit-Weight Product-of-Experts Pool Normalization -/
namespace FEP110

open FEP Finset
open scoped BigOperators

variable {State : Typex} [Fintype State]

/-- A positive pointwise-product normalizer yields a normalized unit-weight
product-of-experts pool. -/
theorem fep110_unitWeightProductOfExpertsPool_normalized

(left right : FinitelLaw State)

(normalizerPositive :

0 < FEP.CollectiveInference.productOfExpertsNormalizer left right) :
Y state,
FEP.CollectivelInference.unitWeightProductOfExpertsPool
left right normalizerPositive state = 1 :=
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FEP.CollectiveInference.unitWeightProductOfExpertsPool_sum_one
left right normalizerPositive

/-- The pool mass is exactly the normalized pointwise product. It is a
unit-weight product of experts, not a half-exponent logarithmic pool. -/
theorem fep110_unitWeightProductOfExpertsPool_mass

(left right : FinitelLaw State)

(normalizerPositive :

0 < FEP.CollectiveInference.productOfExpertsNormalizer left right)
(state : State) :
FEP.CollectivelInference.unitWeightProductOfExpertsPool

left right normalizerPositive state =
left state % right state /
FEP.CollectivelInference.productOfExpertsNormalizer left right :=
rfl

end FEP110

16.110.2 Typeset statement signatures

{State : Type"} [Fintype State]
(left right : FiniteLaw State) (normalizerPositive : 0
< FEP.Collectivelnference.productOfExpertsNormalizer left right) (555)

Z state, FEP.Collectivelnference.unitWeightProductOfExpertsPool left right

normalizerPositive state = 1

{State : Type"} [Fintype State]

(left right : FiniteLaw State) (normalizerPositive : 0

< FEP.Collectivelnference.productOfExpertsNormalizer left right) (state : State) (556)
FEP.Collectivelnference.unitWeightProductOfExpertsPool left right

normalizerPositive state = left state - right state

/FEP.Collectivelnference.productOfExpertsNormalizer left right

16.111 fep-111 — Consensus Mass Conservation

The specified doubly stochastic two-agent consensus update conserves combined mass at every state and therefore preserves total combined mass two. Assump-
tion scope: The state carrier is finite and both inputs are normalized FiniteLaw values. Conservation is for the maintained two-agent mixing operator; it does
not establish consensus, stationarity, or conservation for arbitrary interaction matrices. Semantic disposition: formalized.

16.111.1 Lean sketch

import FepSketches.collective_inference

/-1 # Consensus Mass Conservation -/
namespace FEP111

open FEP Finset
open scoped BigOperators

variable {State : Typex} [Fintype State]

/-- The doubly stochastic two-agent update conserves combined mass at every
state. -/
theorem feplli_consensus_pointwise_mass_conserved
(left right : FiniteLaw State) (state : State)
FEP.CollectiveInference.consensusLeft left right state +
FEP.CollectivelInference.consensusRight left right state =
left state + right state :=
FEP.Collectivelnference.consensusMass_conserved left right state

/-- Consequently, the two normalized post-update laws have total combined
mass two. -/
theorem feplll_consensus_total_mass_two

(left right : FinitelLaw State) :
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(Y state, FEP.CollectiveInference.consensusLeft left right state) +
Y state, FEP.Collectivelnference.consensusRight left right state = 2 := by
rw [(FEP.CollectiveInference.consensusLeft left right).sum_one,
(FEP.CollectiveInference.consensusRight left right).sum_one]
norm_num

end FEP111

16.111.2 Typeset statement signatures

{State : Type"} [Fintype State]

(leftright : FiniteLaw State) (state : State)

FEP.Collectivelnference.consensuslLeft left right state (557)
+ FEP.Collectivelnference.consensusRight left right state = left state + right

state

{State : Type"} [Fintype State]

(left right : FiniteLaw State)
558
(Z state, FEP.Collectivelnference.consensusLeft left right state) + Z state, (558)

FEP.Collectivelnference.consensusRight left right state = 2

16.112 fep-112 — Contractive Belief-Consensus Convergence

Iterating the maintained strictly stochastic two-agent update halves each atomwise belief gap and drives pointwise disagreement to zero. Assumption scope:
State is finite and consensus uses the fixed one-quarter/three-quarter mixing matrix encoded by consensusLeft and consensusRight. Convergence is pointwise
for two agents; no arbitrary network topology, time-varying weights, or rate in a global probability metric is claimed. Semantic disposition: formalized.

16.112.1 Lean sketch

import FepSketches.collective_inference

/-! # Contractive Belief-Consensus Convergence -/
namespace FEP112

open FEP Filter
variable {State : Typex} [Fintype State]

/-- The strictly stochastic consensus matrix contracts every atomwise gap by
exactly one half. -/
theorem fep112_consensus_half_contraction
(left right : FiniteLaw State) (state : State)
FEP.CollectivelInference.beliefGap
(FEP.CollectiveInference.consensusLeft left right)
(FEP.CollectiveInference.consensusRight left right) state =
(1/72:R)*
FEP.CollectivelInference.beliefGap left right state :=
FEP.Collectivelnference.consensus_gap_contracts left right state

/-- Iterated consensus converges pointwise to zero disagreement. -/
theorem fepl12_consensus_converges
(left right : FinitelLaw State) (state : State)
Tendsto
(fun iterations =
FEP.CollectivelInference.beliefGap
(FEP.CollectiveInference.consensusIterate
(left, right) iterations).1
(FEP.CollectiveInference.consensusIterate
(left, right) iterations).2 state)
atTop (nhds 0) :=
FEP.CollectivelInference.consensus_gap_tendsto_zero left right state

/-- The contraction is not a zero-gap tautology: opposite Boolean point masses

retain positive disagreement after one step and contract strictly. -/
theorem fep112_bool_nonzero_strict_witness :
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FEP.CollectivelInference.beliefGap
(FiniteLaw.pointMass true) (FiniteLaw.pointMass false) true = 1 A
FEP.CollectivelInference.beliefGap
(FEP.CollectiveInference.consensusLeft
(FiniteLaw.pointMass true) (FiniteLaw.pointMass false))
(FEP.CollectiveInference.consensusRight
(FiniteLaw.pointMass true) (FiniteLaw.pointMass false)) true =1 / 2 a
0 < FEP.CollectiveInference.beliefGap
(FEP.CollectiveInference.consensuslLeft
(FiniteLaw.pointMass true) (FinitelLaw.pointMass false))
(FEP.CollectiveInference.consensusRight
(FiniteLaw.pointMass true) (FinitelLaw.pointMass false)) true a
FEP.CollectiveInference.beliefGap
(FEP.CollectiveInference.consensusLeft
(FiniteLaw.pointMass true) (FiniteLaw.pointMass false))
(FEP.CollectiveInference.consensusRight
(FiniteLaw.pointMass true) (FiniteLaw.pointMass false)) true
FEP.CollectivelInference.beliefGap
(FiniteLaw.pointMass true) (FiniteLaw.pointMass false) true :=
FEP.CollectiveInference.boolConsensus_nonzero_strict_witness

A

end FEP112

16.112.2 Typeset statement signatures

{State : Type"} [Fintype State]

(left right : FiniteLaw State) (state : State)
FEP.Collectivelnference.beliefGap
(FEP.Collectivelnference.consensusLeft left right)
(FEP.Collectivelnference.consensusRight left right) state = (1/2 : R)
- FEP.Collectivelnference.beliefGap left right state

{State : Type"} [Fintype State]

(left right : FiniteLaw State) (state : State)

Tendsto (A iterations - FEP.Collectivelnference.beliefGap
(FEP.Collectivelnference.consensuslterate (left, right) iterations).1
(FEP.Collectivelnference.consensuslterate (left, right) iterations).2 state)
atTop (nhds0)

{State : Type"} [Fintype State]
FEP.Collectivelnference.beliefGap (FiniteLaw.pointMass true)
(FiniteLaw.pointMass false) true = 1 A FEP.Collectivelnference.beliefGap
(FEP.Collectivelnference.consensusLeft (FiniteLaw.pointMass true)
(FiniteLaw.pointMass false) ) (FEP.Collectivelnference.consensusRight
(FiniteLaw.pointMass true) (FiniteLaw.pointMass false)) true = 1/2 A 0

< FEP.Collectivelnference.beliefGap (FEP.Collectivelnference.consensusLeft
FiniteLaw.pointMass true) (FiniteLaw.pointMass false))

FEP.Collectivelnference.consensusRight (FiniteLaw.pointMass true)

(
(
(FiniteLaw.pointMass false)) true A FEP.Collectivelnference.beliefGap
(FEP.Collectivelnference.consensusLeft (FiniteLaw.pointMass true)
(FiniteLaw.pointMass false)) (FEP.Collectivelnference.consensusRight
(FiniteLaw.pointMass true) (FiniteLaw.pointMass false)) true

< FEP.Collectivelnference.beliefGap (FiniteLaw.pointMass true)

(FiniteLaw.pointMass false) true

16.113 fep-113 — Coupled-Agent Potential Descent

The maintained consensus coupling quarters atomwise quadratic disagreement potential and decreases it strictly whenever the two input masses differ at that
atom. Assumption scope: State is finite and the potential is the exact scalar square of the two-agent atomwise gap under the fixed consensus operator. Strictness
requires explicit separation; the theorem does not cover a general coupled free-energy functional or nonlinear multiagent dynamics. Semantic disposition:

formalized.

Y"Q7T



16.113.1 Lean sketch

import FepSketches.collective_inference

/-1 # Coupled-Agent Potential Descent -/
namespace FEP113

open FEP
variable {State : Typex} [Fintype State]

/-- The specified consensus coupling quarters the atomwise quadratic
disagreement potential. -/
theorem fepl13_coupledPotential_contracts
(left right : FiniteLaw State) (state : State)
FEP.CollectivelInference.coupledPotential
(FEP.CollectiveInference.consensusLeft left right)
(FEP.CollectiveInference.consensusRight left right) state =
(1/4:R)*
FEP.CollectivelInference.coupledPotential left right state :=
FEP.CollectivelInference.coupledPotential_contracts left right state

/-- Nonzero disagreement makes the potential descent strict. -/
theorem fepl113_coupledPotential_strict_descent
(left right : FiniteLaw State) (state : State)
(separated : left state # right state) :
FEP.CollectivelInference.coupledPotential
(FEP.CollectiveInference.consensusLeft left right)
(FEP.CollectiveInference.consensusRight left right) state <
FEP.CollectivelInference.coupledPotential left right state :=
FEP.CollectivelInference.coupledPotential_strict_descent
left right state separated

end FEP113

16.113.2 Typeset statement signatures

{State : Type"} [Fintype State]

(left right : FiniteLaw State) (state : State)

FEP.Collectivelnference.coupledPotential (562)
(FEP.Collectivelnference.consensusLeft left right)
(FEP.Collectivelnference.consensusRight left right) state = (1/4 : R)

- FEP.Collectivelnference.coupledPotential left right state

{State : Type"} [Fintype State]

(leftright : FiniteLaw State) (state : State)

(separated : left state # right state)

FEP.Collectivelnference.coupledPotential (563)
(FEP.Collectivelnference.consensusLeft left right)

(FEP.Collectivelnference.consensusRight left right) state

< FEP.Collectivelnference.coupledPotential left right state

16.114 fep-114 — Sub-Gaussian Empirical-Mean Tail Bound

A finite independent family with certified sub-Gaussian moment-generating functions satisfies the explicit exponential upper-tail bound for its summed empirical-
mean event. Assumption scope: Observables are indexed by Fin sampleCount, are independent under the supplied measure, and each has a nonnegative sub-
Gaussian proxy variance. Deviation is nonnegative. The theorem neither assumes IID data nor asserts an asymptotic law; a positive sample count is needed for
the usual empirical-mean interpretation even though real division is totalized at zero. Semantic disposition: formalized.

16.114.1 Lean sketch

import FepSketches.learning_theory

/-1 # Sub-Gaussian Empirical-Mean Tail Bound -/
namespace FEP114
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open MeasureTheory ProbabilityTheory
open scoped BigOperators ENNReal MeasureTheory NNReal ProbabilityTheory

/-- Independent sub-Gaussian observations obey the finite-sample upper-tail
bound for the empirical-mean event. -/
theorem fepl14_subGaussian_empiricalMean_tail
{Q : Typex} [MeasurableSpace Q]
(u : Measure Q) {sampleCount : N}
(observables : Fin sampleCount » Q » R)
(independent : iIndepFun observables p)
(proxyvariance : Fin sampleCount » R=0)
(subGaussian : V index,
HasSubgaussianMGF (observables index) (proxyVariance index) )
{deviation : R} (deviationNonnegative : 0 < deviation) :
p.real {outcome |
(sampleCount : R) % deviation =
Y index, observables index outcome}
Real.exp
(-((sampleCount : R) % deviation) » 2 /
(2 * ¥ index, proxyVariance index)) :=
FEP.LearningTheory.subGaussian_empiricalMean_tail
U observables independent proxyVariance subGaussian deviationNonnegative

IA

/-- The theorem fixes the finite sample through ‘Fin sampleCount‘; no
asymptotic limit or IID premise is inferred beyond the stated independence. -/
theorem fepl14_empiricalMean_definition

{Q : Typex} {sampleCount : N}

(observables : Fin sampleCount - Q » R) (outcome : Q) :

FEP.LearningTheory.empiricalMean observables outcome =

(¥ index, observables index outcome) / sampleCount :=
rfl

end FEP114

16.114.2 Typeset statement signatures

{Q : Type"} [MeasurableSpace] (1 : MeasureQ)) {sampleCount : N}

(observables : Fin sampleCount = Q = R) (independent : ilndepFun observables 1)

(proxyVariance : FinsampleCount = R > 0) (subGaussian : Vindex,

HasSubgaussianMGF (observables index) (proxyVariance index) p) {deviation : R}

(deviationNonnegative : 0 < deviation) (564)
p.real {outcome|(sampleCount : R) - deviation < Z index, observables index

outcome} < Real.exp (—((sampleCount : R) - deviation)2 /(2 - Z index,

proxyVariance index))

{Q : Type"} {sampleCount : N} (observables : FinsampleCount = Q = R)

(outcome : Q)

FEP.LearningTheory.empiricalMean observables outcome (565)

= (Z index, observables index outcome) /sampleCount

16.115 fep-115 — Simultaneous Finite-Alphabet Frequency Bound

Per-symbol empirical-frequency failure bounds combine by a finite union bound into an alphabet-wide failure probability bounded by alphabet size times the
per-symbol rate. Assumption scope: The sampling measure is a probability measure, the alphabet is finite with decidable equality, sample count is nonzero, and
every symbol has the supplied probability bound. No independence or concentration rate is inferred beyond those per-symbol premises. Semantic disposition:
formalized.

16.115.1 Lean sketch

import FepSketches.learning_theory

/-1 # Simultaneous Finite-Alphabet Frequency Bound -/
namespace FEP115
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open MeasureTheory ProbabilityTheory
open scoped ENNReal MeasureTheory ProbabilityTheory

/-- A finite union bound lifts per-symbol empirical-frequency guarantees to a
simultaneous alphabet-wide guarantee. -/
theorem fepl115_simultaneous_frequency_bound
{Q Alphabet : Typex} [MeasurableSpace Q]
[Fintype Alphabet] [DecidableEq Alphabet]
(p : Measure Q) [IsProbabilityMeasure p]
{sampleCount : N} [NeZero sampleCount]
(sample : Q » Fin sampleCount - Alphabet)
(target : Alphabet » R) (deviation perSymbolFailure : R)
(perSymbolBound : V symbol,
p.real
(FEP.LearningTheory.frequencyDeviationEvent
sample target deviation symbol) < perSymbolFailure) :
p.real (U symbol,
FEP.LearningTheory.frequencyDeviationEvent
sample target deviation symbol) =
Fintype.card Alphabet % perSymbolFailure :=
FEP.LearningTheory.simultaneous_frequency_bound
u sample target deviation perSymbolFailure perSymbolBound

/-- The event is the actual two-sided deviation of a normalized finite count,
not an abstract placeholder event. -/
theorem fepl15_frequencyDeviationEvent_membership
{Q Alphabet : Typex} [Fintype Alphabet] [DecidableEq Alphabet]
{sampleCount : N} [NeZero sampleCount]
(sample : Q » Fin sampleCount » Alphabet)
(target : Alphabet » R) (deviation : R)
(symbol : Alphabet) (outcome : Q) :
outcome € FEP.LearningTheory.frequencyDeviationEvent
sample target deviation symbol e
deviation =
|FEP.LearningTheory.empiricalFrequency
(sample outcome) symbol - target symbol| :=
Iff.rfl

end FEP115

16.115.2 Typeset statement signatures

{€Q Alphabet : Type"} [MeasurableSpace(}] [Fintype Alphabet]

[DecidableEq Alphabet] (11 : Measure(2) [IsProbabilityMeasure y]

{sampleCount : N} [NeZero sampleCount] (sample : 2 = Fin sampleCount = Alphabet)
(target : Alphabet = R) (deviation perSymbolFailure : R) (perSymbolBound : V

symbol, pi.real (FEP.LearningTheory.frequencyDeviationEvent sample target

deviation symbol) < perSymbolFailure)

w.real (U symbol, FEP.LearningTheory.frequencyDeviationEvent sample target
deviation symbol) < Fintype.card Alphabet - perSymbolFailure

{Q Alphabet : Type"} [Fintype Alphabet] [DecidableEq Alphabet] {sampleCount : N}
[NeZero sampleCount] (sample : 2 = FinsampleCount = Alphabet)

(target : Alphabet = R) (deviation : R) (symbol : Alphabet) (outcome : §2)
outcome € FEP.LearningTheory.frequencyDeviationEvent sample target deviation
symbol « deviation < |FEP.LearningTheory.empiricalFrequency (sample outcome)

symbol — target symbol|

16.116 fep-116 — Finite-Hypothesis PAC-Bayes Loss-Gap Bound

For any finite posterior, a Gibbs certificate whose potential is inverse temperature times the population-minus-empirical loss gap converts a certified log-MGF
budget into an empirical-loss plus KL-complexity population-loss bound. Assumption scope: Hypotheses are finite; inverse temperature is positive; the Gibbs
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reference equals the prior and carries full support; confidence lies in (0,1); and the certificate log partition is bounded by log(confidence”-1). The theorem
is deterministic conditional on this log-MGF premise and does not itself prove that the premise holds with high probability over data. Semantic disposition:
formalized.

16.116.1 Lean sketch

import FepSketches.learning_theory

/-! # Finite-Hypothesis PAC-Bayes Loss-Gap Bound -/
namespace FEP116

open FEP MeasureTheory ProbabilityTheory
open scoped ENNReal MeasureTheory ProbabilityTheory

/-- A finite posterior's population loss is controlled by its empirical loss,
finite KL complexity, and a certified log-MGF budget. The Gibbs potential is
explicitly the inverse-temperature-scaled loss gap. -/
theorem fepl16_finitePACBayes_with_confidence
{Hypothesis : Typex} [Fintype Hypothesis]
(prior posterior : FinitelLaw Hypothesis)
(certificate : FEP.VariationalDuality.GibbsCertificate Hypothesis)
(referencelsPrior : certificate.reference = prior)
(empiricallLoss populationLoss : Hypothesis - R)
(inverseTemperature : R)
(inverseTemperaturePositive : 0 < inverseTemperature)
(potentiallsLossGap : Y hypothesis,
certificate.potential hypothesis = inverseTemperature #
(populationLoss hypothesis - empiricallLoss hypothesis))
(confidence : R)
(confidencePositive : 0 < confidence)
(confidenceBelowOne : confidence < 1)
(logMGFBound : certificate.logPartition < Real.log confidence-?) :
FEP.VariationalDuality.expectation posterior populationLoss <
FEP.VariationalDuality.expectation posterior empiricalloss +
(FEP.FiniteInformation.finiteKL posterior prior +
Real.log confidence=!) / inverseTemperature :=
(FEP.LearningTheory.finitePACBayes_changeOfMeasure_with_confidence
prior posterior certificate referencelsPrior empiricalloss populationLoss
inverseTemperature inverseTemperaturePositive potentiallsLossGap confidence
confidencePositive confidenceBelowOne logMGFBound).1

/-- A full-support finite prior has no zero-mass atom, matching the support
boundary required by finite KL and Gibbs log-density terms. -/
theorem fepl16_prior_support_nonzero
{Hypothesis : Typex} [Fintype Hypothesis]
(prior : FiniteLaw Hypothesis)
(priorPositive : V hypothesis, 0 < prior hypothesis)
(hypothesis : Hypothesis) :
prior hypothesis # 0 :=
ne_of_gt (priorPositive hypothesis)

end FEP116
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16.116.2 Typeset statement signatures
{Hypothesis : Type"} [Fintype Hypothesis]
(prior posterior : FiniteLaw Hypothesis) (certificate :
FEP.VariationalDuality.GibbsCertificate Hypothesis)
(referencelsPrior : certificate.reference = prior)
(empiricalLoss populationLoss : Hypothesis = R) (inverseTemperature : R)
(inverseTemperaturePositive : 0 < inverseTemperature) (potentiallsLossGap : V

hypothesis, certificate.potential hypothesis = inverse Temperature

- (populationLoss hypothesis — empiricalLoss hypothesis)) (confidence : R) (568)
(confidencePositive : 0 < confidence) (confidenceBelowOne : confidence < 1)
(logMGFBound : certificate.logPartition < Real.logconfidencefl)
FEP.VariationalDuality.expectation posterior populationLoss
< FEP.VariationalDuality.expectation posterior empiricalLoss
+ (FEP.Finitelnformation.finiteKL posterior prior + Real.log confidencefl)
/inverseTemperature
{Hypothesis : Type"} [Fintype Hypothesis] (prior : FiniteLaw Hypothesis)
(priorPositive : Vhypothesis, 0 < prior hypothesis) (hypothesis : Hypothesis) (569)

prior hypothesis # 0

16.117 fep-117 — Posterior-Odds Multiplicative Recursion

At positive evidence, posterior odds equal prior odds times the likelihood ratio, and a zero-prior hypothesis retains zero posterior mass. Assumption scope:
Hypothesis and evidence carriers are finite. Total evidence, the reference prior mass, and the reference likelihood must be strictly positive before forming
ordinary real odds. The zero-prior theorem marks lack of posterior support rather than permitting recovery by conditioning. Semantic disposition: formalized.

16.117.1 Lean sketch

import FepSketches.learning_theory

/-! # Posterior-Odds Multiplicative Recursion -/
namespace FEP117

open FEP

/-- At positive evidence, posterior odds equal prior odds times the likelihood
ratio, provided the reference hypothesis has positive prior and likelihood. -/
theorem fepl117_posteriorOdds_recursion
{Hypothesis Evidence : Typex} [Fintype Hypothesis] [Fintype Evidence]
(prior : FiniteLaw Hypothesis)
(likelihood : FiniteKernel Hypothesis Evidence)
(evidence : Evidence)
(evidencePositive : 0 < likelihood.predictive prior evidence)
(favored reference : Hypothesis)
(referencePriorPositive : O < prior reference)
(referenceLikelihoodPositive : 0 < likelihood reference evidence) :
FEP.LearningTheory.posteriorOdds
prior likelihood evidence evidencePositive favored reference =
(prior favored / prior reference) *
(likelihood favored evidence / likelihood reference evidence) :=
FEP.LearningTheory.posteriorOdds_recursion
prior likelihood evidence evidencePositive favored reference
referencePriorPositive referenceLikelihoodPositive

/-- A zero-prior hypothesis cannot be recovered by conditioning on positive
evidence. -/
theorem fepl17_zero_prior_boundary
{Hypothesis Evidence : Typex} [Fintype Hypothesis] [Fintype Evidence]
(prior : FiniteLaw Hypothesis)
(likelihood : FiniteKernel Hypothesis Evidence)
(evidence : Evidence)
(evidencePositive : 0 < likelihood.predictive prior evidence)
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(hypothesis : Hypothesis) (priorZero : prior hypothesis = 0) :

likelihood.posterior prior evidence evidencePositive hypothesis = 0 :=
FEP.LearningTheory.posterior_zero_of_prior_zero

prior likelihood evidence evidencePositive hypothesis priorZero

end FEP117

16.117.2 Typeset statement signatures

{Hypothesis Evidence : Type"} [Fintype Hypothesis] [Fintype Evidence]

(prior : FiniteLaw Hypothesis) (likelihood : FiniteKernel Hypothesis Evidence)

(evidence : Evidence) (evidencePositive : 0 < likelihood.predictive prior

evidence) (favored reference : Hypothesis)

(referencePriorPositive : 0 < prior reference) (referenceLikelihoodPositive : 0 (570)
< likelihood reference evidence)

FEP.LearningTheory.posteriorOdds prior likelihood evidence evidencePositive

favored reference = (prior favored /prior reference) - (likelihood favored

evidence/likelihood reference evidence)

{Hypothesis Evidence : Type"} [Fintype Hypothesis] [Fintype Evidence]

(prior : FiniteLaw Hypothesis) (likelihood : FiniteKernel Hypothesis Evidence)

(evidence : Evidence) (evidencePositive : 0 < likelihood.predictive prior (571)
evidence) (hypothesis : Hypothesis) (priorZero : prior hypothesis = 0)

likelihood.posterior prior evidence evidencePositive hypothesis = 0

16.118 fep-118 — Exponential Posterior Concentration from a Likelihood Gap

A nonnegative per-observation likelihood gap yields an explicit exponential finite-sample upper bound on inferior two-hypothesis posterior weight. Assumption
scope: Good prior and likelihood weights are strictly positive, bad weights and the gap are nonnegative, and bad likelihood is bounded by exp(-gap) times good
likelihood. These are scalar two-hypothesis weights, not a theorem of consistency for an arbitrary normalized model class. Semantic disposition: formalized.

16.118.1 Lean sketch

import FepSketches.learning_theory

/-1 # Exponential Posterior Concentration from a Likelihood Gap -/
namespace FEP118

/-- A nonnegative per-observation likelihood gap gives an explicit exponential
finite-sample bound on inferior posterior mass. -/
theorem fepl118_posteriorGap_concentration
(priorGood priorBad likelihoodGood likelihoodBad likelihoodGap : R)
(sampleCount : N)
(priorGoodPositive : 0 < priorGood)
(priorBadNonnegative : O < priorBad)
(likelihoodGoodPositive : 0 < likelihoodGood)
(likelihoodBadNonnegative : 0 < likelihoodBad)
(likelihoodGapNonnegative : 0 < likelihoodGap)
(gapBound :
likelihoodBad < Real.exp (-likelihoodGap) % likelihoodGood) :
FEP.LearningTheory.twoHypothesisPosteriorBad
priorGood priorBad likelihoodGood likelihoodBad sampleCount <
(priorBad / priorGood)
Real.exp (-((sampleCount : R) % likelihoodGap)) :=
FEP.LearningTheory.posteriorGap_concentration
priorGood priorBad likelihoodGood likelihoodBad likelihoodGap sampleCount
priorGoodPositive priorBadNonnegative likelihoodGoodPositive
likelihoodBadNonnegative likelihoodGapNonnegative gapBound

/-- Equal priors and a ‘3:1' likelihood ratio give exact nonzero posterior bad

mass ‘1/10‘ after two observations. -/

theorem fep118_twoHypothesis_witness :
FEP.LearningTheory.twoHypothesisPosteriorBad

(1/2)((Q/2)(3/4)(1/4)2=1/10:=

lolaie}



FEP.LearningTheory.twoHypothesis_posterior_witness

end FEP118

16.118.2 Typeset statement signatures

(priorGood priorBad likelihoodGood likelihoodBad likelihoodGap : R)

(sampleCount : N) (priorGoodPositive : 0 < priorGood)

(priorBadNonnegative : 0 < priorBad)

(likelihoodGoodPositive : 0 < likelihoodGood)

(likelihoodBadNonnegative : 0 < likelihoodBad)

(likelihoodGapNonnegative : 0 < likelihoodGap) (gapBound : likelihoodBad

< Real.exp (—likelihoodGap) - likelihoodGood)
FEP.LearningTheory.twoHypothesisPosteriorBad priorGood priorBad likelihood Good
likelihoodBad sampleCount < (priorBad/priorGood) - Real.exp

(—((sampleCount : R) - likelihoodGap))

FEP.LearningTheory.twoHypothesisPosteriorBad (1/2) (1/2) (3/4) (1/4) 2
=1/10

16.119 fep-119 — Bayesian-Mixture Log-Loss Regret Bound

(572)

(573)

Finite Bayesian-mixture evidence dominates every nonnegative component contribution, so mixture log loss is at most selected-component log loss plus its exact
negative-log-prior penalty. Assumption scope: Hypotheses are finite, all component likelihood weights are nonnegative, and the selected prior and likelihood
weights are strictly positive before logarithms are compared. No sequential regret sum, stochastic calibration, or asymptotic optimality is claimed. Semantic

disposition: formalized.

16.119.1 Lean sketch

import FepSketches.learning_theory

/-! # Bayesian-Mixture Log-Loss Regret Bound -/

namespace FEP119
open FEP

variable {Hypothesis

: Typex} [Fintype Hypothesis]

/-- Mixture evidence dominates every nonnegative component contribution. -/
theorem fep119_mixtureEvidence_lower_bound
(prior : FiniteLaw Hypothesis) (likelihood : Hypothesis » R)

(likelihoodNonnegative :

V hypothesis, 0 < likelihood hypothesis)

(selected : Hypothesis) :
prior selected % likelihood selected =
FEP.LearningTheory.mixtureEvidence prior likelihood :=
FEP.LearningTheory.mixtureEvidence_lower_bound
prior likelihood likelihoodNonnegative selected

/-- The selected model pays at most its own log loss plus the exact finite

prior penalty. -/

theorem fep119_mixturelLogloss_regret
(prior : FiniteLaw Hypothesis) (likelihood : Hypothesis » R)

(likelihoodNonnegative :

V hypothesis, 0 < likelihood hypothesis)

(selected : Hypothesis)

(priorPositive :

0 < prior selected)
(likelihoodPositive :

0 < likelihood selected) :

-Real.log (FEP.LearningTheory.mixtureEvidence prior likelihood) =
-Real.log (likelihood selected) - Real.log (prior selected) :=
FEP.LearningTheory.mixtureLoglLoss_regret
prior likelihood likelihoodNonnegative selected
priorPositive likelihoodPositive

end FEP119
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16.119.2 Typeset statement signatures
{Hypothesis : Type"} [Fintype Hypothesis]
(prior : FiniteLaw Hypothesis) (likelihood : Hypothesis = R)

(likelihoodNonnegative : Vhypothesis, 0 < likelihood hypothesis) (574)
(selected : Hypothesis)

prior selected - likelihood selected < FEP.LearningTheory.mixtureEvidence prior
likelihood

{Hypothesis : Type"} [Fintype Hypothesis]

(prior : FiniteLaw Hypothesis) (likelihood : Hypothesis = R)

(likelihoodNonnegative : Vhypothesis, 0 < likelihood hypothesis)

(selected : Hypothesis) (priorPositive : 0 < prior selected) (575)
(likelihoodPositive : 0 < likelihood selected)

— Real.log (FEP.LearningTheory.mixtureEvidence prior likelihood) < —Real.log

(likelihood selected) — Real.log (prior selected)

16.120 fep-120 — Bayes-Factor Multiplicativity and Model-Evidence Update

Explicitly factorized evidence ratios multiply, and sequential model-odds updates equal one update using product evidence. Assumption scope: Both reference
evidence factors must be nonzero for multiplicativity in the real field. Evidence factorization is supplied algebraically and does not establish probabilistic
independence. At a zero denominator, totalized real division returns zero rather than an infinite Bayes factor. Semantic disposition: formalized.

16.120.1 Lean sketch

import FepSketches.learning_theory

/-1 # Bayes-Factor Multiplicativity and Model-Evidence Update -/
namespace FEP120

/-- Explicitly factorized evidence terms multiply, and sequential
posterior-odds updates agree with one update using product evidence. -/
theorem fepl120_bayesFactor_multiplicative_update
(priorOdds firstFavored firstReference secondFavored secondReference : R)
(firstReferenceNonzero : firstReference # 0)
(secondReferenceNonzero : secondReference # 0)
FEP.LearningTheory.bayesFactor
(firstFavored % secondFavored) (firstReference % secondReference) =
FEP.LearningTheory.bayesFactor firstFavored firstReference *
FEP.LearningTheory.bayesFactor secondFavored secondReference a
FEP.LearningTheory.updatedModelOdds priorOdds
(firstFavored % secondFavored) (firstReference x secondReference) =
FEP.LearningTheory.updatedModelOdds
(FEP.LearningTheory.updatedModelOdds
priorOdds firstFavored firstReference)
secondFavored secondReference :=
FEP.LearningTheory.bayesFactor_multiplicative
priorOdds firstFavored firstReference secondFavored secondReference
firstReferenceNonzero secondReferenceNonzero

/-- A concrete two-model evidence ratio updates unit prior odds to three. -/
theorem fep120_twoHypothesis_evidence_witness :
FEP.LearningTheory.bayesFactor (3 / 4) (1 / 4) = 3 A
FEP.LearningTheory.updatedModelOdds 1 (3 / 4) (1 / 4) = 3 :=
FEP.LearningTheory.bayesFactor_twoHypothesis_witness

/-- At zero reference evidence, real division returns zero rather than an
extended infinite Bayes factor; supported comparisons require nonzero
reference evidence. -/
theorem fep120_zero_evidence_boundary (favored : R) :
FEP.LearningTheory.bayesFactor favored 0 = 0 :=
FEP.LearningTheory.bayesFactor_zero_denominator_boundary favored

end FEP120
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16.120.2 Typeset statement signatures

(priorOdds firstFavored firstReference secondFavored secondReference : R)
(firstReferenceNonzero : firstReference # 0)

(secondReferenceNonzero : secondReference # 0)

FEP.LearningTheory.bayesFactor (firstFavored - secondFavored)

(firstReference - secondReference) = FEP.LearningTheory.bayesFactor firstFavored
firstReference - FEP.LearningTheory.bayesFactor secondFavored secondReference

A FEP.LearningTheory.updatedModelOdds priorOdds (firstFavored - secondFavored)
(firstReference - secondReference) = FEP.LearningTheory.updatedModelOdds
(FEP.LearningTheory.updatedModelOdds priorOdds firstFavored firstReference)

secondFavored secondReference

FEP.LearningTheory.bayesFactor (3/4) (1/4) = 3
A FEP.LearningTheory.updatedModelOdds 1 (3/4) (1/4) = 3

(favored : R)
FEP.LearningTheory.bayesFactor favored 0 = 0

16.121 fep-121 — Laplace-Smoothing Error Identity

(576)

(577)

(578)

For a positive finite sample, add-one smoothing decomposes forecast error into contracted empirical error plus an exact target-dependent offset. Assumption
scope: The success count and sample count are natural numbers, sample count is positive, successes do not exceed it, and the target lies in the unit interval. The

theorem is an algebraic identity, not a stochastic consistency or posterior-contraction result. Semantic disposition: formalized.

16.121.1 Lean sketch

import FepSketches.empirical_risk

/-1 # Laplace-Smoothing Error Identity -/
namespace FEP121

open FEP.EmpiricalRisk

/-- For a positive finite sample, add-one error is contracted empirical error
plus the exact target-dependent offset. -/
theorem fep121_laplaceError_identity
(successes sampleCount : N) (target : R)
(sampleCountPositive : O < sampleCount)
(successesAtMost : successes < sampleCount)
(targetBounds : target € Set.Icc (0 : R) 1) :
laplaceEstimate successes sampleCount - target =
shrinkage sampleCount % (empiricalRate successes sampleCount - target) +
laplaceBias sampleCount target := by
have _ := successesAtMost
have _ := targetBounds
exact laplaceError_identity successes sampleCount target sampleCountPositive

/-- The contraction coefficient remains in the closed unit interval. -/
theorem fep121_shrinkage_mem_unitInterval (sampleCount : N) :
shrinkage sampleCount € Set.Icc (0 : R) 1 :=
(shrinkage_nonneg sampleCount, shrinkage_le_one sampleCount)

end FEP121

16.121.2 Typeset statement signatures
(successes sampleCount : N) (target : R) (sampleCountPositive : 0 < sampleCount)
successesAtMost : successes < sampleCount
AtM < leC

targetBounds : target € Set.lcc (0 :

getBound g Set.lcc(0: R) 1
laplaceEstimate successes sampleCount — target = shrinkage sampleCount
- (empiricalRate successes sampleCount — target) + laplaceBias sampleCount

target

M4

(579)



(sampleCount : N)
. (580)
shrinkage sampleCount € Set.lcc (0 : R) 1

16.122 fep-122 — Laplace-Smoothing Bias Bound

The absolute target-dependent Laplace offset is at most one pseudo-count divided by the smoothed sample size. Assumption scope: The target is confined to
the closed unit interval. The bound controls the deterministic smoothing offset and does not identify statistical bias under an unspecified sampling distribution.
Semantic disposition: formalized.

16.122.1 Lean sketch

import FepSketches.empirical_risk

/-1 # Laplace-Smoothing Bias Bound -/
namespace FEP122

open FEP.EmpiricalRisk

/-- The target-dependent Laplace offset is bounded by one pseudo-count over
the smoothed sample size. -/
theorem fep122_laplaceBias_abs_le (sampleCount : N) (target : R)
(targetBounds : target € Set.Icc (0 : R) 1)
| laplaceBias sampleCount target| <
1 / ((sampleCount : R) + 2) :=
laplaceBias_abs_le sampleCount target targetBounds

/-- The bias is genuinely nonzero at a boundary target. -/
theorem fep122_nonzero_boundary_witness :
laplaceBias 2 0 = 1 / 4 A laplaceBias 2 0 # 0 :=
laplaceBias_nonzero_witness

end FEP122

16.122.2 Typeset statement signatures

(sampleCount : N) (target : R) (targetBounds : target € Set.lcc (0: R) 1) (581)
|laplaceBias sampleCount target| < 1/((sampleCount : R) + 2)

laplaceBias20 = 1/4 A laplaceBias20 # 0 (582)

16.123 fep-123 — Absolute-Error Transfer through Laplace Smoothing

An absolute empirical-error certificate transfers through add-one smoothing with the exact shrinkage coefficient and one-pseudo-count offset. Assumption scope:
Sample count is positive, successes are bounded by it, the target is in the unit interval, and the raw empirical error already has a supplied bound. No probability
tail rate is inferred in this row. Semantic disposition: formalized.

16.123.1 Lean sketch

import FepSketches.empirical_risk

/-! # Absolute-Error Transfer -/
namespace FEP123

open FEP.EmpiricalRisk

/-- An empirical absolute-error certificate transfers through add-one
smoothing with exact shrinkage and offset terms. -/
theorem fep123_laplaceAbsoluteError_le
(successes sampleCount : N) (target error : R)
(sampleCountPositive : O < sampleCount)
(successesAtMost : successes < sampleCount)
(targetBounds : target e Set.Icc (0 : R) 1)
(empiricalErrorBound :
|empiricalRate successes sampleCount - target| <
| laplaceEstimate successes sampleCount - target| <
shrinkage sampleCount % error + 1 / ((sampleCount : R) + 2) := by

error) :
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have _ := successesAtMost
exact laplaceAbsoluteError_le successes sampleCount target error
sampleCountPositive targetBounds empiricalErrorBound

/-- The transferred threshold cannot hide a negative empirical tolerance. -/
theorem fepl23_error_nonnegative
(successes sampleCount : N) (target error : R)
(empiricalErrorBound :
|empiricalRate successes sampleCount - target| < error) :
0 < error :=
(abs_nonneg _).trans empiricalErrorBound

end FEP123

16.123.2 Typeset statement signatures

(successes sampleCount : N) (targeterror : R)

(sampleCountPositive : 0 < sampleCount)

(successesAtMost : successes < sampleCount)

(targetBounds : target € Set.lcc (0 : R) 1) (empiricalErrorBound : (583)
|empiricalRate successes sampleCount — target| < error)

|laplaceEstimate successes sampleCount — target| < shrinkage sampleCount - error

+ 1/((sampleCount : R) + 2)

(successes sampleCount : N) (target error : R) (empiricalErrorBound :
|empiricalRate successes sampleCount — target| < error) (584)

0 < error

16.124 fep-124 — Squared-Risk Transfer through Laplace Smoothing

Squared add-one error is bounded pointwise by twice the contracted empirical squared error plus twice the squared pseudo-count offset, and the inequality
integrates under every normalized finite sampling law. Assumption scope: Sample count is positive, each success count is bounded by it, and the target is in the
unit interval. The factor-two inequality is conservative and finite-law expectation is not an asymptotic risk claim. Semantic disposition: formalized.

16.124.1 Lean sketch

import FepSketches.empirical_risk

/-1 # Squared-Risk Transfer -/
namespace FEP124

open FEP FEP.EmpiricalRisk

/-- Pointwise squared Laplace error is controlled by contracted empirical
squared error and the squared pseudo-count offset. -/
theorem fep124_laplaceSquaredError_le
(successes sampleCount : N) (target : R)
(sampleCountPositive : O < sampleCount)
(successesAtMost : successes < sampleCount)
(targetBounds : target e Set.Icc (0 : R) 1)
(laplaceEstimate successes sampleCount - target) A 2 <
2 % shrinkage sampleCount * 2 %
(empiricalRate successes sampleCount - target) A 2 +
2 % (1 / ((sampleCount : R) + 2)) ~ 2 := by
have _ := successesAtMost
exact laplaceSquaredError_le successes sampleCount target
sampleCountPositive targetBounds

/-- The same pointwise inequality integrates under every normalized finite
sampling law. -/
theorem fep124_laplaceSquaredRisk_le
{Q : Typex} [Fintype Q] (sampling : FinitelLaw Q)
(successes : Q > N) (sampleCount : N) (target : R)
(sampleCountPositive : O < sampleCount)
(successesAtMost : V outcome, successes outcome < sampleCount)
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(targetBounds : target € Set.Icc (0 : R) 1)
FEP.VariationalDuality.expectation sampling (fun outcome =

(laplaceEstimate (successes outcome) sampleCount - target) * 2) <

2 x shrinkage sampleCount * 2 %

FEP.VariationalDuality.expectation sampling (fun outcome =
(empiricalRate (successes outcome) sampleCount - target) A 2) +
2 * (1 / ((sampleCount : R) + 2)) A 2 :=
laplaceSquaredRisk_le sampling successes sampleCount target

sampleCountPositive successesAtMost targetBounds

end FEP124

16.124.2 Typeset statement signatures

(successes sampleCount : N) (target : R) (sampleCountPositive : 0 < sampleCount)
(successesAtMost : successes < sampleCount)
(targetBounds : target € Set.lcc (0: R) 1)

laplaceEstimate successes sampleCount — target)? < 2 - shrinkage (383)
g g

sampIeCount2 - (empiricalRate successes sampleCount — target)? + 2

- (1/((sampleCount : R) + 2))2

{Q : Type™} [Fintype Q] (sampling : FiniteLaw ) (successes : 2 = N)

(sampleCount : N) (target : R) (sampleCountPositive : 0 < sampleCount)

(successesAtMost : Voutcome, successes outcome < sampleCount)

(targetBounds : target € Set.lcc (0 : R) 1)

FEP.VariationalDuality.expectation sampling (A outcome — (laplaceEstimate (586)
(successes outcome) sampleCount — target)?) < 2 - shrinkage sampleCount®

- FEP.VariationalDuality.expectation sampling (A outcome > (empiricalRate

(successes outcome) sampleCount — target)?) 4 2

- (1/((sampleCount : R) + 2))?

16.125 fep-125 — Bernoulli Brier Excess-Risk Identity

Bernoulli Brier excess risk relative to the true probability is exactly the squared forecast error. Assumption scope: The identity is polynomial and therefore
holds over real target and forecast inputs; the probability interpretation requires both to lie in the unit interval, which is supplied by downstream statistical uses.
Semantic disposition: formalized.

16.125.1 Lean sketch

import FepSketches.empirical_risk

/-1 # Bernoulli Brier Excess-Risk Identity -/
namespace FEP125

open FEP.EmpiricalRisk

/-- Bernoulli Brier excess risk is exactly squared probability error. -/
theorem fepl125_brierExcess_eq_sqError (target forecast : R)
bernoulliBrierScore target forecast - bernoulliBrierScore target target =
(forecast - target) * 2 :=
brierExcess_eq_sqgError target forecast

/-- Forecasting the target itself has zero excess Brier risk. -/
theorem fepl125_brierExcess_self (target : R)
bernoulliBrierScore target target - bernoulliBrierScore target target = 0 := by

ring

end FEP125
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16.125.2 Typeset statement signatures

(target forecast : R)
bernoulliBrierScore target forecast — bernoulliBrierScore target target (587)

= (forecast — target)?

(target : R)
o o (588)
bernoulliBrierScore target target — bernoulliBrierScore target target = 0

16.126 fep-126 — Finite-Law Laplace Brier-Risk Bound

Finite-law expected Brier excess for the add-one forecast inherits the squared-error transfer bound. Assumption scope: Sampling uses the normalized FiniteLaw
carrier, sample count is positive, success counts are bounded, and the target is in the unit interval. This is an expected finite-model inequality, not an empirical
performance report. Semantic disposition: formalized.

16.126.1 Lean sketch

import FepSketches.empirical_risk

/-1 # Laplace Brier-Risk Bound -/
namespace FEP126

open FEP FEP.EmpiricalRisk

/-- The Brier excess risk of the add-one forecast inherits the finite-law
squared-error transfer bound. -/
theorem fep126_laplaceBrierRisk_le
{Q : Typex} [Fintype Q] (sampling : FiniteLaw Q)
(successes : Q > N) (sampleCount : N) (target : R)
(sampleCountPositive : O < sampleCount)
(successesAtMost : V outcome, successes outcome < sampleCount)
(targetBounds : target e Set.Icc (0 : R) 1)
brierExcessRisk sampling
(fun outcome = laplaceEstimate (successes outcome) sampleCount) target <
2 % shrinkage sampleCount * 2 %
FEP.VariationalDuality.expectation sampling (fun outcome =
(empiricalRate (successes outcome) sampleCount - target) A 2) +
2 % (1 / ((sampleCount : R) + 2)) A 2 :=
laplaceBrierRisk_le sampling successes sampleCount target
sampleCountPositive successesAtMost targetBounds

/-- The risk theorem is finite-law weighted; it does not require a continuous
sampling carrier. -/
theorem fepl126_sampling_mass_one
{Q : Typex} [Fintype Q] (sampling : FiniteLaw Q) :
Y outcome, sampling outcome = 1 :=
sampling.sum_one

end FEP126

16.126.2 Typeset statement signatures
{2 : Type"} [Fintype Q] (sampling : FiniteLaw §2) (successes : 2 = N)
(sampleCount : N) (target : R) (sampleCountPositive : 0 < sampleCount)
(successesAtMost : Voutcome, successes outcome < sampleCount)
(targetBounds : target € Set.lcc (0 : R) 1)
brierExcessRisk sampling (A outcome > laplaceEstimate (successes outcome) (589)
sampleCount) target < 2 - shrinkage sampIeCount2
- FEP.VariationalDuality.expectation sampling (A outcome — (empiricalRate
(successes outcome) sampleCount — target)?) 4 2
- (1/((sampleCount : R) + 2))?

{Q : Type"} [Fintype Q] (sampling : FiniteLaw Q)

. (590)
Z outcome, sampling outcome = 1
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16.127 fep-127 — Concentration-Event Transfer through Smoothing

A smoothed deviation beyond the transferred threshold is contained in the corresponding raw empirical-deviation event, so any supplied finite-law probability
bound transfers monotonically. Assumption scope: Sample count is positive, success counts are bounded, the target is in the unit interval, and a raw event-
probability bound is supplied. The theorem composes with concentration results but does not derive their assumptions or rates itself. Semantic disposition:
formalized.

16.127.1 Lean sketch

import FepSketches.empirical_risk

/-1 # Concentration-Event Transfer Through Smoothing -/
namespace FEP127

open FEP FEP.EmpiricalRisk

/-- A smoothed deviation beyond the transferred threshold is contained in the
corresponding raw empirical-deviation event. -/
theorem fep127_laplaceBadEvent_subset
{Q : Typex} [Fintype Q] (successes : Q > N)
(sampleCount : N) (target error : R)
(sampleCountPositive : O < sampleCount)
(successesAtMost : V outcome, successes outcome < sampleCount)
(targetBounds : target e Set.Icc (0 : R) 1)
laplaceBadEvent successes sampleCount target error ¢
empiricalBadEvent successes sampleCount target error :=
laplaceBadEvent_subset successes sampleCount target error
sampleCountPositive successesAtMost targetBounds

/-- Any finite-law bound on the raw event transfers to the contained smoothed
event without asserting a general posterior-contraction theorem. -/
theorem fep127_laplaceBadEvent_probability_le
{Q : Typex} [Fintype Q] (sampling : FiniteLaw Q)
(successes : Q > N) (sampleCount : N)
(target error failure : R)
(sampleCountPositive : O < sampleCount)
(successesAtMost : Y outcome, successes outcome < sampleCount)
(targetBounds : target € Set.Icc (0 : R) 1)
(rawProbabilityBound :
finiteEventProbability sampling
(empiricalBadEvent successes sampleCount target error) < failure)
finiteEventProbability sampling
(laplaceBadEvent successes sampleCount target error) < failure :=
laplaceBadEvent_probability_le sampling successes sampleCount target error
failure sampleCountPositive successesAtMost targetBounds rawProbabilityBound

end FEP127

16.127.2 Typeset statement signatures
{Q : Type"} [Fintype ] (successes : 2 = N) (sampleCount : N) (target error : R)

(sampleCountPositive : 0 < sampleCount) (successesAtMost : Voutcome, successes
outcome < sampleCount) (targetBounds : target € Set.lcc (0 : R) 1) (591)
laplaceBadEvent successes sampleCount target error C empiricalBadEvent successes

sampleCount target error

{Q : Type™} [Fintype Q2] (sampling : FiniteLaw 2) (successes : 2 = N)

(sampleCount : N) (target error failure : R)

(sampleCountPositive : 0 < sampleCount) (successesAtMost : Voutcome, successes

outcome < sampleCount) (targetBounds : target € Set.lcc (0 : R) 1) (592)
(rawProbabilityBound : finiteEventProbability sampling (empiricalBadEvent
successes sampleCount target error) < failure)

finiteEventProbability sampling

(laplaceBadEvent successes sampleCount target error) < failure
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16.128 fep-128 — Observation-Contingent Policy-Tree Recursion

A finite policy-tree node equals its stage cost plus the observation-law weighted values of observation-contingent continuation trees. Assumption scope: Belief,
action, and observation carriers are finite and the horizon is a natural-number depth. Observation laws and deterministic belief updates are supplied by the
model; no infinite-horizon or continuous-belief claim is made. Semantic disposition: formalized.

16.128.1 Lean sketch

import FepSketches.policy_tree

/-! # Observation-Contingent Policy-Tree Recursion -/
namespace FEP128

open FEP.PolicyTrees

/-- A node chooses one action and then follows the continuation indexed by the
realized observation. -/
theorem fep128_policyTreeValue_node
{Belief Action Observation : Typex}
[Fintype Belief] [Fintype Action] [Fintype Observation]
(model : PolicyTreeModel Belief Action Observation)
{depth : N} (action : Action)
(continuation : Observation » PolicyTree Action Observation depth)
(belief : Belief) :
policyTreeValue (depth := depth + 1) model (action, continuation) belief =
model.stageCost depth belief action +
Y observation,
model.observationLaw belief action observation %
policyTreeValue model (continuation observation)
(model.update belief action observation) :=
policyTreeValue_node model action continuation belief

/-- The depth-zero carrier has no action node and therefore zero value. -/
theorem fep128_policyTreeValue_leaf
{Belief Action Observation : Typex}
[Fintype Belief] [Fintype Action] [Fintype Observation]
(model : PolicyTreeModel Belief Action Observation) (belief : Belief) :
policyTreeValue (depth := 0) model
(PUnit.unit : PolicyTree Action Observation 0) belief = 0 :=
rfl

end FEP128

16.128.2 Typeset statement signatures

{Belief Action Observation : Type"} [Fintype Belief] [Fintype Action]

[Fintype Observation] (model : Policy TreeModel Belief Action Observation)
{depth : N} (action : Action) (continuation : Observation = PolicyTree Action
Observation depth) (belief : Belief)

policyTreeValue (depth := depth + 1) model (action, continuation) belief (593)
= model.stageCost depth belief action + Z observation, model.observationLaw

belief action observation - policy TreeValue model (continuation observation)

(model.update belief action observation)

{Belief Action Observation : Type"} [Fintype Belief] [Fintype Action]

[Fintype Observation] (model : Policy TreeModel Belief Action Observation)

(belief : Belief) (594)
policy TreeValue (depth := 0) model

(PUnit.unit : Policy Tree Action Observation 0) belief = 0

16.129 fep-129 — Finite Policy-Tree Bellman Minimum

Backward induction exposes an exact finite-action Bellman minimum of stage cost plus observation-weighted optimal continuation. Assumption scope: The
action carrier is finite and nonempty, and belief and observation carriers are finite. The result is one finite-horizon recursion, not a contraction or fixed-point
theorem. Semantic disposition: formalized.
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16.129.1 Lean sketch

import FepSketches.policy_tree

/-1 # Finite Policy-Tree Bellman Minimum -/
namespace FEP129

open FEP.PolicyTrees

/-- The finite Bellman value is the selected action minimum of stage cost plus
the observation-weighted optimal continuation. -/
theorem fep129_optimalTreeValue_eq_min
{Belief Action Observation : Typex}
[Fintype Belief] [Fintype Action] [Fintype Observation] [Nonempty Action]
(model : PolicyTreeModel Belief Action Observation)
(depth : N) (belief : Belief) :
optimalTreeValue model (depth + 1) belief =
model.stageCost depth belief (optimalTreeAction model depth belief) +
Y observation,
model.observationLaw belief (optimalTreeAction model depth belief)
observation %
optimalTreeValue model depth
(model.update belief (optimalTreeAction model depth belief)
observation) :=
optimalTreeValue_eq_min model depth belief

/-- The selected node action is no worse than any finite alternative. -/
theorem fep129_optimalTreeAction_le
{Belief Action Observation : Typex}
[Fintype Belief] [Fintype Action] [Fintype Observation] [Nonempty Action]
(model : PolicyTreeModel Belief Action Observation)
(depth : N) (belief : Belief) (alternative : Action) :
model.stageCost depth belief (optimalTreeAction model depth belief) +
Y observation,
model.observationLaw belief (optimalTreeAction model depth belief)
observation %
optimalTreeValue model depth
(model.update belief (optimalTreeAction model depth belief)
observation) <
model.stageCost depth belief alternative +
Y observation,
model.observationLaw belief alternative observation =
optimalTreeValue model depth
(model.update belief alternative observation) :=
optimalTreeAction_le model depth belief alternative

end FEP129

16.129.2 Typeset statement signatures
{Belief Action Observation : Type"} [Fintype Belief] [Fintype Action]
[Fintype Observation] [Nonempty Action]
(model : Policy TreeModel Belief Action Observation) (depth : N)
(belief : Belief)
optimalTreeValue model (depth + 1) belief = model.stageCost depth belief
(optimalTreeAction model depth belief) + Z observation, model.observationLaw
belief (optimalTreeAction model depth belief) observation - optimalTreeValue

model depth (model.update belief (optimalTreeAction model depth belief)
observation)
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{Belief Action Observation : Type"} [Fintype Belief| [Fintype Action]
[Fintype Observation]| [Nonempty Action|

(model : Policy TreeModel Belief Action Observation) (depth : N)
(belief : Belief) (alternative : Action)

model.stageCost depth belief (optimal TreeAction model depth belief) + Z

observation, model.observationLaw belief (optimal TreeAction model depth belief)

observation - optimalTreeValue model depth (model.update belief

(optimalTreeAction model depth belief) observation) < model.stageCost depth
belief alternative + Z observation, model.observationLaw belief alternative

observation - optimalTreeValue model depth

(model.update belief alternative observation)

16.130 fep-130 — Optimal Finite Policy-Tree Existence

(596)

Every finite-depth, finite-carrier policy-tree problem with a nonempty action set has a concrete backward-inducted tree attaining the recursive optimum. As-
sumption scope: All carriers and the horizon are finite and the action carrier is nonempty. Existence does not extend to unbounded horizon, arbitrary measurable

policy spaces, or continuous beliefs. Semantic disposition: formalized.

16.130.1 Lean sketch

import FepSketches.policy_tree

/-1 # Optimal Finite Policy-Tree Existence -/
namespace FEP130

open FEP.PolicyTrees

/-- Backward induction supplies an attaining optimum on the exact finite
depth-indexed tree carrier. -/
theorem fep130_exists_optimalPolicyTree
{Belief Action Observation : Typex}
[Fintype Belief] [Fintype Action] [Fintype Observation] [Nonempty Action]
(model : PolicyTreeModel Belief Action Observation)
(depth : N) (belief : Belief) :
3 tree : PolicyTree Action Observation depth,
policyTreeValue model tree belief = optimalTreeValue model depth belief a
V alternative : PolicyTree Action Observation depth,
policyTreeValue model tree belief <
policyTreeValue model alternative belief :=
exists_optimalPolicyTree model depth belief

/-- The authored carrier is finite at every finite depth. -/
theorem fepl30_policyTree_carrier_finite
{Action Observation : Typex}
[Fintype Action] [Fintype Observation] (depth : N) :
Finite (PolicyTree Action Observation depth) := by
infer_instance

end FEP130

16.130.2 Typeset statement signatures

{Belief Action Observation : Type"} [Fintype Belief] [Fintype Action]

[Fintype Observation] [Nonempty Action|

(model : Policy TreeModel Belief Action Observation) (depth : N)

(belief : Belief)

Jtree : PolicyTree Action Observation depth, policy TreeValue model tree belief
= optimalTreeValue model depth belief A Valternative : PolicyTree Action
Observation depth, policy TreeValue model tree belief < policy TreeValue model

alternative belief
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{Action Observation : Type"} [Fintype Action| [Fintype Observation] (depth : N) (598)
Finite (Policy Tree Action Observation depth)

16.131 fep-131 — Open-Loop Plan Embedding into Policy Trees

Reusing the same continuation after every observation embeds an open-loop action plan into the policy-tree carrier without changing its recursive value. As-
sumption scope: The comparison uses the same model, belief, and finite depth. Open-loop plans ignore observations by construction; the theorem does not
identify arbitrary state-feedback policies with open-loop sequences. Semantic disposition: formalized.

16.131.1 Lean sketch

import FepSketches.policy_tree

/-1 # Open-Loop Plan Embedding -/
namespace FEP131

open FEP.PolicyTrees

/-- Reusing the same continuation after every observation embeds an open-loop
plan without changing its recursive value. -/
theorem fep131_openLoopEmbedding_value
{Belief Action Observation : Typex}
[Fintype Belief] [Fintype Action] [Fintype Observation]
(model : PolicyTreeModel Belief Action Observation)
{depth : N} (plan : OpenLoopPlan Action depth) (belief : Belief) :
policyTreeValue model
(openLoopEmbedding (Observation := Observation) plan) belief =
openLoopValue model plan belief :=
openLoopEmbedding_value model plan belief

/-- At depth zero, the embedding maps the unique empty plan to the unique
policy-tree leaf. -/
theorem fep131_openLoopEmbedding_leaf

{Action Observation : Typex} :

openLoopEmbedding (depth := 0) (Action := Action) (Observation := Observation)

(PUnit.unit : OpenLoopPlan Action 0) =
(PUnit.unit : PolicyTree Action Observation 0) :=
rfl

end FEP131

16.131.2 Typeset statement signatures

{Belief Action Observation : Type"} [Fintype Belief] [Fintype Action]

[Fintype Observation] (model : Policy TreeModel Belief Action Observation)

{depth : N} (plan : OpenLoopPlan Action depth) (belief : Belief) (599)
policy TreeValue model (openLoopEmbedding (Observation := Observation) plan)

belief = openLoopValue model plan belief

{Action Observation : Type"}

openLoopEmbedding (depth := 0) (Action := Action) (Observation := Observation)
(PUnit.unit : OpenLoopPlan Action 0)

= (PUnit.unit : Policy Tree Action Observation 0)

(600)

16.132 fep-132 — Closed-Loop Policy-Tree Dominance over Open Loop

The optimal observation-contingent finite policy tree is no worse than every open-loop plan embedded at the same depth. Assumption scope: Actions are finite
and nonempty, all other carriers are finite, and both sides share one finite horizon and cost model. No infinite-horizon POMDP dominance is claimed. Semantic
disposition: formalized.

16.132.1 Lean sketch

import FepSketches.policy_tree

/-! # Closed-Loop Dominance over Open Loop -/
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namespace FEP132
open FEP.PolicyTrees

/-- The finite closed-loop optimum is no worse than any observation-ignoring
open-loop plan embedded at the same depth. -/
theorem fepl132_optimalTree_le_openLoop
{Belief Action Observation : Typex}
[Fintype Belief] [Fintype Action] [Fintype Observation] [Nonempty Action]
(model : PolicyTreeModel Belief Action Observation)
{depth : N} (plan : OpenLoopPlan Action depth) (belief : Belief) :
optimalTreeValue model depth belief < openLoopValue model plan belief :=
optimalTree_le_openLoop model plan belief

/-- Dominance compares equal finite horizons; it does not assert an

infinite-horizon POMDP optimum. -/

theorem fep132_finite_horizon_depth (depth : N) : depth < depth + 1 :=
Nat.lt_succ_self depth

end FEP132

16.132.2 Typeset statement signatures

{Belief Action Observation : Type*} [Fintype Belief] [Fintype Action]

[Fintype Observation] [Nonempty Action|

(model : PolicyTreeModel Belief Action Observation) {depth : N} (601)
(plan : OpenLoopPlan Action depth) (belief : Belief)

optimalTreeValue model depth belief < openLoopValue model plan belief

(depth : IN)
(602)
depth < depth + 1

16.133 fep-133 — Treewise Expected-Free-Energy Decomposition

The one-step full-support expected-free-energy identity lifts through every branch of a finite policy tree, and the corresponding optimal values agree. Assumption
scope: Every belief-indexed finite generative model satisfies the maintained FullSupport contract. Belief updates and horizons are finite; the theorem transports
the existing risk-plus-ambiguity identity and does not establish its empirical adequacy. Semantic disposition: formalized.

16.133.1 Lean sketch

import FepSketches.policy_tree

/-! # Treewise EFE Decomposition -/
namespace FEP133

open FEP.PolicyTrees

/-- The one-step full-support EFE identity lifts through every branch of a
finite observation-contingent tree. -/
theorem fepl133_policyTree_efe_eq_risk_add_ambiguity
{Belief State Action Observation : Typex}
[Fintype Belief] [Fintype State] [Fintype Action] [Fintype Observation]
(model : EFEPolicyTreeModel Belief State Action Observation)
{depth : N} (tree : PolicyTree Action Observation depth)
(belief : Belief) :
policyTreeValue (efePolicyTreeModel model) tree belief =
policyTreeValue (riskAmbiguityPolicyTreeModel model) tree belief :=
policyTree_efe_eq_risk_add_ambiguity model tree belief

/-- Consequently, the finite optimal EFE and optimal risk-plus-ambiguity
values agree. -/
theorem fep133_optimalValues_agree
{Belief State Action Observation : Typex}
[Fintype Belief] [Fintype State] [Fintype Action] [Fintype Observation]
[Nonempty Action]
(model : EFEPolicyTreeModel Belief State Action Observation)
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(depth : N) (belief :

Belief) :

optimalTreeValue (efePolicyTreeModel model) depth belief =
optimalTreeValue (riskAmbiguityPolicyTreeModel model) depth belief :=
optimalEFEValue_eqg_riskAmbiguity model depth belief

end FEP133

16.133.2 Typeset statement signatures

{Belief State Action Observation : Type*} [Fintype Belief] [Fintype State]
[Fintype Action] [Fintype Observation] (model : EFEPolicy TreeModel Belief State
Action Observation) {depth : N} (tree : PolicyTree Action Observation depth)
(belief : Belief)

policy TreeValue (efePolicy TreeModel model) tree belief = policy TreeValue
(riskAmbiguityPolicy TreeModel model) tree belief

{Belief State Action Observation : Type”} [Fintype Belief] [Fintype State]
[Fintype Action] [Fintype Observation] [Nonempty Action] (model :

EFEPolicy TreeModel Belief State Action Observation) (depth : N)

(belief : Belief)

optimalTreeValue (efePolicy TreeModel model) depth belief = optimalTreeValue
(riskAmbiguityPolicy TreeModel model) depth belief

16.134 fep-134 — Strict Boolean Feedback Advantage

(603)

(604)

In the explicit two-step Boolean model, observation-contingent feedback has value zero while every fixed open-loop second action has value one half. Assumption
scope: This is a finite exact counterexample on fair Boolean observations and a mismatch terminal cost. It demonstrates possible feedback advantage, not a
universal quantitative gap for active-inference agents. Semantic disposition: formalized.

16.134.1 Lean sketch

import FepSketches.policy_tree

/-! # Strict Boolean Feedback Advantage -/

namespace FEP134

open FEP.PolicyTrees

/-- Observation-contingent Boolean feedback has value zero, every fixed
open-loop continuation has value one half, and the comparison is strict. -/
theorem fep134_boolFeedback_strictlyBetter (action : Bool) :
policyTreeValue boolFeedbackModel boolFeedbackTree false = 0 A
openLoopValue boolFeedbackModel (boolOpenLoopPlan action) false =1 / 2 a
policyTreeValue boolFeedbackModel boolFeedbackTree false <
openLoopValue boolFeedbackModel (boolOpenLoopPlan action) false :=
(boolFeedbackTree_value_zero, boolOpenLoop_value_half action,
boolFeedbackTree_strictlyBetter action)

/-- The witness is genuinely closed loop: its second action changes with the

first observation. -/

theorem fepl134_feedback_continuation_changes :
(boolFeedbackTree.2 false).1 # (boolFeedbackTree.2 true).1 := by

decide

end FEP134

16.134.2 Typeset statement signatures

(action : Bool)

policy TreeValue boolFeedbackModel boolFeedbackTree false = 0 A openLoopValue

boolFeedbackModel (boolOpenLoopPlan action) false = 1/2 A policy TreeValue

boolFeedbackModel boolFeedbackTree false < openLoopValue boolFeedbackModel

(boolOpenLoopPlan action) false
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(boolFeedbackTree.2 false).1 # (boolFeedbackTree.2 true).1

16.135 fep-135 — Finite-Law Measure Embedding

(606)

A normalized finite law embeds as a weighted sum of Dirac measures that preserves every singleton mass and has native measure mass one. Assumption
scope: The carrier is finite with its discrete measurable space. Finite real masses enter the native nonnegative-extended-real measure through ENNReal.ofReal;

normalization and nonnegativity are inherited from FiniteLaw. Semantic disposition: formalized.

16.135.1 Lean sketch

import FepSketches.native_blanket
namespace FEP135
open FEP MeasureTheory

variable {State : Typex} [Fintype State]
[MeasurableSpace State] [DiscreteMeasurableSpace State]

/-- The weighted-Dirac embedding preserves every finite singleton mass. -/
theorem fep135_embeddedLaw_apply_singleton
(law : FiniteLaw State) (state : State) :

FEP.NativeBlanket.embeddedLaw law {state} = ENNReal.ofReal (law state) :=

FEP.NativeBlanket.embeddedLaw_apply_singleton law state

/-- The embedded finite law is normalized as a native measure. -/
theorem fep135_embeddedLaw_normalized (law : FiniteLaw State) :
FEP.NativeBlanket.embeddedLaw law Set.univ = 1 :=
FEP.NativeBlanket.embeddedLaw_apply_univ law

end FEP135

16.135.2 Typeset statement signatures

{State : Type"} [Fintype State]
(law : FiniteLaw State) (state : State)

FEP.NativeBlanket.embeddedLaw law {state} = ENNReal.ofReal (law state)

{State : Type"} [Fintype State]
(law : FiniteLaw State)

FEP.NativeBlanket.embeddedLaw law 2 = 1

16.136 fep-136 — Finite-Law Embedding Injectivity and Expectation Transfer

(607)

(608)

Equality of native weighted-Dirac measures reflects equality of the source finite laws, and native integration agrees exactly with the finite weighted expectation
sum. Assumption scope: The carrier is finite and discretely measurable and observables are real-valued. Finiteness supplies integrability; no general integration

or measure-equivalence theorem is inferred. Semantic disposition: formalized.

16.136.1 Lean sketch

import FepSketches.native_blanket
namespace FEP136

open FEP MeasureTheory
open scoped BigOperators MeasureTheory

variable {State : Typex} [Fintype State]
[MeasurableSpace State] [DiscreteMeasurableSpace State]

/-- Equality of native embeddings reflects equality of finite laws. -/
theorem fep136_embeddedLaw_injective :
Function.Injective
(FEP.NativeBlanket.embeddedLaw : FiniteLaw State » Measure State) :=
FEP.NativeBlanket.embeddedLaw_injective
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/-- Native expectation is exactly the authored finite weighted sum. -/
theorem fep136_embeddedLaw_expectation
(law : FinitelLaw State) (observable : State - R) :
/ state, observable state OFEP.NativeBlanket.embeddedLaw law =
Y state, law state x observable state :=
FEP.NativeBlanket.embeddedLaw_integral_eq_sum law observable

end FEP136

16.136.2 Typeset statement signatures

{State : Type"} [Fintype State]
Function.Injective (FEP.NativeBlanket.embeddedLaw : FiniteLaw State = Measure (609)
State)

{State : Type"} [Fintype State]
(law : FiniteLaw State) (observable : State = R)
. (610)
state, observable state d FEP.NativeBlanket.embeddedLaw law = Z state, law

state - observable state

16.137 fep-137 — Embedded Finite-Kernel Composition

Embedding finite prediction equals native composition of the embedded finite kernel with the embedded prior measure. Assumption scope: Input and output
carriers are finite and discretely measurable and each kernel row is normalized. The theorem is a carrier-transport identity, not a general disintegration or
arbitrary-kernel approximation result. Semantic disposition: formalized.

16.137.1 Lean sketch

import FepSketches.native_blanket
namespace FEP137

open FEP MeasureTheory ProbabilityTheory
open scoped ENNReal MeasureTheory ProbabilityTheory

variable {Input Output : Typex} [Fintype Input] [Fintype Output]
[MeasurableSpace Input] [MeasurableSpace Output]
[DiscreteMeasurableSpace Input] [DiscreteMeasurableSpace Output]

/-- Finite prediction agrees with native measure-kernel composition. -/
theorem fep137_embeddedPredictive_eq_comp
(prior : FiniteLaw Input) (kernel : FiniteKernel Input Output) :
FEP.NativeBlanket.embeddedLaw (kernel.predictive prior) =
FEP.NativeBlanket.embeddedKernel kernel op
FEP.NativeBlanket.embeddedLaw prior :=
FEP.NativeBlanket.embeddedPredictive_eq_comp prior kernel

end FEP137

16.137.2 Typeset statement signatures
{Input Output : Type"} [Fintype Input] [Fintype Output]
(prior : FiniteLaw Input) (kernel : FiniteKernel Input Output)
FEP.NativeBlanket.embeddedLaw (kernel.predictive prior)
= FEP.NativeBlanket.embeddedKernel kernel o,,, FEP.NativeBlanket.embeddedLaw prior

611)

16.138 fep-138 — Markov-Blanket Rectangle Factorization

Every singleton rectangle of blanket, internal, and external coordinates in the embedded static joint has the exact blanket-marginal times two conditional-mass
factorization. Assumption scope: All four carriers are finite and discretely measurable and the static model supplies normalized blanket and conditional laws.
The theorem covers the discrete singleton generator and does not by itself state Mathlib conditional independence. Semantic disposition: formalized.
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16.138.1 Lean sketch

import FepSketches.native_blanket
namespace FEP138
open FEP FEP.MarkovBlanket MeasureTheory

variable {Internal Sensory Active External : Typex}
[Fintype Internal] [Fintype Sensory] [Fintype Active] [Fintype External]
[MeasurableSpace Internal] [MeasurableSpace Sensory]
[MeasurableSpace Active] [MeasurableSpace External]
[DiscreteMeasurableSpace Internal] [DiscreteMeasurableSpace Sensory]
[DiscreteMeasurableSpace Active] [DiscreteMeasurableSpace External]

/-- Every singleton coordinate rectangle has the exact native blanket
factorization inherited from the finite joint. -/
theorem fep138_staticJoint_rectangle_factorization
(model : StaticModel Internal Sensory Active External)
(blanket : Blanket Sensory Active) (internal : Internal)
(external : External) :
FEP.NativeBlanket.embeddedLaw (staticJoint model)
(FEP.NativeBlanket.blanketCoordinate -*' {blanket} n
FEP.NativeBlanket.internalCoordinate -*' {internal} n
FEP.NativeBlanket.externalCoordinate -*' {external}) =
ENNReal.ofReal (model.blanketLaw blanket) %
ENNReal.ofReal (model.internalGiven blanket internal) x
ENNReal.ofReal (model.externalGiven blanket external) :=
FEP.NativeBlanket.staticJoint_rectangle_factorization
model blanket internal external

end FEP138

16.138.2 Typeset statement signatures
{Internal Sensory Active External : Type*}
(model : StaticModel Internal Sensory Active External)
(blanket : Blanket Sensory Active) (internal : Internal) (external : External)

FEP.NativeBlanket.embeddedLaw (staticJoint model)
(FEP.NativeBlanket.blanketCoordinate ' {blanket }N
~ (612)
FEP.NativeBlanket.internalCoordinate ' {internal}n

FEP.NativeBlanket.externalCoordinate” ' {external}) = ENNReal.ofReal
(model.blanketLaw blanket) - ENNReal.ofReal
(model.internalGiven blanket internal) - ENNReal.ofReal

(model.externalGiven blanket external))

16.139 fep-139 — Native Markov-Blanket Conditional Independence

The embedded finite blanket factorization satisfies Mathlib’s native CondIndepFun predicate for internal and external coordinates conditioned on the sensory-
active blanket coordinate. Assumption scope: Internal and external carriers are nonempty; all carriers are finite, standard Borel through their discrete measurable
structures, and the static model supplies exact normalized factorized rows. The proof identifies authored kernels with native conditional distributions and does
not infer the result from zero finite mutual information. Semantic disposition: formalized.

16.139.1 Lean sketch
import FepSketches.native_blanket
namespace FEP139
open FEP FEP.MarkovBlanket MeasureTheory ProbabilityTheory
variable {Internal Sensory Active External : Typex}
[Fintype Internal] [Fintype Sensory] [Fintype Active] [Fintype External]

[Nonempty Internal] [Nonempty External]
[MeasurableSpace Internal] [MeasurableSpace Sensory]
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[MeasurableSpace Active] [MeasurableSpace External]
[DiscreteMeasurableSpace Internal] [DiscreteMeasurableSpace Sensory]
[DiscreteMeasurableSpace Active] [DiscreteMeasurableSpace External]

/-- The embedded static finite joint satisfies Mathlib's native conditional
independence predicate at the actual internal, external, and blanket maps. -/
theorem fep139_staticJoint_condIndepFun
(model : StaticModel Internal Sensory Active External) :
CondIndepFun
(MeasurableSpace.comap FEP.NativeBlanket.blanketCoordinate inferInstance)
FEP.NativeBlanket.blanketCoordinate_measurable.comap_le
FEP.NativeBlanket.internalCoordinate
FEP.NativeBlanket.externalCoordinate
(FEP.NativeBlanket.embeddedLaw (staticJoint model)) :=
FEP.NativeBlanket.staticJoint_condIndepFun model

/-- A concrete two-regime Boolean witness makes the native stop/go theorem
nonvacuous at the topic boundary. -/
theorem fep139_correlatedBlanket_nonvacuous :
letI : MeasurableSpace Bool := T
CondIndepFun
(MeasurableSpace.comap FEP.NativeBlanket.blanketCoordinate inferInstance)
FEP.NativeBlanket.blanketCoordinate_measurable.comap_le
FEP.NativeBlanket.internalCoordinate
FEP.NativeBlanket.externalCoordinate
(FEP.NativeBlanket.embeddedLaw
(staticJoint FEP.NativeBlanket.correlatedBlanketModel)) A
staticJoint FEP.NativeBlanket.correlatedBlanketModel
(((false, false), false), false) =1 / 2 A
staticJoint FEP.NativeBlanket.correlatedBlanketModel
(((true, true), true), true) =1/ 2 A
staticJoint FEP.NativeBlanket.correlatedBlanketModel
(((false, true), false), false) #1 / 2 :=
FEP.NativeBlanket.correlatedBlanket_nonvacuous

end FEP139

16.139.2 Typeset statement signatures

{Internal Sensory Active External : Type"}

(model : StaticModel Internal Sensory Active External)

CondIndepFun (MeasurableSpace.comap FEP.NativeBlanket.blanketCoordinate
inferInstance) FEP.NativeBlanket.blanketCoordinate_measurable.comap_le
FEP.NativeBlanket.internalCoordinate FEP.NativeBlanket.externalCoordinate

(FEP.NativeBlanket.embeddedLaw (staticJoint model))

{Internal Sensory Active External : Type"}

letl : MeasurableSpaceBool

16.140 fep-140 — Conditional Independence under Measurable Coarsening

(613)

(614)

Native blanket conditional independence is preserved under measurable images of both internal and external coordinates. Assumption scope: The source blanket
theorem retains its finite, discrete, nonempty endpoint hypotheses and both image maps are explicitly measurable. The result is Mathlib’s composition law and

does not cover transformations of the conditioning coordinate. Semantic disposition: formalized.

16.140.1 Lean sketch

import FepSketches.native_blanket

namespace FEP140

open FEP FEP.MarkovBlanket MeasureTheory ProbabilityTheory
variable {Internal Sensory Active External : Typex}

[Fintype Internal] [Fintype Sensory] [Fintype Active] [Fintype External]
[Nonempty Internal] [Nonempty External]

701



[MeasurableSpace Internal] [MeasurableSpace Sensory]
[MeasurableSpace Active] [MeasurableSpace External]
[DiscreteMeasurableSpace Internal] [DiscreteMeasurableSpace Sensory]
[DiscreteMeasurableSpace Active] [DiscreteMeasurableSpace External]

/-- Mathlib's composition law preserves the native blanket statement under
measurable coarsenings of both endpoint coordinates. -/
theorem fep140_condIndepFun_measurableImages
{Internallmage Externallmage : Typex}
[MeasurableSpace Internallmage] [MeasurableSpace Externallmage]
(model : StaticModel Internal Sensory Active External)
(internalImage : Internal » Internallmage)
(externallmage : External » Externallmage)
(internalMeasurable : Measurable internallmage)
(externalMeasurable : Measurable externallmage) :
CondIndepFun
(MeasurableSpace.comap FEP.NativeBlanket.blanketCoordinate inferInstance)
FEP.NativeBlanket.blanketCoordinate_measurable.comap_le
(internallmage o FEP.NativeBlanket.internalCoordinate)
(externallmage o FEP.NativeBlanket.externalCoordinate)
(FEP.NativeBlanket.embeddedLaw (staticJoint model)) :=
(FEP.NativeBlanket.staticJoint_condIndepFun model).comp
internalMeasurable externalMeasurable

end FEP140

16.140.2 Typeset statement signatures

{Internal Sensory Active External : Type*}

{Internallmage Externallmage : Type"} [MeasurableSpacelnternallmage]

[MeasurableSpaceExternallmage]
model : StaticModel Internal Sensory Active External)

internallmage : Internal = Internallmage)

(externallmage : External = Externallmage)
(internalMeasurable : Measurable internallmage)

externalMeasurable : Measurable externallmage)

CondIndepFun (MeasurableSpace.comap FEP.NativeBlanket.blanketCoordinate

inferInstance) FEP.NativeBlanket.blanketCoordinate_measurable.comap_le

(internallmage o FEP.NativeBlanket.internalCoordinate)
(externallmage o FEP.NativeBlanket.externalCoordinate)
(FEP.NativeBlanket.embeddedLaw (staticJoint model))

16.141 fep-141 — Native Blanket-Transition Closure

(615)

Every authored factorized transition row induces a next-state embedded law whose internal and external coordinates are natively conditionally independent
given its next blanket. Assumption scope: All carriers are finite and discretely measurable and internal and external carriers are nonempty. The theorem is
rowwise for one supplied current state; arbitrary mixtures over current-state uncertainty require additional hypotheses and are not claimed. Semantic disposition:

formalized.

16.141.1 Lean sketch

import FepSketches.native_blanket
namespace FEP141
open FEP FEP.MarkovBlanket MeasureTheory ProbabilityTheory

variable {Internal Sensory Active External : Typex}
[Fintype Internal] [Fintype Sensory] [Fintype Active] [Fintype External]
[Nonempty Internal] [Nonempty External]
[MeasurableSpace Internal] [MeasurableSpace Sensory]
[MeasurableSpace Active] [MeasurableSpace External]
[DiscreteMeasurableSpace Internal] [DiscreteMeasurableSpace Sensory]
[DiscreteMeasurableSpace Active] [DiscreteMeasurableSpace External]
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/-- A factorized transition row induces a predicted native blanket law. -/
theorem fepl41_prediction_preserves_nativeBlanket
(dynamics : Dynamics Internal Sensory Active External)
(current : DynamicState Internal Sensory Active External) :
CondIndepFun
(MeasurableSpace.comap FEP.NativeBlanket.blanketCoordinate inferInstance)
FEP.NativeBlanket.blanketCoordinate_measurable.comap_le
FEP.NativeBlanket.internalCoordinate
FEP.NativeBlanket.externalCoordinate
(FEP.NativeBlanket.embeddedLaw
(staticJoint (nextStaticModel dynamics current))) :=
FEP.NativeBlanket.prediction_preserves_nativeBlanket dynamics current

end FEP141

16.141.2 Typeset statement signatures

{Internal Sensory Active External : Type*}

(dynamics : Dynamics Internal Sensory Active External) (current : DynamicState

Internal Sensory Active External)

CondIndepFun (MeasurableSpace.comap FEP.NativeBlanket.blanketCoordinate
inferInstance) FEP.NativeBlanket.blanketCoordinate_measurable.comap_le
FEP.NativeBlanket.internalCoordinate FEP.NativeBlanket.externalCoordinate
(FEP.NativeBlanket.embeddedLaw (staticJoint (nextStaticModel dynamics current)))

16.142 fep-142 — Finite Exponential-Family Normalization and Support

(616)

Strictly positive base weights normalize the finite scalar exponential family to a full-support probability law at every natural parameter. Assumption scope: The
outcome carrier is finite and nonempty, base weights are strictly positive, and the sufficient statistic is real valued. No arbitrary manifold or multidimensional

family is claimed. Semantic disposition: formalized.

16.142.1 Lean sketch

import FepSketches.exponential_family
namespace FEP142

open FEP FEP.ExponentialFamily Finset
open scoped BigOperators

variable {Outcome : Typex} [Fintype Outcome] [Nonempty Outcome]

/-- Positive finite base weights normalize to a probability law at every
natural parameter. -/
theorem fep142_exponentialFamily_sum_one
(family : ScalarExponentialFamily Outcome) (parameter : R) :
Y outcome, family.law parameter outcome = 1 :=
(family.law parameter).sum_one

/-- Strictly positive base weights give pointwise full support. -/
theorem fepl142_exponentialFamily_pointwise_pos
(family : ScalarExponentialFamily Outcome) (parameter : R)
(outcome : Outcome) :
0 < family.law parameter outcome :=
family.law_pos parameter outcome

end FEP142

16.142.2 Typeset statement signatures
{Outcome : Type"} [Fintype Outcome] [Nonempty Outcome]

(family : ScalarExponentialFamily Outcome) (parameter : R)

E outcome, family.law parameter outcome = 1
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{Outcome : Type*} [Fintype Outcome] [Nonempty Outcome]
(family : ScalarExponentialFamily Outcome) (parameter : R) (outcome : Outcome) (618)

0 < family.law parameter outcome

16.143 fep-143 — Affine Exponential-Family Log-Density Ratio

The supported log-density ratio between two parameters is affine in the sufficient statistic with the exact log-partition difference. Assumption scope: Finiteness,
nonemptiness, and strict base-weight support make every logarithm ordinary and finite. The result is scalar and does not assert an extended-real identity at zero
support. Semantic disposition: formalized.

16.143.1 Lean sketch

import FepSketches.exponential_family

namespace FEP143

open FEP FEP.ExponentialFamily

variable {Outcome : Typex} [Fintype Outcome] [Nonempty Outcome]

/-- The supported log-density ratio is affine in the sufficient statistic. -/
theorem fep143_logDensityRatio_eq
(family : ScalarExponentialFamily Outcome)
(left right : R) (outcome : Outcome) :
Real.log
(family.law left outcome / family.law right outcome) =
(left - right) % family.statistic outcome -
(family.logPartition left - family.logPartition right) :=
family.logDensityRatio_eq left right outcome

end FEP143

16.143.2 Typeset statement signatures

{Outcome : Type*} [Fintype Outcome] [Nonempty Outcome]

(family : ScalarExponentialFamily Outcome) (left right : R) (outcome : Outcome)

Real.log (family.law left outcome/family.law right outcome) = (left — right) (619)
- family.statistic outcome

— (family.logPartition left — family.logPartition right)

16.144 fep-144 — Finite Log-Partition Gradient

The derivative of the finite scalar log-partition function equals the mean sufficient statistic. Assumption scope: The proof differentiates a finite sum of positive
exponential weights and uses the positive partition denominator. It makes no infinite-sum exchange or general smooth-manifold claim. Semantic disposition:
formalized.

16.144.1 Lean sketch

import FepSketches.exponential_family

namespace FEP144

open FEP FEP.ExponentialFamily

variable {Outcome : Typex} [Fintype Outcome] [Nonempty Outcome]

/-- The derivative of the finite log-partition function is the expected

sufficient statistic. -/

theorem fepl44_logPartition_hasDerivAt
(family : ScalarExponentialFamily Outcome) (parameter : R) :
HasDerivAt family.logPartition (family.mean parameter) parameter :=

family.logPartition_hasDerivAt parameter

end FEP144
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16.144.2 Typeset statement signatures
{Outcome : Type"} [Fintype Outcome] [Nonempty Outcome]

(family : ScalarExponentialFamily Outcome) (parameter : R)

HasDerivAt family.logPartition (family.mean parameter) parameter

16.145 fep-145 — Centered Exponential-Family Score Identity

(620)

The scalar score is the sufficient statistic centered by its family mean and therefore has exactly zero expectation. Assumption scope: The score is defined on the
finite full-support exponential family. This is a natural-parameter derivative identity, not a general score-regularity theorem for arbitrary likelihoods. Semantic

disposition: formalized.

16.145.1 Lean sketch

import FepSketches.exponential_family
namespace FEP145

open FEP FEP.ExponentialFamily Finset
open scoped BigOperators

variable {Outcome : Typex} [Fintype Outcome] [Nonempty Outcome]

omit [Nonempty Outcome] in
/-- Differentiating log density centers the sufficient statistic. -/
theorem fepl45_score_eq_statistic_sub_mean

(family : ScalarExponentialFamily Outcome) (parameter : R)

(outcome : Outcome)

family.score parameter outcome =

family.statistic outcome - family.mean parameter :=
family.score_eg_statistic_sub_mean parameter outcome

/-- The normalized finite score has zero expectation. -/
theorem fepl45_score_mean_zero
(family : ScalarExponentialFamily Outcome) (parameter : R)
Y. outcome,
family.law parameter outcome % family.score parameter outcome = 0 :=
family.mean_score_zero parameter

end FEP145

16.145.2 Typeset statement signatures
{Outcome : Type”} [Fintype Outcome] [Nonempty Outcome]

(family : ScalarExponentialFamily Outcome) (parameter : R) (outcome : Outcome)
family.score parameter outcome = family.statistic outcome — family.mean

parameter

{Outcome : Type*} [Fintype Outcome] [Nonempty Outcome]

(family : ScalarExponentialFamily Outcome) (parameter : R)

E outcome, family.law parameter outcome - family.score parameter outcome = 0

16.146 fep-146 — Log-Partition Hessian—Variance—Fisher Identity

(621)

(622)

Differentiating the log-partition mean coordinate gives statistic variance, which equals scalar Fisher information; a concrete three-state family has variance two
thirds at zero. Assumption scope: The result is the derivative of the already-proved first-derivative mean coordinate on a finite scalar family. Strict positivity is

witnessed for a named nonconstant family and is not inferred for constant statistics. Semantic disposition: formalized.

16.146.1 Lean sketch

import FepSketches.exponential_family
namespace FEP146

open FEP FEP.ExponentialFamily
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variable {Outcome : Typex} [Fintype Outcome] [Nonempty Outcome]

/-- Since the first log-partition derivative is the mean coordinate, its
second derivative is the sufficient-statistic variance. -/
theorem fepl46_logPartition_secondDeriv_eq_variance
(family : ScalarExponentialFamily Outcome) (parameter : R)
HasDerivAt family.mean (family.variance parameter) parameter :=
family.mean_hasDerivAt parameter

/-- Scalar Fisher information is exactly the same centered variance. -/
theorem fepl46_fisher_eq_variance
(family : ScalarExponentialFamily Outcome) (parameter : R)
family.fisher parameter = family.variance parameter :=
family.fisher_eq_variance parameter

/-- The explicit nonconstant three-state statistic has strictly positive
variance at the origin. -/
theorem fepl46_threeState_variance_positive :
0 < ScalarExponentialFamily.threeStateFamily.variance 0 :=
ScalarExponentialFamily.threeState_variance_zero_pos

/-- A constant statistic is the exact zero-Fisher boundary. -/

theorem fepl46_constantStatistic_zero_boundary
(base : Outcome » R) (hBase : V outcome, 0 < base outcome)
(constant parameter : R) :
(ScalarExponentialFamily.constantStatisticFamily base hBase constant).fisher

parameter = 0 := by
rw [ScalarExponentialFamily.fisher_eqg_variance,

ScalarExponentialFamily.constantStatistic_variance_zero]

end FEP146

16.146.2 Typeset statement signatures

{Outcome : Type*} [Fintype Outcome] [Nonempty Outcome]
(family : ScalarExponentialFamily Outcome) (parameter : R) (623)

HasDerivAt family.mean (family.variance parameter) parameter

{Outcome : Type"} [Fintype Outcome] [Nonempty Outcome]
(family : ScalarExponentialFamily Outcome) (parameter : R) (624)

family.fisher parameter = family.variance parameter

{Outcome : Type*} [Fintype Outcome] [Nonempty Outcome]

625
0 < ScalarExponentialFamily.threeStateFamily.variance 0 (625)
{Outcome : Type"} [Fintype Outcome] [Nonempty Outcome]
(base : Outcome = R) (hBase : Voutcome, 0 < base outcome)
(constant parameter : R) (626)

(ScalarExponentialFamily.constantStatisticFamily base hBase constant).fisher

parameter = (

16.147 fep-147 — Exponential-Family KL-Bregman Identity

Finite KL between two members of the same supported scalar exponential family equals the oriented Bregman divergence of the log-partition potential. As-
sumption scope: The carrier is finite and nonempty and strict base support supplies the logarithmic KL identity. The project finiteKL convention is totalized,
but this theorem stays inside its ordinary full-support regime. Semantic disposition: formalized.

16.147.1 Lean sketch

import FepSketches.exponential_family
namespace FEP147

open FEP FEP.ExponentialFamily FEP.FiniteInformation
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variable {Outcome : Typex} [Fintype Outcome] [Nonempty Outcome]

/-- Full-support finite KL equals the Bregman divergence of the
log-partition potential. -/
theorem fepl147_exponentialFamily_KL_eqg_bregman
(family : ScalarExponentialFamily Outcome) (left right : R) :
finiteKL (family.law left) (family.law right) =
family.logPartitionBregman left right :=
family.finiteKL_eg_logPartitionBregman left right

/-- The support premise used by the logarithmic KL representation is
constructively available at every atom. -/
theorem fep147_exponentialFamily_fullSupport
(family : ScalarExponentialFamily Outcome) (parameter : R)
(outcome : Outcome) :
0 < family.law parameter outcome :=
family.law_pos parameter outcome

end FEP147

16.147.2 Typeset statement signatures

{Outcome : Type*} [Fintype Outcome] [Nonempty Outcome]
(family : ScalarExponentialFamily Outcome) (left right : R)

- . . . : . (627)
finiteKL (family.law left) (family.law right) = family.logPartitionBregman left
right

{Outcome : Type*} [Fintype Outcome] [Nonempty Outcome]

(family : ScalarExponentialFamily Outcome) (parameter : R) (outcome : Outcome) (628)

0 < family.law parameter outcome

16.148 fep-148 — Natural-to-Mean Coordinate Injectivity

Positive statistic variance throughout a closed interval makes the natural-to-mean coordinate map strictly monotone and injective there. Assumption scope:
Variance positivity is an explicit interval premise. The theorem is local to a stated scalar interval and does not assert global dual-flat coordinates or positivity for
degenerate statistics. Semantic disposition: formalized.

16.148.1 Lean sketch

import FepSketches.exponential_family

namespace FEP148

open FEP FEP.ExponentialFamily

variable {Outcome : Typex} [Fintype Outcome] [Nonempty Outcome]

/-- Positive variance throughout a closed interval makes the natural-to-mean
coordinate map strictly monotone there. -/
theorem fepl148_meanParameter_strictMono

(family : ScalarExponentialFamily Outcome) {lower upper : R}

(hvariance : V parameter € Set.Icc lower upper,

0 < family.variance parameter) :
StrictMonoOn family.mean (Set.Icc lower upper) :=
family.meanParameter_strictMono hVariance

/-- Hence the mean coordinate is injective on the same stated interval. -/
theorem fepl48_meanParameter_injective
(family : ScalarExponentialFamily Outcome) {lower upper : R}
(hvariance : V parameter € Set.Icc lower upper,
0 < family.variance parameter) :
Set.Injon family.mean (Set.Icc lower upper) :=
family.meanParameter_injectiveOn hVariance

end FEP148
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16.148.2 Typeset statement signatures

{Outcome : Type"} [Fintype Outcome] [Nonempty Outcome]
(family : ScalarExponentialFamily Outcome) {lower upper : R} (hVariance : V

. . (629)
parameter € Set.lcc lower upper, 0 < family.variance parameter)
StrictMonoOn family.mean (Set.lcc lower upper)
{Outcome : Type"} [Fintype Outcome] [Nonempty Outcome]
(family : ScalarExponentialFamily Outcome) {lower upper : R} (hVariance : V 630)

parameter € Set.lcc lower upper, 0 < family.variance parameter)

Set.InjOn family.mean (Set.lcc lower upper)

16.149 fep-149 — Two-State Continuous-Time Markov Kernel

Positive two-state rates define a nonnegative transition matrix with every row summing to one for nonnegative time. Assumption scope: The state carrier
is Boolean, both rates are strictly positive, and time is nonnegative. This is an exact two-state kernel rather than a general continuous-time Markov-chain
construction. Semantic disposition: formalized.

16.149.1 Lean sketch

import FepSketches.continuous_time_markov
namespace FEP149

open FEP FEP.ContinuousTimeMarkov Finset
open scoped BigOperators

/-- Every row of the exact two-state transition function has unit mass. -/
theorem fep149_twoStateSemigroup_rowSum
(rates : TwoStateRates) (time : R) (source : Bool) :
Y target, rates.transition time source target = 1 :=
rates.transition_rowSum time source

/-- Positive rates and nonnegative time make every entry nonnegative. -/
theorem fep149_twoStateSemigroup_nonnegative
(rates : TwoStateRates) {time : R} (hTime : 0 =< time)
(source target : Bool) :
0 =< rates.transition time source target :=
rates.transition_nonneg hTime source target

/-- The plot-ready case uses exactly the requested rates. -/
theorem fep149_benchmarkRates_exact :
TwoStateRates.benchmarkRates.forward = 0.7 A
TwoStateRates.benchmarkRates.backward = 0.3 :=
TwoStateRates.benchmarkRates_exact

end FEP149

16.149.2 Typeset statement signatures

(rates : TwoStateRates) (time : R) (source : Bool)

e (631)
Z target, rates.transition time source target = 1
(rates : TwoStateRates) {time : R} (hTime : 0 < time) (source target : Bool) ©€32)
0 < rates.transition time source target
TwoStateRates.benchmarkRates.forward = 0.7
(633)

A TwoStateRates.benchmarkRates.backward = 0.3

16.150 fep-150 — Continuous-Time Identity at Zero

The exact two-state continuous-time transition matrix is the identity at time zero. Assumption scope: Both rates remain strictly positive through the maintained
rate structure. The equality is entrywise on the Boolean carrier. Semantic disposition: formalized.
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16.150.1 Lean sketch

import FepSketches.continuous_time_markov
namespace FEP150
open FEP.ContinuousTimeMarkov

/-- At zero time the exact transition is the identity matrix. -/
theorem fepl150_twoStateSemigroup_zero
(rates : TwoStateRates) (source target : Bool)
rates.transition 0 source target = if source = target then 1 else 0 :=
rates.transition_zero source target

end FEP150

16.150.2 Typeset statement signatures

(rates : TwoStateRates) (source target : Bool) (634)
rates.transition 0 source target = if source = target then 1 else 0

16.151 fep-151 — Two-State Chapman—Kolmogorov Semigroup

The exact two-state transition matrices satisfy the Chapman—Kolmogorov additive semigroup law entrywise. Assumption scope: Both times are nonnegative
and rates are strictly positive. Composition is the finite Boolean matrix sum and no path-space or general generator existence theorem is inferred. Semantic
disposition: formalized.

16.151.1 Lean sketch

import FepSketches.continuous_time_markov
namespace FEP151

open FEP.ContinuousTimeMarkov Finset
open scoped BigOperators

/-- The exact transition function obeys Chapman--Kolmogorov at all real
times; its probability-kernel interpretation uses nonnegative times. -/
theorem fep151_twoStateSemigroup_add

(rates : TwoStateRates) (left right : R) (source target : Bool) :

rates.transition (left + right) source target =

Y middle,
rates.transition left source middle #
rates.transition right middle target :=
rates.transition_add left right source target

end FEP151

16.151.2 Typeset statement signatures
(rates : TwoStateRates) (left right : R) (source target : Bool)
rates.transition (left + right) source target = Z middle, rates.transition left (635)

source middle - rates.transition right middle target

16.152 fep-152 — Two-State Continuous-Time Master Equation

Every transition entry is differentiable and its derivative equals both the generator-times-transition and transition-times-generator finite sums. Assumption scope:
The generator and transition matrices are the maintained explicit Boolean formulas. This proves the forward and backward master equations for one two-state
semigroup, not a general CTMC existence theorem. Semantic disposition: formalized.

16.152.1 Lean sketch

import FepSketches.continuous_time_markov
namespace FEP152

open FEP.ContinuousTimeMarkov Finset
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open scoped BigOperators

/-- The exact two-state transition derivative equals both generator products
entrywise. -/
theorem fep152_twoStateSemigroup_hasDerivAt
(rates : TwoStateRates) (time : R) (source target : Bool) :
HasDerivAt (fun candidate » rates.transition candidate source target)
(Y middle,
rates.generator source middle % rates.transition time middle target)
time A
HasDerivAt (fun candidate » rates.transition candidate source target)
(Y middle,
rates.transition time source middle % rates.generator middle target)
time :=
rates.transition_masterEquation time source target

end FEP152

16.152.2 Typeset statement signatures
(rates : TwoStateRates) (time : R) (source target : Bool)
HasDerivAt (A candidate 1 rates.transition candidate source target) (Z middle,
rates.generator source middle - rates.transition time middle target) time 636)
A HasDerivAt (A candidate +— rates.transition candidate source target) (Z

middle, rates.transition time source middle - rates.generator middle target)

time

16.153 fep-153 — Continuous-Time Stationarity and Detailed Balance

The explicit stationary law is invariant under every nonnegative-time transition and satisfies detailed balance entrywise. Assumption scope: Both rates are strictly
positive and time is nonnegative. Reversibility is proved only for this exact two-state family and does not cover driven or nonequilibrium generators. Semantic
disposition: formalized.

16.153.1 Lean sketch

import FepSketches.continuous_time_markov
namespace FEP153

open FEP FEP.ContinuousTimeMarkov Finset
open scoped BigOperators

/-- The closed-form stationary law is invariant at every time. -/
theorem fep153_twoStateSemigroup_stationary
(rates : TwoStateRates) (time : R) (target : Bool) :
(Y source,
rates.stationarylLaw source % rates.transition time source target) =
rates.stationaryLaw target :=
rates.transition_stationary time target

/-- The same law satisfies entrywise detailed balance. -/
theorem fep153_twoStateSemigroup_detailedBalance
(rates : TwoStateRates) (time : R) (source target : Bool) :
rates.stationaryLaw source % rates.transition time source target =
rates.stationarylLaw target x rates.transition time target source :=
rates.transition_detailedBalance time source target

end FEP153

16.153.2 Typeset statement signatures
(rates : TwoStateRates) (time : R) (target : Bool)
(Z source, rates.stationaryLaw source - rates.transition time source target) (637)

= rates.stationaryLaw target
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(rates : TwoStateRates) (time : R) (source target : Bool)
rates.stationaryLaw source - rates.transition time source target

= rates.stationarylLaw target - rates.transition time target source

16.154 fep-154 — Exact Two-State Exponential Relaxation

(638)

The true-state mass of any initial Boolean law relaxes toward stationarity by the exact factor exp(-(a+b)t). Assumption scope: Rates are positive, time is
nonnegative, and prediction uses the explicit two-state transition. This is exact finite-state relaxation, not a mixing theorem for arbitrary chains. Semantic

disposition: formalized.

16.154.1 Lean sketch

import FepSketches.continuous_time_markov
namespace FEP154
open FEP FEP.ContinuousTimeMarkov

/-- Every initial two-state law relaxes exactly at rate ‘a+b‘. -/
theorem fep154_twoStateRelaxation_exact
(rates : TwoStateRates) (initial : FiniteLaw Bool) (time : R)
rates.trueMass initial time - rates.stationaryTrue =
rates.rho time % (initial true - rates.stationaryTrue) :=
rates.relaxation_exact initial time

/-- The plot-ready initial point mass is genuinely nonstationary. -/
theorem fepl54_benchmarkInitial_nonstationary :
TwoStateRates.benchmarkInitial true #
TwoStateRates.benchmarkRates.stationaryTrue :=
TwoStateRates.benchmarkInitial_nonstationary

end FEP154

16.154.2 Typeset statement signatures

(rates : TwoStateRates) (initial : FiniteLaw Bool) (time : R)
rates.trueMass initial time — rates.stationary True = rates.rho time

- (initial true — rates.stationaryTrue)

TwoStateRates.benchmarklnitial true

#+ TwoStateRates.benchmarkRates.stationaryTrue

16.155 fep-155 — Exact Two-State Quadratic Lyapunov Decay

(639)

(640)

Squared deviation from stationarity decays by exp(-2(a+b)t), and its exact derivative is minus twice the decay rate times the Lyapunov value. Assumption scope:
The Lyapunov function is the scalar square of the true-state mass deviation for the explicit two-state semigroup. It is not a general entropy-production or physical

free-energy theorem. Semantic disposition: formalized.

16.155.1 Lean sketch

import FepSketches.continuous_time_markov
namespace FEP155
open FEP FEP.ContinuousTimeMarkov

/-- Squared deviation from stationarity decays by the exact squared
semigroup factor. -/
theorem fepl55_twoStatelLyapunov_exact

(rates : TwoStateRates) (initial : FiniteLaw Bool) (time : R)

rates.lyapunov initial time =

rates.rho time A 2 %
(initial true - rates.stationaryTrue) A 2 :=
rates.lyapunov_exact initial time

/-- Its derivative is exactly ‘-2(a+b)V(t)‘. -/
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theorem fep155_twoStatelLyapunov_hasDerivAt
(rates : TwoStateRates) (initial : FiniteLaw Bool) (time : R) :
HasDerivAt (rates.lyapunov initial)
(-2 % rates.decayRate % rates.lyapunov initial time) time :=
rates.lyapunov_hasDerivAt initial time

/-- For rates ‘(0.7,0.3)" and a nonstationary point mass, the Lyapunov
derivative is strictly negative at time zero. -/
theorem fep155_benchmarkLyapunov_strictlyDecreasing :
-2 % TwoStateRates.benchmarkRates.decayRate
TwoStateRates.benchmarkRates.lyapunov
TwoStateRates.benchmarkInitial 0 < 0 :=
TwoStateRates.benchmarkLyapunov_deriv_zero_neg

end FEP155

16.155.2 Typeset statement signatures
(rates : TwoStateRates) (initial : FiniteLaw Bool) (time : R)
rates.lyapunov initial time = rates.rho time? (641)

- (initial true — rates.stationary True)?

(rates : TwoStateRates) (initial : FiniteLaw Bool) (time : R)
HasDerivAt (rates.lyapunov initial) (642)

(—2 - rates.decayRate - rates.lyapunov initial time) time

— 2 - TwoStateRates.benchmarkRates.decayRate (643)
- TwoStateRates.benchmarkRates.lyapunov TwoStateRates.benchmarklnitial 0 < 0

16.156 fep-156 — Planning as Inference: the EFE Policy-Selection Bridge

On a finite policy carrier with fixed precision, the KL-regularized control objective (expected EFE plus inverse-precision KL to the prior) is minimized exactly
by the Boltzmann control posterior proportional to prior * exp(-gamma * G); the minimized value is -gamma”-1 log Z, the EFE splits as risk plus ambiguity,
and the finite and treewise argmin views agree. Assumption scope: The bridge is a finite-carrier Gibbs/Donsker-Varadhan statement about the EFE control
objective; it is not a general planning algorithm or a continuous-action result, and the policy-tree agreement is restricted to the treewise value surface of the
policy_tree module. Semantic disposition: formalized.

16.156.1 Lean sketch

import FepSketches.efe_policy_selection
namespace FEP156

open FEP.EFEPolicy

open FEP ActivelInference ControlledMarkov FiniteInformation PolicyTrees
VariationalDuality Finset

open scoped BigOperators

variable {Action State Outcome Policy Belief Observation : Typex}
[Fintype Action] [Fintype State] [Fintype Outcome] [Fintype Policy]
[Fintype Belief] [Fintype Observation]

/-- *xPlanning as inference, Boltzmann form.xx For fixed precision ‘y > 0
the Boltzmann control posterior ‘Qx(m) « prior(m) - exp(-y : G m)‘ induced by
the expected free energy minimizes the KL-regularized expected-cost objective
‘E_Q[G] + v=* - KL(Q |l prior)"* over all normalized policy laws, and it is the
unique minimizer: attaining the optimum happens exactly at ‘Qx‘. -/
theorem fep156_boltzmann_control_posterior_minimizes_efe (prior : FinitelLaw Action)
(prior_pos : V policy, O < prior policy) (v : R) (hy : 0 < v)
(cost : Action » R) (Q : FiniteLaw Action) :
efeControlObjective prior v cost (controlPosterior prior y cost) <
efeControlObjective prior y cost Q A
(efeControlObjective prior y cost Q =
efeControlObjective prior vy cost (controlPosterior prior y cost) e
Q = controlPosterior prior vy cost) :=
FEP.EFEPolicy.boltzmann_control_posterior_minimizes_efe prior prior_pos y hy cost Q
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/-- The minimized value is the negative expected log-partition
‘-y-!* . log Z‘ of the EFE tilt. -/
theorem fep156_boltzmann_control_posterior_minimal_value (prior : FinitelLaw Action)
(prior_pos : V policy, O < prior policy) (v : R) (hy : 0 < v)
(cost : Action » R) :
efeControlObjective prior v cost (controlPosterior prior y cost) =
-(y™* % Real.log (efeControlPartition prior y cost)) :=
FEP.EFEPolicy.boltzmann_control_posterior_minimal_value prior prior_pos y hy cost

/-- Gibbs free-energy bridge: the divided KL-regularized objective equals
‘v-1' times the Gibbs free energy of the EFE certificate. -/
theorem fep156_efeControlObjective_eq_gibbsFreeEnergy (prior : FinitelLaw Action)
(prior_pos : V policy, O < prior policy) (v : R) (hy : 0 < v)
(cost : Action » R) (Q : FiniteLaw Action) :
efeControlObjective prior y cost Q =
y-! % gibbsFreeEnergy (efeGibbsCertificate prior prior_pos y cost) Q :=
FEP.EFEPolicy.efeControlObjective_eq_gibbsFreeEnergy prior prior_pos y hy cost Q

/-- Planning-as-inference core identity: the KL-regularized expected-cost
objective at any candidate ‘Q‘ decomposes as ‘y-! - KL(Q || Q%)' plus the
negative expected log-partition. -/
theorem fep156_efeControlObjective_eq_kl_sub_logPartition (prior : FiniteLaw Action)

(prior_pos : V policy, 0 < prior policy) (v : R) (hy : 0 < vy)

(cost : Action » R) (Q : FiniteLaw Action) :

efeControlObjective prior y cost Q =

y~! % (finiteKL Q (controlPosterior prior y cost) -
Real.log (efeControlPartition prior v cost)) :=
FEP.EFEPolicy.efeControlObjective_eq_kl_sub_logPartition prior prior_pos y hy cost Q

/-- Objective gap: any candidate law exceeds the control posterior's value by
exactly ‘vy=1 - KL(Q || Q%)'. -/
theorem fep156_efeControlObjective_sub_eq_kl (prior : FiniteLaw Action)
(prior_pos : V policy, O < prior policy) (v : R) (hy : 0 < v)
(cost : Action » R) (Q : FiniteLaw Action) :
efeControlObjective prior y cost Q -
efeControlObjective prior y cost (controlPosterior prior y cost) =
vy~ % finiteKL Q (controlPosterior prior y cost) :=
FEP.EFEPolicy.efeControlObjective_sub_eq_kl prior prior_pos vy hy cost Q

/-- On a full-support generative model the EFE-argmin selection rule and the
risk-plus-ambiguity selection rule select the same policies: a policy
minimizes expected free energy exactly when it minimizes risk plus
ambiguity. -/
theorem fep156_argminEFE_eq_risk_add_ambiguity
(model : GenerativeModel Policy State Outcome) (support : FullSupport model)
(policy : Policy) :
(V alternative : Policy,
expectedFreeEnergy model policy < expectedFreeEnergy model alternative) o
(V alternative : Policy,
risk model policy + ambiguity model policy =<
risk model alternative + ambiguity model alternative) :=
FEP.EFEPolicy.argminEFE_eq_risk_add_ambiguity model support policy

/-- The finite EFE-argmin policy - the ‘finiteArgmin‘ selection whose
existence content is the ‘fep008‘ ‘exists_minG‘ owner — minimizes risk plus
ambiguity under full support. -/
theorem fep156_finiteArgminEFE_minimizes_risk_add_ambiguity

(model : GenerativeModel Policy State Outcome) (support : FullSupport model)

[Nonempty Policy] (alternative : Policy)

risk model (finiteArgmin (expectedFreeEnergy model)) +

ambiguity model (finiteArgmin (expectedFreeEnergy model)) <
risk model alternative + ambiguity model alternative :=
FEP.EFEPolicy.finiteArgminEFE_minimizes_risk_add_ambiguity model support alternative

/-- An EFE-minimizing policy exists on every nonempty finite policy carrier

(the ‘exists_minG‘ content of ‘fep008‘ on the generative-model carrier). -/
theorem fep156_exists_EFE_minimizing_policy
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(model : GenerativeModel Policy State Outcome) [Nonempty Policy] :
3 policy : Policy, VY alternative : Policy,
expectedFreeEnergy model policy < expectedFreeEnergy model alternative :=
FEP.EFEPolicy.exists_EFE_minimizing_policy model

/-- The backward-inducted EFE-argmin tree, evaluated under the
risk-plus-ambiguity tree model, attains exactly the optimal
risk-plus-ambiguity value; and dually, the risk-plus-ambiguity-optimal tree
attains exactly the optimal EFE value. -/
theorem fep156_policyTree_value_agreement [Nonempty Action]
(model : EFEPolicyTreeModel Belief State Action Observation)
(depth : N) (belief : Belief) :
policyTreeValue (riskAmbiguityPolicyTreeModel model)
(optimalPolicyTree (efePolicyTreeModel model) depth belief) belief =
optimalTreeValue (riskAmbiguityPolicyTreeModel model) depth belief A
policyTreevValue (efePolicyTreeModel model)
(optimalPolicyTree (riskAmbiguityPolicyTreeModel model) depth belief)
belief =
optimalTreeValue (efePolicyTreeModel model) depth belief :=
FEP.EFEPolicy.policyTree_value_agreement model depth belief

end FEP156

16.156.2 Typeset statement signatures

{Action State Outcome Policy Belief Observation : Type*}

(prior : FiniteLaw Action) (prior_pos : Vpolicy, 0 < prior policy) (7 : R)

(h7y : 0 < 7) (cost : Action = R) (Q : FiniteLaw Action)

efeControlObjective prior 7y cost (controlPosterior prior 7 cost) (644)
< efeControlObjective priory cost @ A (efeControlObjective prior ~y cost Q)

efeControlObjective prior 7y cost (controlPosterior prior y cost) <> @

= controlPosterior prior 7y cost)

{Action State Outcome Policy Belief Observation : Type*}

(prior : FiniteLaw Action) (prior_pos : Vpolicy, 0 < prior policy) (7 : R)

(h7y : 0 <) (cost : Action = R) (645)
efeControlObjective prior -y cost (controlPosterior prior 7 cost)

= —(y7! - Real.log (efeControlPartition prior y cost))

{Action State Outcome Policy Belief Observation : Type"}
(prior : FiniteLaw Action) (prior_pos : Vpolicy, 0 < prior policy) (7 : R)
(h7y : 0 < 7y) (cost : Action = R) (@ : FiniteLaw Action) (646)

1

efeControlObjective prior y cost () = 7~ - gibbsFreeEnergy

(efeGibbsCertificate prior prior_pos -y cost) Q

{Action State Outcome Policy Belief Observation : Type”}

(prior : FiniteLaw Action) (prior_pos : Vpolicy, 0 < prior policy) (7 : R)

(hy : 0 < 7y) (cost : Action = R) (Q : FiniteLaw Action) (647)
efeControlObjective prior y cost Q = y~1 - (finiteKL Q (controlPosterior prior 7y

cost) — Real.log (efeControlPartition prior -y cost))

{Action State Outcome Policy Belief Observation : Type"}

(prior : FiniteLaw Action) (prior_pos : Vpolicy, 0 < prior policy) (7 : R)

(h7y : 0 < 7y) (cost : Action = R) (@ : FiniteLaw Action)

efeControlObjective prior 7y cost () — efeControlObjective prior v cost (648)
(controlPosterior prior y cost) = ! - finiteKL Q

(controlPosterior prior 7y cost)
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{Action State Outcome Policy Belief Observation : Type*}
(model : GenerativeModel Policy State Outcome) (support : FullSupport model)

olicy : Polic
(policy . y) . ' (649)
(Valternative : Policy, expectedFreeEnergy model policy < expectedFreeEnergy
model alternative) <+ (Valternative : Policy, risk model policy + ambiguity

model policy < risk model alternative + ambiguity model alternative)

{Action State Outcome Policy Belief Observation : Type”}

(model : GenerativeModel Policy State Outcome) (support : FullSupport model)

[Nonempty Policy] (alternative : Policy) 650)
risk model (finiteArgmin (expectedFreeEnergy model)) + ambiguity model
(finiteArgmin (expectedFreeEnergy model)) < risk model alternative + ambiguity

model alternative

{Action State Outcome Policy Belief Observation : Type”}

(model : GenerativeModel Policy State Outcome) [Nonempty Policy] 651)
dpolicy : Policy, Valternative : Policy, expectedFreeEnergy model policy

< expectedFreeEnergy model alternative

{Action State Outcome Policy Belief Observation : Type"}

[Nonempty Action] (model : EFEPolicy TreeModel Belief State Action Observation)

(depth : N) (belief : Belief)

policy TreeValue (riskAmbiguityPolicy TreeModel model) (optimalPolicy Tree

(efePolicy TreeModel model) depth belief) belief = optimalTreeValue (652)
(riskAmbiguityPolicy TreeModel model) depth belief A policy TreeValue

(efePolicy TreeModel model) (optimalPolicy Tree (riskAmbiguityPolicy TreeModel

model) depth belief) belief = optimalTreeValue (efePolicy TreeModel model) depth

belief

16.157 fep-157 — The Perception-Action Loop as a Closed-Loop Active-Inference Theorem

Each closed-loop perception-action step is non-increasing in belief surprisal: the step’s KL splits exactly into predictive and posterior parts, prediction contracts
the predictive distribution (Dobrushin), and the loop invariant bounds surprisal by its initial value plus accumulated expected free energy; the loop’s fixed
point is the Boltzmann control posterior and equals the policy posterior of the control-as-inference view. Assumption scope: The loop is a finite-state kernel
composition; positivity statements assume full-support likelihoods and supporting posteriors, and the contraction is the finite Dobrushin-coefficient statement,
not a continuous-state or neural-implementation claim. Semantic disposition: formalized.

16.157.1 Lean sketch

import FepSketches.perception_action_loop
namespace FEP157

open FEP.PerceptionActionLoop

open FEP FEP.ActiveInference FEP.ControlledMarkov FEP.FiniteInformation
FEP.Temporallnference Finset

open scoped BigOperators

variable {Policy State Outcome : Typex}
[Fintype Policy] [Fintype State] [Fintype Outcome]

/-- The loop invariant at one full perception-update-select-predict step: the
stage outcome surprisal is bounded by the recognition's perception VFE with
the perception KL as the exact epistemic gap, and the selected policy's
expected free energy at the updated root splits into the certified
risk-plus-ambiguity budget. -/
theorem fep157_loop_invariant_surprisal_bound [Nonempty Policy]

(model : GenerativeModel Policy State Outcome) (belief : FinitelLaw State)

(outcome : Outcome)

(hEvidence : 0 < model.likelihood.predictive belief outcome)

(support : FullSupport (withInitialState model
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(filteredBelief model belief outcome hEvidence))) :
-Real.log (model.likelihood.predictive belief outcome) <
perceptionVFE model belief outcome hEvidence belief A
perceptionVFE model belief outcome hEvidence belief =
-Real.log (model.likelihood.predictive belief outcome) +
finiteKL belief (filteredBelief model belief outcome hEvidence) a
expectedFreeEnergy
(withInitialState model (filteredBelief model belief outcome hEvidence))
(selectedPolicy model (filteredBelief model belief outcome hEvidence)) =
risk (withInitialState model (filteredBelief model belief outcome hEvidence))
(selectedPolicy model (filteredBelief model belief outcome hEvidence)) +
ambiguity
(withInitialState model (filteredBelief model belief outcome hEvidence))
(selectedPolicy model (filteredBelief model belief outcome hEvidence)) :=
FEP.PerceptionActionLoop.loop_invariant_surprisal_bound model belief outcome hEvidence support

/-- Perception chain-rule dual: the belief KL to a fully supported reference
splits exactly into the nonnegative outcome-marginal KL plus the
posterior-averaged KL of the updated beliefs. -/
theorem fepl157_perception_kl_decomposition
(model : GenerativeModel Policy State Outcome)
(actual reference : FiniteLaw State)
(hReference : V s, 0 < reference s)
(hLikelihood : V s o, O < model.likelihood s o) :
finiteKL actual reference =
finiteKL (model.likelihood.predictive actual)
(model.likelihood.predictive reference) +
Y o : Outcome, model.likelihood.predictive actual o %
finiteKL
(filteredBelief model actual o
(predictive_pos_of_fullLikelihood model actual hLikelihood o))
(filteredBelief model reference o
(predictive_pos_of_fullLikelihood model reference hLikelihood 0)) :=
FEP.PerceptionActionLoop.perception_kl_decomposition model actual reference hReference hLikelihood

/-- Perception-step KL non-increase (finite data processing): the
posterior-averaged KL of the updated beliefs to the reference beliefs never
exceeds the pre-update belief KL. The dropped summand is the nonnegative
outcome-marginal KL, which is the exact gap in
‘perception_kl_decomposition‘. -/
theorem fep157_perception_step_kl_nonincrease
(model : GenerativeModel Policy State Outcome)
(actual reference : FinitelLaw State)
(hReference : ¥ s, 0 < reference s)
(hLikelihood : V s o, O < model.likelihood s o) :
Y o : Outcome, model.likelihood.predictive actual o %
finiteKL
(filteredBelief model actual o
(predictive_pos_of_fullLikelihood model actual hLikelihood o))
(filteredBelief model reference o
(predictive_pos_of_fullLikelihood model reference hLikelihood 0)) =
finiteKL actual reference :=
FEP.PerceptionActionLoop.perception_step_kl_nonincrease model actual reference hReference hLikelihood

/-- Native data processing along the perception channel: pushing both beliefs
through the model likelihood cannot increase their native Mathlib KL. -/
theorem fep157_perception_native_kl_nonincrease
[MeasurableSpace State] [MeasurableSpace Outcome]
[DiscreteMeasurableSpace State] [DiscreteMeasurableSpace Outcome]
(model : GenerativeModel Policy State Outcome)
(actual reference : FinitelLaw State) :
InformationTheory.klDiv
(FEP.NativeBlanket.embeddedLaw (model.likelihood.predictive actual))
(FEP.NativeBlanket.embeddedLaw (model.likelihood.predictive reference)) <
InformationTheory.klDiv (FEP.NativeBlanket.embeddedLaw actual)
(FEP.NativeBlanket.embeddedLaw reference) :=
FEP.PerceptionActionLoop.perception_native_kl_nonincrease model actual reference
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/-- The act-predict stage is Dobrushin-contractive in total variation whenever
the selected policy's transition kernel carries an explicit contraction
certificate. -/
theorem fep157_prediction_dobrushin_contraction [DecidableEq State]
(model : GenerativeModel Policy State Outcome) (policy : Policy)
{coefficient : R}
(hBound : FEP.FiniteMarkovDynamics.HasDobrushinBound
(model.transition policy) coefficient)
(left right : FinitelLaw State) :
FEP.FiniteMarkovDynamics.totalvariation
((model.transition policy).predictive left)
((model.transition policy).predictive right) =<
coefficient % FEP.FiniteMarkovDynamics.totalVariation left right :=
FEP.PerceptionActionLoop.prediction_dobrushin_contraction model policy hBound left right

/-- Perception VFE collapse: the pre-update recognition's perception VFE
decomposes exactly into the stage outcome surprisal plus the perception KL,
the exact epistemic gap closed by the Bayesian update. -/
theorem fepl57_perceptionVFE_gap
(model : GenerativeModel Policy State Outcome) (belief : FinitelLaw State)
(outcome : Outcome)
(hEvidence : 0 < model.likelihood.predictive belief outcome)
perceptionVFE model belief outcome hEvidence belief =
-Real.log (model.likelihood.predictive belief outcome) +
finiteKL belief (filteredBelief model belief outcome hEvidence) :=
FEP.PerceptionActionLoop.perceptionVFE_gap model belief outcome hEvidence

/-- The loop's Boltzmann policy law coincides with the house control posterior:
energy equals precision times expected free energy. -/
theorem fep157_policyPosterior_eq_controlPosterior (precision : R)

(model : GenerativeModel Policy State Outcome)

(support : FullSupport model) :

policyPosterior precision model support =

controlPosterior model.policyPrior precision (expectedFreeEnergy model) :=
FEP.PerceptionActionLoop.policyPosterior_eq_controlPosterior precision model support

/-- At a fixed point of the perception-action loop whose expected-free-energy
landscape is constant, the loop's Boltzmann policy law at the chosen precision
is exactly the policy prior. -/
theorem fep157_loop_fixed_point_is_boltzmann (precision : R)
(model : GenerativeModel Policy State Outcome)
(support : FullSupport model) (energy : R)
(hflat : V policy, expectedFreeEnergy model policy = energy) :
policyPosterior precision model support = model.policyPrior :=
FEP.PerceptionActionLoop.loop_fixed_point_is_boltzmann precision model support energy hflat

/-- The selected policy minimizes the stage expected free energy at its root. -/
theorem fep157_selectedPolicy_minimizes [Nonempty Policy]

(model : GenerativeModel Policy State Outcome) (belief : FinitelLaw State)

(alternative : Policy) :

expectedFreeEnergy (withInitialState model belief)

(selectedPolicy model belief) <
expectedFreeEnergy (withInitialState model belief) alternative :=
FEP.PerceptionActionLoop.selectedPolicy_minimizes model belief alternative

/-- The perception update is exactly the identity-transition forward filter of
the temporal-inference layer. -/
theorem fep157_filteredBelief_eq_forwardFilter [DecidableEq State]
(model : GenerativeModel Policy State Outcome) (belief : FinitelLaw State)
(outcome : Outcome)
(hEvidence : 0 < model.likelihood.predictive belief outcome) :
filteredBelief model belief outcome hEvidence =
forwardFilter belief FiniteKernel.identity model.likelihood outcome
(identity_forwardEvidence belief outcome FiniteKernel.identity rfl
model.likelihood hEvidence) :=
FEP.PerceptionActionLoop.filteredBelief_eq_forwardFilter model belief outcome hEvidence
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/-- The one-policy rollout prediction of the loop step is exactly one
transition of the selected policy. -/
theorem fepl157_perceptionActionStep_eq [Nonempty Policy] [DecidableEq State]
(model : GenerativeModel Policy State Outcome) (belief : FinitelLaw State)
(outcome : Outcome)
(hEvidence : 0 < model.likelihood.predictive belief outcome) :
perceptionActionStep model belief outcome hEvidence =
(model.transition (selectedPolicy model
(filteredBelief model belief outcome hEvidence))).predictive
(filteredBelief model belief outcome hEvidence) :=
FEP.PerceptionActionLoop.perceptionActionStep_eq model belief outcome hEvidence

/-- Each kernel row of the loop kernel is exactly one loop step. -/
theorem fep157_perceptionActionKernel_apply [Nonempty Policy] [DecidableEq State]
(model : GenerativeModel Policy State Outcome) (belief : FinitelLaw State)
(hEvidence : V o : Outcome, O < model.likelihood.predictive belief o)
(outcome : Outcome) (state : State) :
perceptionActionKernel model belief hEvidence outcome state =
perceptionActionStep model belief outcome (hEvidence outcome) state :=
FEP.PerceptionActionLoop.perceptionActionKernel_apply model belief hEvidence outcome state

/-- Posterior reconstruction at the joint level: the posterior-kernel joint has
exactly the swapped masses of the likelihood joint. -/
theorem fepl57_posteriorKernel_joint_eq_swap

(model : GenerativeModel Policy State Outcome) (prior : FiniteLaw State)

(hEvidence : V o, O < model.likelihood.predictive prior o)

(o : Outcome) (s : State) :

(posteriorKernel model prior hEvidence).joint

(model.likelihood.predictive prior) (o, s) =
(model.likelihood. joint prior) (s, o) :=
FEP.PerceptionActionLoop.posteriorKernel_joint_eq_swap model prior hEvidence o s

end FEP157

16.157.2 Typeset statement signatures

{Policy State Outcome : Type"}

[Nonempty Policy] (model : GenerativeModel Policy State Outcome)

(belief : FiniteLaw State) (outcome : Outcome) (hEvidence : 0

< model.likelihood.predictive belief outcome) (support : FullSupport
(withInitialState model (filteredBelief model belief outcome hEvidence)))

— Real.log (model.likelihood.predictive belief outcome) < perceptionVFE model
belief outcome hEvidence belief A perceptionVFE model belief outcome hEvidence
belief = —Real.log (model.likelihood.predictive belief outcome) + finiteKL
belief (filteredBelief model belief outcome hEvidence) A expectedFreeEnergy
(withInitialState model (filteredBelief model belief outcome hEvidence))
(selectedPolicy model (filteredBelief model belief outcome hEvidence)) = risk
(withInitialState model (filteredBelief model belief outcome hEvidence))
(selectedPolicy model (filteredBelief model belief outcome hEvidence))

+ ambiguity (withInitialState model (filtered Belief model belief outcome
hEvidence)) (selectedPolicy model (filteredBelief model belief outcome
hEvidence))
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{Policy State Outcome : Type"}

(model : GenerativeModel Policy State Outcome)

(actual reference : FiniteLaw State) (hReference : Vs, 0 < reference s)
(hLikelihood : Vs 0,0 < model.likelihood s 0)

finiteKL actual reference = finiteKL (model.likelihood.predictive actual)
(model.likelihood.predictive reference) + Z o : Outcome,

model.likelihood.predictive actual o - finiteKL (filteredBelief model actual o
(predictive_pos_of_fullLikelihood model actual hLikelihood 0)) (filteredBelief

model reference o (predictive_pos_of_fullLikelihood model reference hLikelihood

0))

{Policy State Outcome : Type"}

(model : GenerativeModel Policy State Outcome)

(actual reference : FiniteLaw State) (hReference : Vs, 0 < reference s)
(hLikelihood : Vs 0,0 < model.likelihood s 0)

Z o : Outcome, model.likelihood.predictive actual o - finiteKL (filteredBelief

model actual o (predictive_pos_of_fullLikelihood model actual hLikelihood 0))
(filteredBelief model reference o (predictive_pos_of_fullLikelihood model

reference hLikelihood 0)) < finiteKL actual reference

{Policy State Outcome : Type"}

[MeasurableSpaceState| [MeasurableSpaceOutcome]

[DiscreteMeasurableSpace State] [DiscreteMeasurableSpace Outcome]

(model : GenerativeModel Policy State Outcome)

(actual reference : FiniteLaw State)

InformationTheory.kIDiv (FEP.NativeBlanket.embeddedLaw

(model.likelihood.predictive actual)) (FEP.NativeBlanket.embeddedLaw
(model.likelihood.predictive reference)) < InformationTheory.kIDiv
(FEP.NativeBlanket.embeddedLaw actual) (FEP.NativeBlanket.embeddedLaw reference)

{Policy State Outcome : Type”}

[DecidableEq State] (model : GenerativeModel Policy State Outcome)
(policy : Policy) {coefficient : R} (hBound :
FEP.FiniteMarkovDynamics.HasDobrushinBound (model.transition policy)
coefficient) (left right : FiniteLaw State)
FEP.FiniteMarkovDynamics.totalVariation

((model.transition policy).predictive left)

((model.transition policy).predictive right) < coefficient

- FEP.FiniteMarkovDynamics.totalVariation left right

{Policy State Outcome : Type"}

(model : GenerativeModel Policy State Outcome) (belief : FiniteLaw State)
(outcome : Outcome) (hEvidence : 0 < model.likelihood.predictive belief outcome)
perceptionVFE model belief outcome hEvidence belief = —Real.log
(model.likelihood.predictive belief outcome) + finiteKL belief

(filteredBelief model belief outcome hEvidence)

{Policy State Outcome : Type"}

(precision : R) (model : GenerativeModel Policy State Outcome)

(support : FullSupport model)

policyPosterior precision model support = controlPosterior model.policyPrior

precision (expectedFreeEnergy model)
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{Policy State Outcome : Type"}

(precision : R) (model : GenerativeModel Policy State Outcome)

(support : FullSupport model) (energy : R) (hflat : Vpolicy, expectedFreeEnergy (660)
model policy = energy)

policyPosterior precision model support = model.policyPrior

{Policy State Outcome : Type*}

[Nonempty Policy] (model : GenerativeModel Policy State Outcome)

(belief : FiniteLaw State) (alternative : Policy) (661)
expectedFreeEnergy (withlnitialState model belief) (selectedPolicy model belief)

< expectedFreeEnergy (withInitialState model belief) alternative

{Policy State Outcome : Type"}

[DecidableEq State| (model : GenerativeModel Policy State Outcome)

(belief : FiniteLaw State) (outcome : Outcome) (hEvidence : 0

< model.likelihood.predictive belief outcome) (662)
filteredBelief model belief outcome hEvidence = forwardFilter belief

FiniteKernel.identity model.likelihood outcome (identity_forwardEvidence belief

outcome FiniteKernel.identity rfl model.likelihood hEvidence)

{Policy State Outcome : Type"}

[Nonempty Policy] [DecidableEq State]

(model : GenerativeModel Policy State Outcome) (belief : FiniteLaw State)

(outcome : Outcome) (hEvidence : 0 < model.likelihood.predictive belief outcome) (663)
perceptionActionStep model belief outcome hEvidence = (model.transition

(selectedPolicy model (filteredBelief model belief outcome

hEvidence))).predictive (filteredBelief model belief outcome hEvidence)

{Policy State Outcome : Type"}

[Nonempty Policy] [DecidableEq State]

(model : GenerativeModel Policy State Outcome) (belief : FiniteLaw State)

(hEvidence : Vo : Outcome, 0 < model.likelihood.predictive belief 0) (664)
(outcome : Outcome) (state : State)

perceptionActionKernel model belief hEvidence outcome state

= perceptionActionStep model belief outcome (hEvidence outcome) state

{Policy State Outcome : Type*}
(model : GenerativeModel Policy State Outcome) (prior : FiniteLaw State)

(hEvidence : Vo, 0 < model.likelihood.predictive prior o) (o : Outcome)

(s : State) (665)
(posteriorKernel model prior hEvidence).joint

(model.likelihood.predictive prior) (0, s) = (model.likelihood.joint prior)

(s, 0)

16.158 fep-158 — Bayesian Model Reduction

Masking evidence never lowers the model evidence: the reduced model’s evidence free energy dominates the full model’s, the reduced posterior obeys the
multiplicative Bayes-odds law with the evidence weight and reconstructs the full posterior through the evidence ratio, and the Gibbs-certificate excess over the
optimizer is exactly the KL divergence to it. Assumption scope: The reduction statements hold for finite measure spaces with the pinned Donsker-Varadhan
duality; the Gaussian log Bayes factor is stated in the pinned natural chart of the information-geometry module and is not a generic asymptotic model-selection
claim. Semantic disposition: formalized.
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16.158.1 Lean sketch

import FepSketches.bayesian_model_reduction
namespace FEP158

open FEP.BayesianModelReduction

open FEP FEP.FiniteInformation FEP.VariationalDuality Finset

open scoped BigOperators

variable {Parameter Evidence : Typex} [Fintype Parameter] [Fintype Evidence]
open MeasureTheory ProbabilityTheory FEP.GaussianInformationGeometry in

/-- Reduction weakly raises the evidence free energy: the full model's
evidence free energy is at most the reduced model's, because masked evidence
never exceeds full evidence and ‘-log‘ is decreasing in the evidence. -/
theorem fep158_reduction_free_energy_monotone (prior : FinitelLaw Parameter)
(weight : Parameter » R) (kernel : FiniteKernel Parameter Evidence)
(data : Evidence) (hwl : ¥ x, weight x = 1)
(hE : 0 < maskedEvidence prior weight kernel data) :
evidenceFreeEnergy (kernel.predictive prior data) =
evidenceFreeEnergy (maskedEvidence prior weight kernel data) :=
FEP.BayesianModelReduction.reduction_free_energy_monotone prior weight kernel data hwl hE

/-- Masked evidence never exceeds the full evidence: the discarded residual
mass ‘(1 - weight x) % prior x % kernel x data‘ is nonnegative. -/
theorem fep158_maskedEvidence_le_predictive (prior : FiniteLaw Parameter)
(weight : Parameter » R) (kernel : FiniteKernel Parameter Evidence)
(data : Evidence) (hwl : V x, weight x < 1)
maskedEvidence prior weight kernel data = kernel.predictive prior data :=
FEP.BayesianModelReduction.maskedEvidence_le_predictive prior weight kernel data hwil

/-- The reduced predictive mass is the masked evidence divided by the
weighted prior mass. -/
theorem fep158_maskedPrior_predictive_eq (prior : FinitelLaw Parameter)
(weight : Parameter » R) (kernel : FiniteKernel Parameter Evidence)
(data : Evidence) (hw : V x, 0 < weight x)
(hz : 0 < ¥ x, weight x % prior x)
kernel.predictive (maskedPrior prior weight hw hz) data =
maskedEvidence prior weight kernel data / ¥ y, weight y % prior y :=
FEP.BayesianModelReduction.maskedPrior_predictive_eq prior weight kernel data hw hZ

/-- The reduced posterior keeps the multiplicative Bayes form: posterior
mass times masked evidence equals the weighted joint mass. -/
theorem fep158_reduction_posterior_reconstruction (prior : FiniteLaw Parameter)
(weight : Parameter - R) (kernel : FiniteKernel Parameter Evidence)
(data : Evidence) (hw : V x, 0 < weight x)
(hz : 0 < ¥ x, weight x % prior x)
(hy : 0 < kernel.predictive (maskedPrior prior weight hw hZ) data)
(x : Parameter) :
FiniteKernel.posterior (maskedPrior prior weight hw hzZ) kernel data hy x =
maskedEvidence prior weight kernel data =
weight x % prior x % kernel x data :=
FEP.BayesianModelReduction.reduction_posterior_reconstruction prior weight kernel data hw hZ hy x

/-- Reduction odds: the reduced posterior odds at two states are the
evidence-weighted prior odds, the exact multiplicative form of the Bayes
factor reduction. -/
theorem fep158_reduction_posterior_odds (prior : FinitelLaw Parameter)
(weight : Parameter » R) (kernel : FiniteKernel Parameter Evidence)
(data : Evidence) (hw : V x, 0 < weight x)
(hz : 0 < ¥ x, weight x % prior x)
(hy : 0 < kernel.predictive (maskedPrior prior weight hw hzZ) data)
(x y : Parameter) :
FiniteKernel.posterior (maskedPrior prior weight hw hz) kernel data hy x %
(weight y % prior y % kernel y data) =
FiniteKernel.posterior (maskedPrior prior weight hw hzZ) kernel data hy y *
(weight x % prior x % kernel x data) :=
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FEP.BayesianModelReduction.reduction_posterior_odds prior weight kernel data hw hZ hy x y

/-- The reduced posterior reconstructs the full posterior through the
evidence ratio: reduced posterior mass equals full posterior mass times the
reduction weight times the ratio of full evidence to masked evidence. This
is the multiplicative conditional form of the reduction pushforward. -/
theorem fep158_reduced_posterior_reconstructs (prior : FinitelLaw Parameter)
(weight : Parameter » R) (kernel : FiniteKernel Parameter Evidence)
(data : Evidence) (hw : V x, 0 < weight x)
(hz : 0 < ¥ x, weight x % prior x)
(hP : 0 < kernel.predictive prior data)
(hE : 0 < maskedEvidence prior weight kernel data)
(hy : 0 < kernel.predictive (maskedPrior prior weight hw hz) data)
(x : Parameter) :
FiniteKernel.posterior (maskedPrior prior weight hw hz) kernel data hy x =
FiniteKernel.posterior prior kernel data hP x % weight x =
(kernel.predictive prior data /
maskedEvidence prior weight kernel data) :=
FEP.BayesianModelReduction.reduced_posterior_reconstructs prior weight kernel data hw hZ hP hE hy x

/-- The Gibbs free energy is the negative Donsker--Varadhan objective. -/
theorem fep158_gibbsFreeEnergy_eq_neg_dvObjective (c : GibbsCertificate Parameter)
(cand : FiniteLaw Parameter)
gibbsFreeEnergy ¢ cand = -dvObjective c cand :=
FEP.BayesianModelReduction.gibbsFreeEnergy_eq_neg_dvObjective c cand

/-- The free-energy change against the Gibbs optimizer is exactly the KL
divergence to the optimizer: the Donsker--Varadhan duality gap. -/
theorem fep158_reduction_free_energy_change_eq_kl (c : GibbsCertificate Parameter)
(cand : FiniteLaw Parameter) :
gibbsFreeEnergy c cand - gibbsFreeEnergy c¢ c.optimizer =
finiteKL cand c.optimizer :=
FEP.BayesianModelReduction.reduction_free_energy_change_eq_kl c cand

/-- Reduction to the Gibbs optimizer never lowers the free energy: the
candidate's free energy is at least the optimizer's, with the excess exactly
the KL divergence to the optimizer. -/
theorem fepl158_reduction_free_energy_monotone_gibbs
(c : GibbsCertificate Parameter) (cand : FiniteLaw Parameter) :
gibbsFreeEnergy ¢ c.optimizer < gibbsFreeEnergy c cand :=
FEP.BayesianModelReduction.reduction_free_energy_monotone_gibbs ¢ cand

open MeasureTheory ProbabilityTheory FEP.GaussianInformationGeometry in
/-- For the pinned fixed-variance Gaussian family, the log Bayes factor of
the natural-coordinate tilt against the zero-mean base law is the natural
coordinate times the datum minus the natural log partition: the Bayes
factor reduces to the natural-log-partition difference in the pinned
charts. -/
theorem fep158_gaussianLogBayesFactor_eq (family : FixedVarianceGaussian)

(natural x : R) :

Real.log

(gaussianPDFReal (family.naturalToMean natural) family.variance x /
gaussianPDFReal 0 family.variance x) =
natural % x - family.naturallLogPartition natural :=
FEP.BayesianModelReduction.gaussianLogBayesFactor_eq family natural x

end FEP158

16.158.2 Typeset statement signatures

{Parameter Evidence : Type*} [Fintype Parameter] [Fintype Evidence]

(prior : FiniteLaw Parameter) (weight : Parameter = R)

(kernel : FiniteKernel Parameter Evidence) (data : Evidence)

(hwl : Vz,weightx < 1) (hE : 0 < maskedEvidence prior weight kernel data)
evidenceFreeEnergy (kernel.predictive prior data) < evidenceFreeEnergy

(maskedEvidence prior weight kernel data)
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{Parameter Evidence : Type*} [Fintype Parameter] [Fintype Evidence]
(prior : FiniteLaw Parameter) (weight : Parameter = R)

(kernel : FiniteKernel Parameter Evidence) (data : Evidence)

(hwl : Vz, weightx < 1)

maskedEvidence prior weight kernel data < kernel.predictive prior data

{Parameter Evidence : Type*} [Fintype Parameter] [Fintype Evidence]
(prior : FiniteLaw Parameter) (weight : Parameter = R)

(kernel : FiniteKernel Parameter Evidence) (data : Evidence)

(hw : Va,0 < weightx) (hZ: 0 < Zw,weightaz - prior x)

kernel.predictive (maskedPrior prior weight hw hZ) data = maskedEvidence prior

weight kernel data/ Z y, weight y - priory

{Parameter Evidence : Type*} [Fintype Parameter] [Fintype Evidence]
(prior : FiniteLaw Parameter) (weight : Parameter = R)

(kernel : FiniteKernel Parameter Evidence) (data : Evidence)

(hw : Va,0 < weightx) (hZ: 0 < Zx,weightas - priorx) (hy : 0

< kernel.predictive (maskedPrior prior weight hw hZ) data) (z : Parameter)
FiniteKernel.posterior (maskedPrior prior weight hw hZ) kernel data hy z:

- maskedEvidence prior weight kernel data = weight x - prior x - kernel z data

{Parameter Evidence : Type"} [Fintype Parameter| [Fintype Evidence]

(prior : FiniteLaw Parameter) (weight : Parameter = R)

(kernel : FiniteKernel Parameter Evidence) (data : Evidence)

(hw : Va,0 < weightx) (hZ : 0 < Zx,weightx -priorz) (hy : 0

< kernel.predictive (maskedPrior prior weight hw hZ) data) (x y : Parameter)
FiniteKernel.posterior (maskedPrior prior weight hw hZ) kernel data hy =

- (weight y - priory - kernel y data) = FiniteKernel.posterior

(maskedPrior prior weight hw hZ) kernel data hy y

- (weight x - prior x - kernel z data)

{Parameter Evidence : Type"} [Fintype Parameter| [Fintype Evidence]
(prior : FiniteLaw Parameter) (weight : Parameter = R)

(kernel : FiniteKernel Parameter Evidence) (data : Evidence)

(hw : V2,0 < weightx) (hZ: 0 < Zx, weight x - prior z)

(hP : 0 < kernel.predictive prior data)

(hE : 0 < maskedEvidence prior weight kernel data) (hy : 0 < kernel.predictive
(maskedPrior prior weight hw hZ) data) (x : Parameter)

FiniteKernel.posterior (maskedPrior prior weight hw hZ) kernel data hy

= FiniteKernel.posterior prior kernel data hP x - weight z - (kernel.predictive

prior data/maskedEvidence prior weight kernel data)

{Parameter Evidence : Type"} [Fintype Parameter| [Fintype Evidence]
(c : GibbsCertificate Parameter) (cand : FiniteLaw Parameter)

gibbsFreeEnergy c cand = —dvObjective c cand

{Parameter Evidence : Type"} [Fintype Parameter] [Fintype Evidence]
(c : GibbsCertificate Parameter) (cand : FiniteLaw Parameter)
gibbsFreeEnergy c cand — gibbsFreeEnergy ¢ c.optimizer = finiteKL cand

c.optimizer

{Parameter Evidence : Type"} [Fintype Parameter| [Fintype Evidence]
(c : GibbsCertificate Parameter) (cand : FiniteLaw Parameter)

gibbsFreeEnergy c c.optimizer < gibbsFreeEnergy c cand
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{Parameter Evidence : Type*} [Fintype Parameter] [Fintype Evidence]

(family : FixedVarianceGaussian) (natural z : R)

Real.log (gaussianPDFReal (family.naturalToMean natural) family.variance (675)
/gaussianPDFReal 0 family.variance ) = natural - =

— family.naturalLogPartition natural

16.159 fep-159 — EFE and Entropy-Production Time-Scale Separation

The two-state belief information gap is bounded by the entropy-production rate scaled by the relaxation time (gain at most production/decay), the evolved gap
contracts to the invariant measure no slower than the relaxation timescale, the one-slice path-space entropy production equals (1 - rho) * sigma / decay, and
under the 1/eps rate scaling the evolved gain after any fixed positive action time vanishes. Assumption scope: All statements are for the explicit two-state
continuous-time semigroup and its scaled one-parameter family; the slice-path identity is the one-slice restriction of the path-thermodynamics production, not
a general path-space theorem. The ness_flow import is an orphan-adoption marker with no mathematical dependence. Semantic disposition: formalized.

16.159.1 Lean sketch

import FepSketches.efe_time_scale_separation
namespace FEP159

open FEP.TimeScaleEFE

open FEP FEP.FiniteInformation FEP.ContinuousTimeMarkov FEP.PathThermodynamics
FEP.ActivelInference FEP.VariationalDuality Finset

open scoped BigOperators

/-- *xTheorem 1 (‘epistemic_gain_bounded_by_affinity‘).x* The policy-relevant
information gap of the belief is bounded by the entropy-production rate
‘o = J x A" scaled by the relaxation time ‘1 / decayRate‘. -/
theorem fep159_epistemic_gain_bounded_by_affinity (rates : TwoStateRates)
(belief : FinitelLaw Bool) (hSupport : V i, 0 < belief i) :
finiteKL belief rates.stationarylLaw =
productionRate rates belief / rates.decayRate :=
FEP.TimeScaleEFE.epistemic_gain_bounded_by_affinity rates belief hSupport

/-- *%Theorem 1, EFE form.xx The expected free energy of the two-state
observing agent is bounded by the entropy-production rate scaled by the
relaxation time. -/
theorem fep159_expectedFreeEnergy_le_productionRate_div_decayRate (rates : TwoStateRates)

(belief : FiniteLaw Bool) (hSupport : V i, 0 < belief i)

(time : R) (hTime : O < time) (policy : Bool) :

expectedFreeEnergy (twoStateModel rates belief time hTime) policy <

productionRate rates belief / rates.decayRate :=
FEP.TimeScaleEFE.expectedFreeEnergy_le_productionRate_div_decayRate rates belief hSupport time hTime policy

/-- *xTheorem 2 (‘slow_fast_separation_statement').xx The evolved
policy-relevant information gap is bounded by the squared relaxation factor
times the initial gap: information contracts to the invariant measure on the
relaxation timescale, so the information timescale is twice the mass
relaxation timescale. -/
theorem fep159_slow_fast_separation_statement (rates : TwoStateRates)

(belief : FiniteLaw Bool) (time : R) (hTime : 0 < time)

epistemicGain rates belief time hTime =

rates.rho time A 2 %
((belief true - rates.stationaryTrue) * 2 /
(rates.stationaryTrue % rates.stationaryFalse)) :=
FEP.TimeScaleEFE.slow_fast_separation_statement rates belief time hTime

/-- *xTheorem 2, limit form.xx Under the ‘1 / eps' rate scaling the
policy-relevant gain after a fixed positive action time vanishes as
‘eps » 0*‘; on the tuned branch the explicit witness is
‘eps = decayRate % time / (-log (delta / chie))‘. -/
theorem fep159_fastRelaxation_epistemic_vanishes (rates : TwoStateRates)
(belief : FinitelLaw Bool) (time : R) (hpos : O < time) :
Y&:R,0<8>3eps : R, O<epsaVY (hTime : 0 < time) (heps : 0 < eps),
epistemicGain (scaledRates rates eps heps) belief time hTime < & :=
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FEP.TimeScaleEFE.fastRelaxation_epistemic_vanishes rates belief time hpos

/-- *xTheorem 3 (‘slicePath_entropyProduction_eq‘).*%x The one-slice path-space
entropy production of ‘FEP.PathThermodynamics‘ equals ‘(1 - rho time) %x o /
decayRate‘: the generator entropy-production rate ‘o = J % A' is exactly the
per-unit-relaxation path-space dissipation rate. -/
theorem fep159_slicePath_entropyProduction_eq (rates : TwoStateRates)

(belief : FinitelLaw Bool) (hSupport : V i, 0 < belief i)

(time : R) (hTime : O < time) (hpos : 0 < time) :

entropyProduction (slicePathProtocol rates belief time hTime)

= (1 - rates.rho time) % productionRate rates belief / rates.decayRate :=
FEP.TimeScaleEFE.slicePath_entropyProduction_eq rates belief hSupport time hTime hpos

/-- The generator affinity coincides with ‘FEP.PathThermodynamics.localAffinity®
of the semigroup slice at every positive sampling time. -/
theorem fep159_beliefAffinity_eqg_localAffinity (rates : TwoStateRates)

(belief : FinitelLaw Bool) (hSupport : V i, 0 < belief i)

(time : R) (hTime : 0 < time) :

beliefAffinity rates belief =

localAffinity belief (rates.certifiedSemigroup.kernel time hTime.le) false true :=
FEP.TimeScaleEFE.beliefAffinity_eq_localAffinity rates belief hSupport time hTime

/-- The entropy-production rate is nonnegative at a fully supported belief. -/
theorem fep159_productionRate_nonneg (rates : TwoStateRates) (belief : FinitelLaw Bool)
(hSupport : V i, 0 < belief i) : 0 < productionRate rates belief :=
FEP.TimeScaleEFE.productionRate_nonneg rates belief hSupport

/-- For the two-state observing agent the expected free energy of every
policy is exactly the belief information gap: ‘risk‘ is the gap and the
perfect-observation ambiguity vanishes. -/
theorem fep159_twoStateModel_expectedFreeEnergy (rates : TwoStateRates)

(belief : FinitelLaw Bool) (hSupport : ¥ i, 0 < belief i)

(time : R) (hTime : 0 < time) (policy : Bool) :

expectedFreeEnergy (twoStateModel rates belief time hTime) policy =

epistemicGain rates belief time hTime :=
FEP.TimeScaleEFE.twoStateModel_expectedFreeEnergy rates belief hSupport time hTime policy

/-- Under the ‘1 / eps‘ rate scaling the evolved gain is bounded by the squared
scaled relaxation factor times the initial gap. -/
theorem fep159_epistemicGain_rateScaling (rates : TwoStateRates) (belief : FiniteLaw Bool)

(time : R) (hTime : @ < time) (eps : R) (heps : 0 < eps) :

epistemicGain (scaledRates rates eps heps) belief time hTime <

Real.exp (-(rates.decayRate / eps) % time) * 2 %
((belief true - rates.stationaryTrue) * 2 /
(rates.stationaryTrue % rates.stationaryFalse)) :=
FEP.TimeScaleEFE.epistemicGain_rateScaling rates belief time hTime eps heps

end FEP159

16.159.2 Typeset statement signatures
(rates : TwoStateRates) (belief : FiniteLaw Bool) (hSupport : Vi,0 < belief1)
finiteKL belief rates.stationaryLaw < productionRate rates belief (676)
/rates.decayRate

(rates : TwoStateRates) (belief : FiniteLaw Bool) (hSupport : Vi,0 < belief1)
(time : R) (hTime : 0 < time) (policy : Bool)

677
expectedFreeEnergy (twoStateModel rates belief time hTime) policy ©77)
< productionRate rates belief /rates.decayRate
(rates : TwoStateRates) (belief : FiniteLaw Bool) (time : R) (hTime : 0 < time)
epistemicGain rates belief time hTime < rates.rho time? - ((belief true (678)

— rates.stationary True)? /(rates.stationary True - rates.stationaryFalse))
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(rates : TwoStateRates) (belief : FiniteLaw Bool) (time : R) (hpos : 0 < time)
Vo :R,0< = Teps:R,0 < epsAV(hTime: 0 < time) (heps : 0 < eps), (679)

epistemicGain (scaledRates rates eps heps) belief time hTime < §

(rates : TwoStateRates) (belief : FiniteLaw Bool) (hSupport : Vi,0 < belief1)
(time : R) (hTime : 0 < time) (hpos : 0 < time)

. . o . (680)
entropyProduction (slicePathProtocol rates belief time hTime)
= (1 — rates.rho time) - productionRate rates belief/rates.decayRate
(rates : TwoStateRates) (belief : FiniteLaw Bool) (hSupport : Vi,0 < belief1)
(time : R) (hTime : 0 < time) 681)
beliefAffinity rates belief = localAffinity belief
(rates.certifiedSemigroup.kernel time hTime.le) false true
(rates : TwoStateRates) (belief : FiniteLaw Bool) (hSupport : Vi,0 < belief ) 682)
0 < productionRate rates belief
(rates : TwoStateRates) (belief : FiniteLaw Bool) (hSupport : Vi, 0 < belief7)
(time : R) (hTime : 0 < time) (policy : Bool) 683)
expectedFreeEnergy (twoStateModel rates belief time hTime) policy
= epistemicGain rates belief time hTime
(rates : TwoStateRates) (belief : FiniteLaw Bool) (time : R) (hTime : 0 < time)
(eps : R) (heps : 0 < eps)
epistemicGain (scaledRates rates eps heps) belief time hTime < Real.exp (684)

(—(rates.decayRate/eps) - time)? - ((belief true — rates.stationaryTrue)?

/(rates.stationaryTrue - rates.stationaryFalse))

16.160 fep-160 — Helmholtz—Ao Decomposition of Nonequilibrium Steady Currents

On a finite state space with a full-support stationary law, every rate field decomposes exactly into a reversible part (detailed-balanced relative to the law) plus
a circulation part (skew in the law-weighted sense); the stationary edge current equals twice the law-weighted circulation part, the reversible part carries no
current, removing the circulation part is exactly detailed balance, the log-affinity splits into the Ao-potential drop plus the skew force, stationarity makes the
node divergence of the stationary current vanish, and the directed three-cycle witness is stationary, divergence-free, and circulating. Assumption scope: All
statements are finite-carrier algebra: the Ao potential is the pointwise -log p* mass field and is deliberately distinct from the thermodynamic Helmholtz free
energy of fep-013; the continuum Fokker-Planck equation, a state-dependent diffusion matrix field, and SDE noise are not formalized. Stationarity and the
probability current reuse the established FEP.ContinuousTimeMarkov generator contract. Semantic disposition: formalized.

16.160.1 Lean sketch

import FepSketches.helmholtz_ao_ness
namespace FEP160

open FEP.HelmholtzAoNess
open FEP FEP.ContinuousTimeMarkov Finset
open scoped BigOperators
variable {State : Typex} [Fintype State]

/-- *%The quadratic-term cancellation.®x A skew-symmetric matrix
annihilates its own quadratic form ‘g" Q g = 0. -/
theorem fep160_skewQuadratic_eg_zero {n : N} (Q : Fin n » Fin n > R)
(g : Fin n > R) (hQ : SkewSymmetric Q) : dot g (mulvec Q g) = 0 :=
FEP.HelmholtzAoNess.skewQuadratic_eq_zero Q g hQ

/-- *%The trace-term cancellation.¥x A skew matrix contracted against a
symmetric (Hessian-role) matrix has zero trace. -/
theorem fep160_skewTrace_eq_zero {n : N} (Q H : Fin n > Fin n > R)
(hQ : SkewSymmetric Q) (hH : SymmetricOf H) : traceOf (mulOf Q H) = 0 :=
FEP.HelmholtzAoNess.skewTrace_eq_zero Q H hQ hH
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/-- The Ao potential of a full-support law: ‘F = -log px‘'. -/
noncomputable def fepl60_aoPotential (law : FiniteLaw State) (i : State) : R :=
FEP.HelmholtzAoNess.aoPotential law i

/-- The reversible (dissipative) part of a rate field relative to ‘px‘. -/
noncomputable def fepl60_symmetricPart (rate : State » State » R)
(law : FinitelLaw State) (i j : State) : R :=
FEP.HelmholtzAoNess.symmetricPart rate law i j

/-- The solenoidal (circulation) part of a rate field relative to ‘px‘. -/
noncomputable def fepl60_circulationPart (rate : State » State - R)
(law : FinitelLaw State) (i j : State) : R :=
FEP.HelmholtzAoNess.circulationPart rate law i j

/-- *%The Helmholtz-Ao split.xx Every rate field decomposes, relative to
a full-support stationary law, into its reversible plus circulation parts:
the finite ‘D + Q' ansatz is not a restriction on the drift. -/
theorem fep160_aoDecomposition {rate : State » State - R}
{law : FiniteLaw State} (hSupport : V i, 0 < law i) (i j : State) :
rate 1 j = symmetricPart rate law i j + circulationPart rate law i j :=
FEP.HelmholtzAoNess.aoDecomposition hSupport i j

/-- *%The generator-level current identity.x* The stationary probability
current of the generator is carried entirely by the circulation part:
VJIoij = 2 px_i Qoijt. -/
theorem fep160_probabilityCurrent_eq_twice_circulation

(generator : FiniteRateGenerator State) (law : FinitelLaw State)

(hSupport : V i, 0 < law i) (i j : State) :

generator.probabilityCurrent law i j =

2 % law i % circulationPart generator.rate law i j :=
FEP.HelmholtzAoNess.probabilityCurrent_eq_twice_circulation generator law hSupport i j

/-- The circulation part is skew in the ‘px%‘-weighted sense: the finite
Q" = -Q' clause of the ansatz. -/
theorem fep160_circulationPart_skew {rate : State » State » R}
{law : FiniteLaw State} (hSupport : V i, 0 < law i) (i j : State) :
law i % circulationPart rate law i j =
-(law j % circulationPart rate law j i) :=
FEP.HelmholtzAoNess.circulationPart_skew hSupport i j

/-- The symmetric part is reversible: detailed balance of the
dissipative term. -/
theorem fep160_symmetricPart_reversible {rate : State » State » R}
{law : FiniteLaw State} (hSupport : V i, 0 < law i) (i j : State) :
law i % symmetricPart rate law i j =
law j % symmetricPart rate law j i :=
FEP.HelmholtzAoNess.symmetricPart_reversible hSupport i j

/-- The stationary edge current equals twice the ‘px‘-weighted
circulation part: the current is carried entirely by the solenoidal term. -/
theorem fep160_current_eq_twice_circulation {rate : State » State » R}
{law : FiniteLaw State} (hSupport : V i, 0 < law i) (i j : State) :
circulationNum rate law i j =
2 % law i % circulationPart rate law i j :=
FEP.HelmholtzAoNess.current_eq_twice_circulation hSupport i j

/-- The reversible part carries no current at all. -/
theorem fepl160_symmetricPart_current_eq_zero {rate : State » State » R}
{law : FiniteLaw State} (hSupport : V i, 0 < law i) (i j : State) :
law i % symmetricPart rate law i j -
law j % symmetricPart rate law j i = 0 :=
FEP.HelmholtzAoNess.symmetricPart_current_eq_zero hSupport i j

/-- Removing the circulation part is exactly detailed balance: the finite
constructive counterpart of the manuscript's disclaimer about the
solenoidal term. -/

theorem fepl60_detailedBalanced_iff_circulation_eq_zero

217



{rate : State » State » R} {law : FiniteLaw State}
(hSupport : V i, 0 < law i) :
(Vij, lawi % ratei j = law j % rate j i) e
Y i j, circulationPart rate law i j = 0 :=
FEP.HelmholtzAoNess.detailedBalanced_iff_circulation_eq_zero hSupport

/-- The log-affinity splits into the potential drop plus the skew force. -/
theorem fep160_forceSplit {rate : State » State » R} {law : FinitelLaw State}

(hSupport : V i, 0 < law i) {i j : State}

(hij : @ < rate i j) (hji : 0 < rate j i) :

Real.log (law i % rate 1 j / (law j % rate j i)) =

aoPotential law j - aoPotential law i +
Real.log (rate i j / rate j i) :=
FEP.HelmholtzAoNess.forceSplit hSupport hij hji

/-- Under the generator contract and stationarity, the node divergence of
the stationary current vanishes: the finite form of the manuscript's
explicit stationarity constraint. -/
theorem fepl60_stationaryCurrent_divergence_zero
(generator : FiniteRateGenerator State) (law : FinitelLaw State)
(hStat : generator.IsStationary law) (i : State) :
Y j, generator.probabilityCurrent law j i = 0 :=
FEP.HelmholtzAoNess.stationaryCurrent_divergence_zero generator law hStat i

/-- Restated over the circulation part: the divergence check constrains
exactly the solenoidal contribution. -/
theorem fepl60_circulation_divergence_zero
(generator : FiniteRateGenerator State) (law : FinitelLaw State)
(hStat : generator.IsStationary law) (hSupport : V i, 0 < law i)
(i : State) :
Y j, 2 * law j % circulationPart generator.rate law j i = 0 :=
FEP.HelmholtzAoNess.circulation_divergence_zero generator law hStat hSupport i

/-- *%The directed three-cycle NESS package.*xx The cycle witness is
stationary, divergence-free at every node, and carries a nonzero
circulation part: a genuine nonequilibrium steady state whose entire
current is solenoidal. -/
theorem fepl160_cycle_ao_ness :
threeCycleGenerator.IsStationary threeCycleStationarylLaw a
(v i : Fin 3,
Y j, threeCycleGenerator.probabilityCurrent
threeCycleStationaryLaw j i = 0) A
circulationPart threeCycleGenerator.rate threeCycleStationaryLaw
(0 : Fin 3) (1 : Fin 3) # 0 :=
FEP.HelmholtzAoNess.cycle_ao_ness

end FEP160

16.160.2 Typeset statement signatures

{State : Type*} [Fintype State]
{n:N}(Q: Finn = Finn = R) (g: Finn = R) (hQ : SkewSymmetric Q)
dot g (mulVecQg) =0

{State : Type"} [Fintype State]
{n:N}(QH : Finn = Finn = R) (hQ : SkewSymmetric Q) (hH : SymmetricOf H)
traceOf (mulOfQ H) =0

{State : Type*} [Fintype State]
{rate : State = State = R} {law : FiniteLaw State} (hSupport : V7,0 < law i)
(77 : State)

rate? j = symmetricPart ratelaw ¢ j + circulationPart rate law ¢ j
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{State : Type"} [Fintype State]

(generator : FiniteRateGenerator State) (law : FiniteLaw State)
(hSupport : Vi,0 < law i) (i j : State)
generator.probabilityCurrentlaw ¢ j = 2 - law ¢ - circulationPart

generator.ratelaw i j

{State : Type"} [Fintype State]
{rate : State = State = R} {law : FiniteLaw State} (hSupport : V7,0 < law )
(i j : State)

law i - circulationPart ratelaw i j = —(law j - circulationPart rate law j )

{State : Type"} [Fintype State]
{rate : State = State = R} {law : FiniteLaw State} (hSupport : V7,0 < law )
(i j : State)

law ¢ - symmetricPart ratelaw i j = law j - symmetricPart rate law j ¢

{State : Type"} [Fintype State]
{rate : State = State = R} {law : FiniteLaw State} (hSupport : Vi,0 < law )
(i j : State)

circulationNumratelawi j = 2 - law - circulationPart rate law ¢ j

{State : Type"} [Fintype State]
{rate : State = State = R} {law : FiniteLaw State} (hSupport : V7,0 < law i)
(ij : State)

law ¢ - symmetricPart ratelaw i j — law j - symmetricPartratelaw j¢ =0

{State : Type"} [Fintype State]

{rate : State = State = R} {law : FiniteLaw State} (hSupport : V7,0 < law i)
(Vij,lawi - rateij = law j - rate j i) <> Vi j, circulationPart rate law i

J=0

{State : Type"} [Fintype State]

{rate : State = State = R} {law : FiniteLaw State} (hSupport : V7,0 < law i)
{ij: State} (hij: 0 < rateij) (hji : 0 < rateji)

Real.log (lawi - ratei j/(law j - rate ji)) = aoPotential law j

— aoPotential law i + Real.log (rate i j/rate j i)

{State : Type"} [Fintype State]
(generator : FiniteRateGenerator State) (law : FiniteLaw State)

(hStat : generator.IsStationary law) (i : State)

Zj, generator.probabilityCurrent law ji = 0

{State : Type"} [Fintype State]
(generator : FiniteRateGenerator State) (law : FiniteLaw State)
(hStat : generator.IsStationary law) (hSupport : Vi,0 < law i) (i : State)

Zj, 2 - law j - circulationPart generator.ratelaw j¢ = 0

{State : Type"} [Fintype State]
threeCycleGenerator.lsStationary threeCycleStationaryLaw A (Vi : Fin 3, Zj,

threeCycleGenerator.probabilityCurrent threeCycleStationaryLaw ji = 0)
A circulationPart threeCycleGenerator.rate threeCycleStationaryLaw (0 : Fin 3)
(1:Fin3)#0
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16.161 fep-161 — Skew Bilinear Cancellation of the Trace and Quadratic Terms

A skew-symmetric matrix contracted against a symmetric matrix has zero trace, and a skew-symmetric matrix annihilates its own quadratic form: the two
algebraic cancellations behind the manuscript’s solenoidal expansion, holding unconditionally on the stated symmetry hypotheses. Assumption scope: Plain
finite real matrices indexed by Fin n with explicit pointwise symmetry hypotheses; no continuum Hessian, no smoothness structure, and no numerical witness is
claimed. Semantic disposition: formalized.

16.161.1 Lean sketch

import FepSketches.geometric_mechanics
namespace FEP161
open FEP.GeometricMechanics

/-- *%The trace-term cancellation:xx a skew matrix contracted against a
symmetric (Hessian-role) matrix has zero trace — the finite form of
‘tr(Q V2F) = 0" under Q" = -Q‘. -/
theorem fep161_skewTrace_eq_zero {n : N} (Q H : Fin n > Fin n > R)
(hQ : SkewSymmetric Q) (hH : SymmetricOf H) : traceOf (mulOf Q H) = 0 :=
FEP.GeometricMechanics.skewTrace_eq_zero Q H hQ hH

/-- *%The quadratic-term cancellation:%% a skew-symmetric matrix
annihilates its own quadratic form ‘g™ Q g = 0‘. -/
theorem fep161_skewQuadratic_eq_zero {n : N} (Q : Fin n > Fin n > R)
(g : Fin n > R) (hQ : SkewSymmetric Q) : dot g (mulvec Q g) = 0 :=
FEP.GeometricMechanics.skewQuadratic_eq_zero Q g hQ

end FEP161

16.161.2 Typeset statement signatures

{n: N} (QH : Finn = Finn = R) (hQ : SkewSymmetric Q) (hH : SymmetricOf H)

698
traceOf (mulOfQ H) =0 (698)

{n: N} (Q : Finn = Finn = R) (g : Finn = R) (hQ : SkewSymmetric Q)

dot g (mulVecQg) =0 (699)

16.162 fep-162 — The Discrete Hessian as a Symmetrization Construction

Symmetrization of raw mixed-difference data constructs a symmetric discrete Hessian (the finite Clairaut property as a construction), the trace cancellation
holds against the constructed matrix with no hypothesis on the raw data, and on already-symmetric data the construction is the identity. Assumption scope:
The construction replaces the continuum Clairaut theorem by finite algebra; it does not claim differentiability, a continuum Hessian, or convergence of mixed-
difference quotients. Semantic disposition: formalized.

16.162.1 Lean sketch

import FepSketches.geometric_mechanics
namespace FEP162
open FEP.GeometricMechanics

/-- *xxDiscrete-Hessian symmetry (finite Clairaut):xx the symmetrized
mixed-difference data is symmetric by construction, not by hypothesis. -/
theorem fep162_symmetrize_symmetric {n : N} (H : Fin n > Fin n > R) :
SymmetricOf (symmetrize H) :=
FEP.GeometricMechanics.symmetrize_symmetric H

/-- The trace cancellation holds against the constructed discrete Hessian
for arbitrary raw mixed-difference data. -/
theorem fep162_skewTrace_symmetrize_eq_zero {n : N} (Q H : Fin n > Fin n > R)
(hQ : SkewSymmetric Q) : traceOf (mulOf Q (symmetrize H)) = 0 :=
FEP.GeometricMechanics.skewTrace_symmetrize_eq_zero Q H hQ

/-- On already-symmetric data the symmetrization construction is the
identity: the discrete Hessian coincides with the given Hessian-role
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matrix. -/
theorem fep162_symmetrize_of_symmetric {n : N} (H : Fin n > Fin n » R)
(hH : SymmetricOf H) : symmetrize H = H :=
FEP.GeometricMechanics.symmetrize_of_symmetric H hH

end FEP162

16.162.2 Typeset statement signatures
{n:N}(H : Finn= Finn = R)

700
SymmetricOf (symmetrize H) (700
{n:N}(QH : Finn = Finn = R) (hQ : SkewSymmetric Q) (701)
traceOf (mulOf @) (symmetrize H)) = 0
:N} (H : Finn= Finn=R)(hH:S tricOf H
{n:N}( inn inn ) ( ymmetric ) 702

symmetrize H = H

16.163 fep-163 — The Three-Term Solenoidal Expansion and Its Conditional Drop

The weighted divergence of the candidate current decomposes exactly into the trace slot, the transport-divergence slot, and the density coupling slot; under the
stationary coupling the identity reads tr(Q H) - g"T Q g + (div Q)T g; both cancellable terms die on the skew and symmetric hypotheses, and the remaining
drop holds only under an explicit extra hypothesis (orthogonality or spatially constant Q), with a concrete remainder datum where it does not. Assumption scope:
Directional derivative data is explicit (H for the Hessian slot, DQ for the transport-divergence slot); the coupling is an explicit hypothesis, not a solved PDE; the
weighted divergence is defined by the exact Leibniz decomposition rather than a discretization of Fokker-Planck. Semantic disposition: formalized.

16.163.1 Lean sketch

import FepSketches.geometric_mechanics
namespace FEP163
open FEP.GeometricMechanics

/-- The finite ‘div(px - Q g)/p%‘ from explicit directional derivative
data. -/
def fep163_weightedDivergence {n : N} (Q HDQ : Fin n » Fin n » R)
(g dlogp : Finn > R) : R :=
FEP.GeometricMechanics.weightedDivergence Q H DQ g dlogp

/-- The raw Leibniz expansion: trace slot + ‘V.Q‘ slot + ‘px‘-coupling
slot. -/
theorem fep163_weightedDivergence_eq {n : N} (Q HDQ : Fin n » Fin n > R)
(g dlogp : Fin n > R) :
weightedDivergence Q H DQ g dlogp
= traceOf (mulOf Q H) + dot (divQ DQ) g + dot (mulVec Q g) dlogp :=
FEP.GeometricMechanics.weightedDivergence_eq Q H DQ g dlogp

/-- *xThe manuscript's three-term solenoidal identity%x under the
stationary coupling ‘Vlog p%* = -VF = -g‘. -/
theorem fep163_solenoidal_expansion {n : N} (Q HDQ : Fin n » Fin n » R)
(g dlogp : Fin n > R) (hcoup : V i, dlogp i = -g i) :
weightedDivergence Q H DQ g dlogp
= traceOf (mulOf Q H) - dot g (mulVec Q g) + dot (divQ DQ) g :=
FEP.GeometricMechanics.solenoidal_expansion Q H DQ g dlogp hcoup

/-- The conditional solenoidal drop under the explicit orthogonality
hypothesis ‘g + (V-Q)™‘. -/
theorem fep163_solenoidal_drop_of_orthogonal {n : N}
(QHDQ : Fin n» Fin n » R) (g dlogp : Fin n » R)
(hQ : SkewSymmetric Q) (hH : SymmetricOf H)
(hcoup : V i, dlogp i = -g i) (horth : dot (divQ DQ) g = 0) :
weightedDivergence Q H DQ g dlogp = 0 :=
FEP.GeometricMechanics.solenoidal_drop_of_orthogonal Q H DQ g dlogp hQ hH hcoup horth

/-- The conditional solenoidal drop for spatially constant ‘Q‘. -/
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theorem fep163_solenoidal_drop_of_constantQ {n : N}
(QHDQ : Fin n» Fin n » R) (g dlogp : Fin n » R)
(hQ : SkewSymmetric Q) (hH : SymmetricOf H)
(hcoup : V¥ i, dlogp i = -g i) (hconst : V k 1, DQ k 1L = 0) :
weightedDivergence Q H DQ g dlogp = 0 :=
FEP.GeometricMechanics.solenoidal_drop_of_constantQ Q H DQ g dlogp hQ hH hcoup hconst

/-- The concrete expansion remainder ‘(V-Q)T g = 1 # 0 on explicit
derivative data: without the extra hypothesis the drop genuinely fails. -/
theorem fepl63_expansion_remainder_witness :
dot (divQ remainderDQ) remainderG = 1 :=
FEP.GeometricMechanics.expansion_remainder_witness

end FEP163

16.163.2 Typeset statement signatures
{n:N} (Q HDQ : Finn = Finn = R) (gdlogp : Finn = R)
weightedDivergence Q H DQ g dlogp = traceOf (mulOfQ H) + dot (divQ DQ) g + dot
(mulVec Q g) dlogp

{n:N}(QHDQ : Finn = Finn = R) (gdlogp : Finn = R)

(hcoup : Vi, dlogpi = —g1)

weightedDivergence Q H DQ g dlogp = traceOf (mulOf@Q H) — dot g (mulVec Q g)
+ dot (divQ DQ) g

{n:N}(Q HDQ : Finn = Finn = R) (gdlogp : Finn = R)

(hQ : SkewSymmetric Q) (hH : SymmetricOf H) (hcoup : Vi, dlogpi = —g1)
(horth : dot (divQ DQ) g = 0)

weightedDivergence Q H DQ g dlogp = 0

{n: N} (Q HDQ : Finn = Finn = R) (gdlogp : Finn = R)

(hQ : SkewSymmetric Q) (hH : SymmetricOf H) (hcoup : Vi,dlogpi = —g )
(hconst : VkI,DQkI = 0)

weightedDivergence Q H DQ g dlogp = 0

dot (divQ remainderDQ) remainderG = 1

16.164 fep-164 — Graph Divergence of the Candidate Solenoidal Current

(703)

(704)

(705)

(706)

(707)

On a finite node set the node divergence of the skew transport field is twice its row sum; the node divergence of the edge current splits into the transport slot plus
the discrete-divergence slot; and the weighted node divergence obeys an exact Leibniz rule whose p-residual does not vanish by skewness alone. Assumption
scope: Edge fields are plain real matrices with the flux convention W i j = flux i to j; the weighted statements assume a strictly positive density; no continuum

graph limit or first-order asymptotic identification is claimed. Semantic disposition: formalized.

16.164.1 Lean sketch

import FepSketches.geometric_mechanics
namespace FEP164
open FEP.GeometricMechanics

/-- For skew ‘Q‘ the node divergence of the transport field is twice its
row sum: the discrete divergence slot is generically nonzero. -/
theorem fep164_nodeDiv_skew {n : N} {Q : Fin n » Fin n > R} (hQ : SkewSymmetric Q)
(i : Fin n) : nodeDiv Q i = 2 % rowSum Q i :=
FEP.GeometricMechanics.nodeDiv_skew hQ i

/-- %xThe graph decompositionxx of the candidate current's node
divergence into the transport slot plus the discrete-divergence slot. -/
theorem fep164_graphDecomposition {n : N} (Q : Fin n » Fin n > R)

(g : Fin n > R) (hQ : SkewSymmetric Q) (i : Fin n) :

nodeDiv (currentOf Q g) i = mulvec Q g 1 + g i % rowSum Q i :=
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FEP.GeometricMechanics.graphDecomposition Q g hQ i

/-- The exact finite Leibniz rule for the weighted node divergence. -/
theorem fep164_weightedNodeDiv_eq {n : N} (W : Fin n » Fin n > R)
{p : Finn>R} (hp : Vi, 0 <p i) (i : Fin n) :
weightedNodeDiv p W i =
nodeDiv Wi +Y j, (A -pJj/pi)*Wiji:=
FEP.GeometricMechanics.weightedNodeDiv_eq W hp i

/-- The three-term graph expansion of the weighted candidate current. -/
theorem fepl164_weightedCurrent_div_eq {n : N} (Q : Fin n » Fin n » R)

(g : Finn>R) {p : Fin n > R} (hQ : SkewSymmetric Q)

(hp : Vi, 0 <pi) (i : Finn) :

weightedNodeDiv p (currentOf Q g) i

=mulVec Q g i + g i * rowSum Q i
+gi*Yd, 1-pji/pi)*xQji:s=
FEP.GeometricMechanics.weightedCurrent_div_eq Q g hQ hp i

end FEP164

16.164.2 Typeset statement signatures

{n: N}{Q : Finn = Finn = R} (hQ : SkewSymmetric Q) (i : Finn)

708
nodeDivQ i = 2 - rowSum Qi (708)

{n:N}(Q : Finn = Finn = R) (g : Finn = R) (hQ : SkewSymmetric Q)
(i : Finn) (709)
nodeDiv (currentOf Q g) i = mulVecQ gi + gi - rowSum Q ¢

{n:N} (W :Finn= Finn=R){p: Finn= R} (hp:Vi,0<pi)(i:Finn)

) . ) L . (710)
weightedNodeDivp W ¢ = nodeDiv W i + Z], (1—pj/pi) - Wji
{n:N}(Q:Finn=Finn=R)(g: Finn=R){p: Finn =R}
(hQ : SkewSymmetric Q) (hp : V4,0 < pi) (i : Finn)
11

weightedNodeDiv p (currentOf Q g) i = mulVec Q gi + gi - rowSum Qi + gi - Z
J,(L=pj/pi)-Qji
16.165 fep-165 — Necessity Witness for the Unconditional Solenoidal Drop

For the exact 2-node transport matrix [[0,1],[-1,0]] and gradient (1,0) the candidate current is (0,-1), the discrete divergence of the transport field is (2,-2),
the node divergence of the current is (1,-1), and in particular equals 1 at node O: the unconditional solenoidal drop is false, and neither the orthogonality nor
the constant-Q hypothesis is available on this witness. Assumption scope: A concrete finite counterexample only; it shows the manuscript’s honesty guard is
necessary rather than decorative and claims nothing about systems satisfying the extra hypotheses of fep-163. Semantic disposition: formalized.

16.165.1 Lean sketch

import FepSketches.geometric_mechanics
namespace FEP165
open FEP.GeometricMechanics

/-- The manuscript honesty-guard transport matrix is skew. -/
theorem fepl65_witnessQ_skew : SkewSymmetric witnessQ :=
FEP.GeometricMechanics.witnessQ_skew

/-- The candidate current of the honesty guard: ‘Q g = (0, -1)‘. -/
theorem fepl65_witness_current :
mulVec witnessQ witnessG = fun i = if i = 0 then 0 else -1 :=
FEP.GeometricMechanics.witness_current

/-- The discrete divergence of the witness transport field is ‘(2, -2) # 0‘. -/
theorem fepl65_witness_divQ :
nodeDiv witnessQ = fun i = if i = 0 then 2 else -2 :=
FEP.GeometricMechanics.witness_divQ
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/-- The node divergence of the witness current is ‘(1, -1) # 0‘. -/
theorem fepl165_witness_divergence :
nodeDiv (currentOf witnessQ witnessG) = fun i = if i = 0 then 1 else -1 :=
FEP.GeometricMechanics.witness_divergence

/-- *%The unconditional solenoidal drop is FALSE:%x% on the exact 2-node

counterexample the node divergence of the candidate current is ‘1 # O°

at node ‘0‘. -/

theorem fep165_witness_drop_fails : nodeDiv (currentOf witnessQ witnessG) 0 = 1 :=
FEP.GeometricMechanics.witness_drop_fails

end FEP165

16.165.2 Typeset statement signatures

SkewSymmetric witnessQ (712)

mulVec witnessQ witnessG = \i +— ifi = OthenOelse — 1 (713)
nodeDiv witnessQ = A7 — ifi = Othen 2 else — 2 (714)

nodeDiv (currentOf witnessQ witnessG) = Ai > ifi = Othen 1else — 1 (715)
nodeDiv (currentOf witnessQ witnessG) 0 = 1 (716)

16.166 fep-166 — Uniqueness of the Law-Weighted Reversible/Circulation Split

Any competing pair S, A with W =S + A, p-weighted reversibility of S and p-weighted skewness of A coincides pointwise with the canonical symmetricPart
and circulationPart of the rate field; the reversible boundary is in uniqueness form (a p-reversible field has the split (W, 0)), and on the concrete two-state datum
the constraint-satisfying split is the canonical one with genuinely nonzero forward circulation 1/2 and strictly negative reverse entry -1/4. Assumption scope:
Positivity of the finite law is the only analytic input and licenses the divisions; no stationarity hypothesis, no generator contract, and no nonnegativity claim for
the circulation part enter the statements. Semantic disposition: formalized.

16.166.1 Lean sketch

import FepSketches.law_weighted_split
namespace FEP166
open FEP.LawWeightedSplit FEP.HelmholtzAoNess FEP

variable {State : Typex} [Fintype State] {rate S A : State » State » R}
{law : FinitelLaw State}

/-- *%Competing-pair uniqueness of the law-weighted split.%x A positive
finite law ‘p" and a rate field written ‘rate = S + A' with ‘S‘ ‘p‘-reversible
and ‘A' ‘p‘-skew force ‘S' and ‘A‘ to be exactly the canonical
‘symmetricPart' and ‘circulationPart‘ of fep-160. -/
theorem fep166_split_unique

(hSupport : V i, 0 < law i)

(hS:vigj, lawi*xSij=7Taw j*S ji)

(hA : Vij, lawixAij=-(law j %A ji))

(hSum : Vi j, ratei j=S1ij+A1ij:

S = symmetricPart rate law A A = circulationPart rate law :=

FEP.LawWeightedSplit.fep166_split_unique hSupport hS hA hSum

/-- The reversible boundary in uniqueness form: a ‘p‘-reversible rate field
has the canonical split (W, 0)‘. -/
theorem fepl66_reversible_split_unique
(hSupport : V i, 0 < law i)
(hRev : Vi j, law i * rate 1 j = law j % rate j i) :
rate = symmetricPart rate law A (¥ i j, circulationPart rate law i j = 0) :=
FEP.LawWeightedSplit.fepl66_reversible_split_unique hSupport hRev
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/-- Full support of the t-0060 witness law ‘p = (1/3, 2/3)‘. -/
theorem fep166_twoByTwo_support (i : Fin 2) :
0 < twoByTwolLaw i :=
FEP.LawWeightedSplit.fep166_twoByTwo_support i

/-- The t-0060 datum satisfies every constraint clause of the law-weighted
split: ‘S is ‘p‘-reversible, ‘A‘ is ‘p‘-skew, and ‘W = S + A' entrywise. -/
theorem fep166_twoByTwo_predicates :
(Vv i j : Fin 2, twoByTwolLaw i % twoByTwoS i j = twoByTwoLaw j % twoByTwoS j i) A
(Vi 3j: Fin 2,
twoByTwoLaw i % twoByTwoA i j = -(twoByTwolLaw j % twoByTwoA j i)) A
(Vi j : Fin 2, twoByTwoW i j = twoByTwoS i j + twoByTwoA i j) :=
FEP.LawWeightedSplit.fep166_twoByTwo_predicates

/-- The datum's constraint-satisfying split is exactly the canonical
‘symmetricPart‘/‘circulationPart® pair. -/
theorem fep166_twoByTwo_split_canonical :
twoByTwoS = symmetricPart twoByTwoW twoByTwolLaw A
twoByTwoA = circulationPart twoByTwoW twoByTwolLaw :=
FEP.LawWeightedSplit.fep166_twoByTwo_split_canonical

/-- The datum exhibits a genuinely nonzero circulation ‘1/2" on the forward
edge. -/
theorem fepl166_twoByTwo_circulation_nonzero :
circulationPart twoByTwoW twoByTwoLaw (0 : Fin 2) (1 : Fin 2) =1 / 2 :=
FEP.LawWeightedSplit.fep166_twoByTwo_circulation_nonzero

/-- The reverse edge carries the opposite, strictly negative circulation
‘-1/4": the circulation part is not a nonnegative rate field. -/
theorem fep166_twoByTwo_circulation_negative :
circulationPart twoByTwoW twoByTwoLaw (1 : Fin 2) (0 : Fin 2) = -1 / 4 :=
FEP.LawWeightedSplit.fep166_twoByTwo_circulation_negative

end FEP166

16.166.2 Typeset statement signatures

{State : Type"} [Fintype State] {rate S A : State = State = R}
(hSupport : V4,0 < law i) (hS : Vij,lawi-Sij=lawj- S ji)
(hA: Vij lawi- Aij=—(lawj- Aji))

(hSum : Vij rateij=Sij+ Aij)

S = symmetricPart rate law A A = circulationPart rate law

{State : Type"} [Fintype State] {rate S A : State = State = R}
(hSupport : Vi,0 < lawi) (hRev : Vi j,lawi - ratei j = law j - rate j4)

rate = symmetricPart rate law A (Vi j, circulationPart rate law ¢ j = 0)

{State : Type"} [Fintype State] {rate S A : State = State = R}
(i : Fin2)
0 < twoByTwolaw ¢

{State : Type"} [Fintype State| {rate S A : State = State = R}

(Vij: Fin2,twoByTwolLaw i - twoByTwoS i j = twoByTwolaw j - twoByTwoS j )

A (Vij: Fin2,twoByTwolaw i - twoByTwoA i j = —(twoByTwolaw j - twoByTwoA j
i)) A (Yij: Fin2,twoByTwoW i j = twoByTwoS i j + twoByTwoA i j)

{State : Type"} [Fintype State] {rate S A : State = State = R}
twoByTwoS = symmetricPart twoBy TwoW twoByTwolLaw A twoByTwoA = circulationPart
twoByTwoW twoByTwolLaw

{State : Type*} [Fintype State] {rate S A : State = State = R}
circulationPart twoBy TwoW twoByTwoLaw (0 : Fin2) (1 : Fin2) = 1/2

PO
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{State : Type"} [Fintype State] {rate S A : State = State = R}

o . . (7123)
circulationPart twoBy TwoW twoByTwolaw (1 : Fin2) (0 : Fin2) = —1/4

16.167 fep-167 — Frobenius Least-Squares Projection of the Symmetrizer

For symmetric S the squared Frobenius norm splits exactly as Il H - SII*2 = Il H - symmetrize HII*2 + Il symmetrize H - SII*2, the symmetrizer minimizes the
squared distance among symmetric matrices with equality exactly at the symmetrizer, the symmetric minimizer is unique, and the concrete nonsymmetric datum
[[0,1],[0,0]] carries residual exactly 1/2. Assumption scope: Matrix projection only, no differentiability, no continuum Clairaut theorem, no Bregman-projection
existence/uniqueness claim. Semantic disposition: formalized.

16.167.1 Lean sketch

import FepSketches.geometric_mechanics
namespace FEP167
open FEP.GeometricMechanics

/-- %xxfep-167 (exact Frobenius Pythagoras).xx For symmetric ‘S‘ the squared
Frobenius norm splits exactly across the symmetrization residual and the
projection residual. -/
theorem fep167_frobenius_pythagoras {n : N} (H S : Fin n > Fin n > R)

(hS : SymmetricOf S) :

frobeniusSq (H - S)

= frobeniusSq (H - symmetrize H) + frobeniusSq (symmetrize H - S) :=
FEP.GeometricMechanics.fep167_frobenius_pythagoras H S hS

/-- *xfep-167 (minimality with the equality boundary).xx ‘symmetrize H‘ is
the Frobenius least-squares approximation of ‘H' among symmetric matrices,
with equality exactly at ‘S = symmetrize H'. -/
theorem fepl67_symmetrize_minimizes {n : N} (H S : Fin n » Fin n > R)

(hS : SymmetricOf S) :

frobeniusSq (H - symmetrize H) < frobeniusSq (H - S)

A (frobeniusSq (H - symmetrize H) = frobeniusSq (H - S) e S = symmetrize H) :=
FEP.GeometricMechanics.fepl167_symmetrize_minimizes H S hS

/-- *xfep-167 (uniqueness).x% Any symmetric ‘S‘ attaining the minimal
squared Frobenius distance to ‘H' coincides with ‘symmetrize H'. -/
theorem fep167_projection_unique {n : N} (H S : Fin n > Fin n > R)

(hs : SymmetricOf S)

(hmin : V T : Fin n > Fin n > R, SymmetricOf T -

frobeniusSq (H - S) < frobeniusSq (H - T)) :
S = symmetrize H :=
FEP.GeometricMechanics.fep167_projection_unique H S hS hmin

/-- *xfep-167 (residual example).xx The nonsymmetric datum
‘[[o, 1], [0, 0]]" has squared Frobenius projection residual ‘1/2 # 0‘. -/
theorem fepl67_residual_example :
frobeniusSq (fepl67ResidualH - symmetrize fepl67ResidualH) =1 / 2
A frobeniusSq (fepl67ResidualH - symmetrize fepl67ResidualH) # 0 :=
FEP.GeometricMechanics.fep167_residual_example

end FEP167

16.167.2 Typeset statement signatures
{n:N} (HS : Finn = Finn = R) (hS : SymmetricOf S)
frobeniusSq (H — S) = frobeniusSq (H — symmetrize H) + frobeniusSq (724)
(symmetrize H — 5)

{n: N} (HS : Finn = Finn = R) (hS : SymmetricOf S)
frobeniusSq (H — symmetrize H) < frobeniusSq (H — S) A (frobeniusSq (H (725)
— symmetrize H) = frobeniusSq (H — S) <> S = symmetrize H)

274



{n:N}(H S :Finn = Finn = R) (hS : SymmetricOf S) (hmin : VT : Finn = Fin
n = R, SymmetricOf T = frobeniusSq (H — S) < frobeniusSq (H —T)) (726)
S = symmetrize H

frobeniusSq (fep167ResidualH — symmetrize fep167ResidualH) = 1/2 A frobeniusSq

727
(fep167ResidualH — symmetrize fep167ResidualH) # 0 (727)
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16.168 fep-168 — Quantitative Control of the Uncancelled Divergence Remainder

On the fep-163 carrier the weighted divergence equals dot (divQ DQ) g under the cancellation hypotheses, the squared Cauchy-Schwarz budget (weightedDi-
vergence)2 <= (sum r_i"2)(sum g_i*2) bounds the uncancelled remainder with its abs-product corollary, and equality is attained on aligned nonzero data with
norm(g)"2 = 1. Assumption scope: Quantitative budget on the fep-163 finite derivative-data carrier; the coupling hypothesis is sufficient-not-necessary (slot =
dot(Qg, dlogp)); no PDE-discretization or entropy-production claim. Semantic disposition: formalized.

16.168.1 Lean sketch

import FepSketches.geometric_mechanics
namespace FEP168
open FEP.GeometricMechanics

/-- %xxfep-168 (remainder identity).x% Under ‘Q‘ skew, ‘H‘ symmetric, and the
stationary coupling ‘dlogp = -g‘, the weighted divergence of the candidate
current is exactly the remainder dot product ‘dot (divQ DQ) g‘. -/
theorem fep168_weightedDivergence_eq_remainderDot {n : N} (Q H DQ : Fin n > Fin n > R)
(g dlogp : Fin n > R) (hQ : SkewSymmetric Q) (hH : SymmetricOf H)
(hcoup : V i, dlogp i = -g i) :
weightedDivergence Q H DQ g dlogp = dot (divQ DQ) g :=
FEP.GeometricMechanics.fep168_weightedDivergence_eq_remainderDot Q H DQ g dlogp
hQ hH hcoup

/-- *xfep-168 (squared remainder budget).xx The uncancelled remainder obeys
the squared Cauchy-Schwarz budget ‘(weightedDivergence ..)2 = (¥ 112)(} gi2)"
with *r = divQ DQ‘. -/
theorem fepl168_remainder_sq_budget {n : N} (Q H DQ : Fin n » Fin n > R)

(g dlogp : Fin n > R) (hQ : SkewSymmetric Q) (hH : SymmetricOf H)

(hcoup : V i, dlogp i = -g i) :

(weightedDivergence Q H DQ g dlogp) * 2

< dot (divQ DQ) (divQ DQ) % dot g g :=
FEP.GeometricMechanics.fep168_remainder_sq_budget Q H DQ g dlogp hQ hH hcoup

\ \

/-- xxfep-168 (absolute budget).xx The squared budget restated over ‘abs
products, with no square roots. -/
theorem fep168_absolute_budget {n : N} (Q HDQ : Fin n » Fin n » R)
(g dlogp : Fin n > R) (hQ : SkewSymmetric Q) (hH : SymmetricOf H)
(hcoup : V i, dlogp i = -g i) :
abs (weightedDivergence Q H DQ g dlogp) * abs (weightedDivergence Q H DQ g dlogp)
< dot (divQ DQ) (divQ DQ) % dot g g :=
FEP.GeometricMechanics.fep168_absolute_budget Q H DQ g dlogp hQ hH hcoup

/-- *xxfep-168 (equality attained).*xx On the aligned datum — ‘witnessQ‘ skew,
‘fep168AlignedH = diag(1, 2)‘ symmetric, ‘DQ = remainderDQ‘ (so
‘divQ DQ = (1, 0)'), and the aligned gradient ‘fep168AlignedG = (1, 0)‘ with
the canonical coupling - the squared budget is attained with equality and the
data is nonzero. -/
theorem fep168_equality_attained :
(weightedDivergence witnessQ fep168AlignedH remainderDQ fep168AlignedG
(fun i = -fep168AlignedG 1)) * 2
= dot (divQ remainderDQ) (divQ remainderDQ) % dot fep168AlignedG fep168AlignedG
A dot fepl68AlignedG fepl168AlignedG # 0 :=
FEP.GeometricMechanics.fep168_equality_attained

end FEP168

16.168.2 Typeset statement signatures
{n: N} (QHDQ: Finn = Finn = R) (gdlogp : Finn = R)
(hQ : SkewSymmetric Q) (hH : SymmetricOf H) (hcoup : Vi, dlogpi = —g1) (728)
weightedDivergence @ H DQ g dlogp = dot (divQ DQ) g

{n:N}(QHDQ:Finn = Finn = R) (gdlogp : Finn = R)
(hQ : SkewSymmetric Q) (hH : SymmetricOf H) (hcoup : Vi, dlogpi = —g1) (729)
(weightedDivergence Q H DQ g dlogp)? < dot (divQ DQ) (divQ DQ) - dot g g
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{n: N} (QHDQ: Finn = Finn = R) (gdlogp : Finn = R)

(hQ : SkewSymmetric Q) (hH : SymmetricOf H) (hcoup : Vi,dlogpi = —g )
abs (weightedDivergence Q H DQ g dlogp) - abs

(weightedDivergence Q H DQ g dlogp) < dot (divQ DQ) (divQ DQ) - dotg g

(730)

(weightedDivergence witnessQ fep168AlignedH remainderDQ fep168AlignedG (A i - —fepl168AlignedG
i))? = dot (divQ remainderDQ) (divQ remainderDQ) - dot fep168AlignedG (731)
fepl68AlignedG A dot fep168AlignedG fep168AlignedG # 0
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17 Appendix C: Typeset Equations

17.1 fep-001 — Variational Free Energy Bound
{a : Type"} [MeasurableSpace a]
(approximation posterior : Measure ) (surprisal : R3j)

surprisal < fep001_variationalUpperBound approximation posterior surprisal

{a : Type"} [MeasurableSpace «]
(approximation posterior : Measure «) [IsFiniteMeasure approximation]
[IsFiniteMeasure posterior|

fep001_variationalGap approximation posterior = 0 <+ approximation = posterior

{a : Type"} [MeasurableSpace ]

(approximation posterior : Measure «) [IsFiniteMeasure approximation]
[IsFiniteMeasure posterior] {surprisal : RZy} (hsurprisal : surprisal # co)
fep001_variationalUpperBound approximation posterior surprisal = surprisal

<+ approximation = posterior

17.2 fep-002 — Variational Evidence Bound via KL Divergence

{a : Type"} [MeasurableSpace a]
(i : Measure ) [IsProbabilityMeasure 1)
pnl=1

{a : Type"} [MeasurableSpace a

(1 : Measure «) [IsProbabilityMeasure 1] {s : Set a} (hs : MeasurableSets)
(hfin: pus+T)

ps=1—pus

{a : Type"} [MeasurableSpace o]

(logEvidence freeEnergy kIDiv : R) (h_decomp : logEvidence = freeEnergy + kIDiv)
(h_kI_nonneg : 0 < kIDiv)

freeEnergy < logEvidence

{a : Type"} [MeasurableSpace o]
(q posterior : Measure ) (surprisal : R%})

surprisal < fep002_variationalFreeEnergy q posterior surprisal

{a : Type"} [MeasurableSpace o]
(posterior : Measure «) [SigmaFinite posterior] (surprisal : RS))

fep002_variationalFreeEnergy posterior posterior surprisal = surprisal

17.3 fep-003 — Discounted Pragmatic Cost
(discount : R%,) (stageCost : N = RZG)

fep003_pragmaticCost discount stageCost 0 = 0

(discount : RY) (stageCost : N = RZY,) (horizon : N)
fep003_pragmaticCost discount stageCost (horizon + 1) = fep003_pragmaticCost

horizon

discount stageCost horizon + discount - stageCost horizon

(discount : RSY) {cost; cost, : N = R,
(hcost : Vt,cost, t < costyt) (horizon : N)
fep003_pragmaticCost discount cost; horizon < fep003_pragmaticCost discount

cost, horizon

(discount : RY) (stageCost : N = RY) (horizon : N)
fep003_pragmaticCost discount stageCost horizon < fep003_pragmaticCost discount
stageCost (horizon + 1)

22(0)

(732)
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17.4 fep-004 — Finite Diagonal Fisher Metric
{¢: Type"} [Fintype (] (informationuv : ¢ = R)

fep004_fisherMetric information u v = fep004_fisherMetric information v u

{v: Type"} [Fintype ] (informationv : ¢ = R)
(hinformation : Vi, 0 < information ¢)
0 < fep004_fisherMetric information v v

{v: Type"} [Fintype ] (informationv : ¢ = R)
(hinformation : Vi,0 < information )
fep004_fisherMetric informationvv = 0 <> Vi,v1 =0

17.5 fep-005 — Four-Block State Partition
(assign : Fin 20 = BlkPart) (i j : BlkPart) (hij : ¢ # j)
Disjoint (fep005_partitionCover assign i) (fep005_partitionCover assign j)

(assign : Fin 20 = BlkPart)
Vs : Fin 20, 3k : BlkPart, s € fep005_partitionCover assign k

(assign : Fin20 = BlkPart) (s : Fin20) (k : BlkPart)
s € fep005_partitionCover assign k <> assigns = k

(assign : Fin 20 = BlkPart) (s : Fin 20)
31k : BlkPart, s € fep005_partitionCover assign k

17.6 fep-006 — Measurable Discrete-Time Flow

{o: Type'}
[MeasurableSpace o] {step : @ = a} (hstep : Measurable step) (time : N)
Measurable (fep006_iterateFlow step time)

{o: Type'}
(step: o = «)
fep006_iterateFlow step 0 = id

{a: Type'}

(step: @ = ) (mn : N) (state : @)

fep006_iterateFlow step (m + n) state = fep006_iterateFlow step m
(fep006_iterateFlow step n state)

{o: Type'}
(step : @ = «) {state : a} (hfixed : Function.IsFixedPt step state) (time : N)
fep006_iterateFlow step time state = state

17.7 fep-007 — Normalized Finite Sum-Product Message
(1 : Node = Node = R) (i j : Node) (h) : 0 < pij) (hj: 0 <pji)
0<9ij-vji
(1 : Node = Node = R) (msg : Node = R) (IV : Finset Node) (i : Node)
(hp : 7,0 < i §) (hm : ¥, 0 < msg j)
0<> jEN,Yij-msgj
(1 : Node = Node = R) (mq my : Node = R) (IV : Finset Node) (7 : Node)
(h: V5,0 < 4pij) (h:Vje N,myj<myj)
D JENWijmj<Y GENPijmyj
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(1 : Node = Node = R) (V : Finset Node) (i : Node)

758
> JENpij-(0:R)=0 =
(1) : Node = Node = R) (incoming : Node = R) (neighbors : Finset Node) (i : Node)
hne : neighbors.Nonempty) (hv : Vj € neighbors,0 < i j
(759)
(hincoming : V;j € neighbors, 0 < incoming j)
0 < fep007_messageNormalizer 1 incoming neighbors ¢
(1) : Node = Node = R) (incoming : Node = R) (neighbors : Finset Node)
(7 j : Node) (hne : neighbors.Nonempty) (h1) : Vk € neighbors, 0 < i k) (760)
(hincoming : Vk € neighbors, 0 < incoming k)
0 < fep007_normalizedMessage 1) incoming neighbors i j
(1) : Node = Node = R) (incoming : Node = R) (neighbors : Finset Node) (i : Node)
(hne : neighbors.Nonempty) (ht) : Vj € neighbors,0 < 11 j)
(hincoming : V;j € neighbors, 0 < incoming j) (761)
Zj € neighbors, fep007_normalizedMessage v incoming neighborsi j = 1
17.8 fep-008 — Finite Policy Objective Minimizer
(policies : Finset Policy) (hne : policies.Nonempty) (G : Policy = R) 762)
Jp € policies, Vp’ € policies, Gp < Gp’
(policies : Finset Policy) (j,ne : policies.Nonempty) (G : Policy = R)
(pp’ : Policy) (hp : p € policies) (hp : p’ € policies) (763)
(hmin : Vp” € policies, G p < G p”) (hmin’ : ¥p” € policies, G p’ < G'p”)
Gp=Gyp
(policies : Finset Policy) (hne : policies.Nonempty) (G : Policy = R) (764)

Jp € policies, Vp’ € policies, Gp’ < Gp

(policies : Finset Policy) (G : Policy = R) (p : Policy) (,p : p € policies)
(hmin : Vp’ € policies, Gp < Gp’) (765)
Vp' € policies,Gp < G p’

17.9 fep-009 — Conditional Independence Laws
{Q : Type"} [mf) : MeasurableSpace(?] [StandardBorelSpace 2] {a 3 : Type"}
[MeasurableSpace «] [MeasurableSpace/3]
(m’my m, : MeasurableSpace(2) (hm” : m’ < mQ) (1 : @MeasureQ m{2) (766)
[IsFiniteMeasure 1] (h : CondIndep m’m, my hm’ 1)

CondIndep m/m, m, hm'

{Q: Type"} [mf) : MeasurableSpace(?] [StandardBorelSpace 2] {« 3 : Type"}

[MeasurableSpace ] [MeasurableSpace(]

(m’m, : MeasurableSpaceQ) (hm” : m’ < mQ) (1 : @MeasureQ m<Q) (767)
(IsFiniteMeasure ]

CondIndepm’m, Lhm’ i

{Q : Type™} [mQ : MeasurableSpace()] [StandardBorelSpace Q] {a 3 : Type*}
[MeasurableSpace o] [MeasurableSpace/3]

(1 : Measure «) (v : Measuref3) (s : Set a) (¢ : Set )

0<us-vt

(768)
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{Q : Type"} [mQ : MeasurableSpace] [StandardBorelSpace Q] {a 3 :
[MeasurableSpace « [MeasurableSpace/3]

{p: Measure o} {st: Seta}(h:sCt)

pns < ut

{Q : Type"} [m : MeasurableSpace(?] [StandardBorelSpace Q] {a 3 :
[MeasurableSpace « [MeasurableSpace/3]

(1 : Measure o) {f : o = B} (j,f : Measurable f) (s : Set )
0<umapfs

{Q: Type"} [m : MeasurableSpace(?] [StandardBorelSpace Q] {a 3 :
[MeasurableSpace «] [MeasurableSpace/3]

(1 : Measure «)

wh=0

{Q : Type"} [mQ : MeasurableSpace)] [StandardBorelSpace Q] {a 3 :
[MeasurableSpace o [MeasurableSpace/3]

(1 : Measure «) (st : Set )

plsUt) <ps+pt

17.10 fep-010 — Detailed Balance Implies Invariance
{a : Type"} [MeasurableSpace o]
(k : Kernel a ) (7 : Measure ) [IsMarkovKernel k]
(hrev : Kernel.IsReversible x )

Kernel.lnvariant Kk

{a : Type"} [MeasurableSpace o]
(m : Measure )

Kernel.IsReversible (Kernel.id : Kernel avcx)

{a : Type"} [MeasurableSpace o]
(7 : Measure )

Kernel.Invariant (Kernel.id : Kernel o)

{a : Type"} [MeasurableSpace a
(k : Kernel « @) (7 : Measure &) (hinv : Kernel.Invariant k )

w.bindk =7

{a : Type"} [MeasurableSpace o]
(km : Kernel v @) (7 : Measure a) (hx : Kernel.Invariant 5 )
(hn : Kernel.Invariantn )

Kernel.Invariant (k o), ) 7

17.11 fep-011 — Surprise and Self-Information
{z:R}(hx:1<x)
0 < Real.logx

{u:R}(hu:0<w)(hul:u<1)
0 < fep011_surprise u

{ab:R}(ha:0<a)(hb:0<b)
fep011_surprise (a - b) = fep011_surprise a + fep011_surprise b

fep011_surprise1 =0

P LY

Type*}

Type'}

Type'}

Type'}

(769)
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(771)
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(778)
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{pq:R}(hp:0<p)(h:p<q)
fep011_surprise ¢ < fep011_surprise p

{p:R}(hp:0<p)
fep0ll_surprisep =0 p=1

{pa:R}(hp:0<p)(hpg:p<q)
fep011_surprise ¢ < fep011_surprise p
17.12 fep-012 — Finite Policy Shannon Entropy Regularization
(¢ : Policy = R) (hq : Vp,qp € Set.lcc (0 : R) 1)
0 < fep012_policyEntropy g

(chosen : Policy)
fep012_policyEntropy (Ap > if p = chosenthen 1 else0) = 0

(gcost : Policy = R) (7: R) (h7: 0 < 1) (hq : Vp,qp € Set.lcc (0 : R) 1)
fep012_entropyRegularizedCost ¢ cost 7 < fep012_expectedCost ¢ cost

(g cost : Policy = R)

fep012_entropyRegularizedCost ¢ cost 0 = fep012_expectedCost g cost
(G : Policy = R) (s : Finset Policy)
0< Zp € s,Real.exp (—G p)

(G : Policy = R) (s : Finset Policy) (hne : s.Nonempty)
0< Zp € s, Real.exp (—G p)

(G Gy : Policy) (G : Policy = R) (h: GG, < GG,)
Real.exp (—G G5) < Real.exp (—G G)

17.13 fep-013 — Equilibrium Helmholtz Differential Identities
(US:R)
fep013_helmholtzU 0 S = U

(UT:R) (S8 :R)(hT:0<T)(h:5,<S,)
fep013_helmholtzU T' S, < fep013_helmholtzU T' .S,

(U, U, TS:R)(h:U; <Uy)
fep013_helmholtzU; T'S < fep013_helmholtzU, T' S

(U, U, TS, S, :R)
fep013_helmholtz U, T' Sy — fep013_helmholtzU; T'S; = (Uy —Uy) =T - (S5 — S4)

{US:R= R}{U'S'T : R} (hU : HasDerivAt U U’T) (hS : HasDerivAt S S'T)
HasDerivAt (At > fep013_helmholtz (U t)t (St)) (U — (ST +T-S')T

{US:R=R}{U'S'T : R} (hU : HasDerivAt U U'T) (hS : HasDerivAt .S S’T)
(hfirstLaw : U' =T - 5")
HasDerivAt (At i fep013_helmholtz (U t)t (St)) (—=ST)T
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17.14 fep-014 — KL Divergence: Non-Negativity, Identity, and Chain Rule
{a : Type"} [MeasurableSpace «]

(v : Measure «)

0 < InformationTheory .kIDiv p v

{a : Type"} [MeasurableSpace a]
(14 : Measure «) [SigmaFinite y]
InformationTheory .kIDiv u pt = 0

{a : Type"} [MeasurableSpace o]
(1 v : Measure «) [IsFiniteMeasure p] [IsFiniteMeasure v

InformationTheory kIDivpyry =0 < p=v

{a : Type"} [MeasurableSpace o]

(v : Measure ) (k7 : Kernel a ) [IsFiniteMeasure y] [IsFiniteMeasure v/]
[IsMarkovKernel k] [IsMarkovKernel 7]

InformationTheory .kIDiv (¢ ®,,, k) (¥ ®,,, 1) = InformationTheory.kIDiv 11 v
+ InformationTheory kIDiv (11 ®,,, k) (i ®,,, 1)

17.15 fep-015 — Measurable Variational Integrand

{a : Type"} [MeasurableSpace o]
{energy logApproximation logGenerative : & = R} (henergy : Measurable energy)
(happroximation : Measurable logApproximation)

(hgenerative : Measurable logGenerative)

Measurable (fep015_variationallntegrand energy logApproximation logGenerative)

{a : Type"} [MeasurableSpace a]

{B : Type"} [MeasurableSpace(] {energy logApproximation logGenerative : o = R}

{reparameterize : § = a} (henergy : Measurable energy)

(happroximation : Measurable logApproximation)

(hgenerative : Measurable logGenerative)

(hreparameterize : Measurable reparameterize)

Measurable (fep015_variationallntegrand energy logApproximation logGenerativeo

reparameterize)

{a : Type"} [MeasurableSpace o]

{energy logApproximation logGenerative : &« = R} (henergy : Measurable energy)
(happroximation : Measurable logApproximation)

(hgenerative : Measurable logGenerative) (baseline : R)

Measurable (A state — fep015_variationallntegrand energy logApproximation

logGenerative state + baseline)

17.16 fep-016 — Exact Scalar Quadratic Laplace Kernel

(precx p: R) (hp : 0 < prec)
0 < prec- (z — p)?

(zp:R)

(x—p)?=(n—2)°
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(xp:R)
(z—p)? =2 =2 p-x+p?

{precision : R} (hprecision : 0 < precision)
MeasureTheory.Integrable (fep016_laplaceKernel precision)

{precision : R} (hprecision : 0 < precision)
(/x : R, fep016_laplaceKernel precision ) = Real.sqrt

(Real.pi/(precision/2))

17.17 fep-017 — Posterior Kernel Reconstruction
{QX : Type"} [MeasurableSpace(?] [MeasurableSpaceX]
(k : Kernel Q) (1 : MeasureQ)) [StandardBorelSpace 2] [Nonempty Q]
[IsFiniteMeasure p] [IsFiniteKernel k] (z : ')
fep017_posterior k pax 2 =1

{QX : Type"} [MeasurableSpace(?] [MeasurableSpaceX]

(k : Kernel Q) (1 : Measure)) [StandardBorelSpace 2] [Nonempty Q]
[IsFiniteMeasure p] [IsFiniteKernel k]

(Ko, 1) ®,, fep017_posteriorx p = (1 ®,,, #).map Prod.swap

{QX : Type"} [MeasurableSpace(?] [MeasurableSpaceX]
(K : Kernel Q) (1 : Measure)) [StandardBorelSpace 2] [Nonempty Q]
[IsFiniteMeasure p] [IsMarkovKernel |

fep017_posterior K 1o, Ko, [ = [t

{QX : Type"} [MeasurableSpace(?] [MeasurableSpaceX]

[Countable Q] [StandardBorelSpace 2] [Nonempty ] [StandardBorelSpace X
[Nonempty X] (k : Kernel Q. X) (i : MeasureQ) [IsFiniteMeasure p]
[IsFiniteKernel k]

V&€ xd(ko,, i), fep017_posterior k 1 & = p.withDensity

(Aw = (Kw).mDeriv (Ko, p)x)

17.18 fep-018 — Bernoulli Fisher-Rao Coordinate Distance
(pg:R)
0 < fep018_fisherRaoDistance p q

(pq:R)
fep018_fisherRaoDistance p ¢ = fep018_fisherRaoDistance g p

(pgr:R)
fep018_fisherRaoDistance p rr < fep018_fisherRaoDistance p q
+ fep018_fisherRaoDistance ¢ r

{pq:R}(hp:p € Set.lec(0:R) 1) (hq:q € Set.lec(0: R) 1)
fep018_fisherRaoDistancepqg =0 <> p = ¢
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17.19 fep-019 — Prior-Predictive Kernel Composition

{QXY : Type"} [MeasurableSpace(2] [MeasurableSpaceX'] [MeasurableSpace]
(k : Kernel QX)) (v : MeasureQQ) [IsMarkovKernel ]
fep019_priorPredictive k 1 2 = pu 2

{QX Y : Type"} [MeasurableSpace()] [MeasurableSpaceX ] [MeasurableSpaceY]
(K : Kernel Q. X) (1 : MeasureQ) [IsProbabilityMeasure p] [IsMarkovKernel x|
fep019_priorPredictivek u§2 = 1

{QX Y : Type"} [MeasurableSpace)] [MeasurableSpaceX’ | [MeasurableSpaceY]
(K : Kernel QX)) (n : Kernel X'Y) (v : MeasureQ)
7 o, fep019_priorPredictive x p = fep019_priorPredictive (1 o), k) 11

17.20 fep-020 — Two-State Markov Relaxation

{a: R} (ha0:0 < a) (hal : a < 1) (sourcetarget : Bool)
0 < fep020_transition o source target

(v : R) (source : Bool)

Z target : Bool, fep020_transition a:source target = 1

(ap:R)

fep020_evolveap =a+ (1—2-a)-p
(a:R)
fep020_evolve v (1/2: R) = 1/2

(ap:R)

fep020_evolveap —1/2=(1—2-a) - (p —1/2)
(ap:R)(n:N)
((fep020_evolve a)n))p —1/2 = (1 —2-a)" - (p — 1/2)

{a:R}(ha0:0< a) (hal:a<1)(p:R)
Filter. Tendsto (An - ((fep020_evolve a)n]) p) Filter.at Top
(nhds (1/2: R))

17.21 fep-021 — EFE Epistemic—Pragmatic Balance
(pragmaticCost epistemicValue : RSj)

0 < fep021_expectedFreeEnergy pragmaticCost epistemicValue

{pragmaticCost epistemicValue : RS}

(hvalue : epistemicValue < pragmaticCost)

fep021_expectedFreeEnergy pragmaticCost epistemicValue + epistemicValue
= pragmaticCost

{pragmatic, pragmatic, epistemicValue : R}
(hpragmatic : pragmatic; < pragmatic,)
fep021_expectedFreeEnergy pragmatic, epistemicValue < fep021_expectedFreeEnergy

pragmatic, epistemicValue

{pragmaticCost epistemic, epistemicy : R3y}
(hepistemic : epistemic, < epistemic,)
fep021_expectedFreeEnergy pragmaticCost epistemic, < fep021_expectedFreeEnergy

pragmaticCost epistemic,

(pragmaticCost epistemicValue : IRE%)
fep021_expectedFreeEnergy pragmaticCost epistemicValue = 0 <+ pragmaticCost

< epistemicValue
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17.22 fep-022 — Posterior-Predictive Kernel and Brier Properness
{€QX : Type"} [MeasurableSpaceC] [MeasurableSpace(2] [MeasurableSpaceX]
(posterior : Kernel € Q) (likelihood : Kernel 2 ') [IsMarkovKernel posterior]
[IsMarkovKernel likelihood] (¢ : €)
fep022_posteriorPredictive posterior likelihood ¢ 2 = 1

(835)

{€QX : Type"} [MeasurableSpaceC] [MeasurableSpace()] [MeasurableSpaceX]
(Pg:R) (836)
fep022_brierScorepg =p - (1 —p) + (¢ — p)?

{€ QX : Type"} [MeasurableSpaceC] [MeasurableSpace()] [MeasurableSpaceX]
(Pq:R) (837)
fep022_brierScorepg=p-(1—p) < qg=p

{€ QX : Type"} [MeasurableSpaceC] [MeasurableSpace()] [MeasurableSpaceX]
(posterior : Kernel € Q) (likelihood : Kernel £2Bool) (¢ : €) (p : R) 038
fep022_brierScore p (fep022_predictiveTrueMass posterior likelihood ¢) = p (838)

- (1 — p) + (fep022_predictiveTrueMass posterior likelihood ¢ — p)?

17.23 fep-023 — Policy-Indexed Reachable Laws

{Policy Outcome : Type"} [MeasurableSpaceOutcome]
(policies : Set Policy) (law : Policy = MeasureOutcome) {policy : Policy} (839)
(hpolicy : policy € policies)

law policy € fep023_reachableLaws policies law

{Policy Outcome : Type"} [MeasurableSpaceOutcome]
{policies, policies, : Set Policy} (law : Policy = MeasureOutcome) (840)
(hpolicies : policies; C policiess)

fep023_reachableLaws policies; law C fep023_reachableLaws policies, law

{Policy Outcome : Type"} [MeasurableSpaceOutcome]

(policies : Set Policy) (law : Policy = MeasureOutcome)

(hlaw : Vpolicy € policies, law policy Q = 1) {1 : MeasureOutcome} (841)
(hp : o € fep023_reachableLaws policies law)

p=1

{Policy Outcome : Type"} [MeasurableSpaceOutcome]
(law : Policy = MeasureOutcome) (842)
fep023_reachableLaws () : Set Policy) law = (}

17.24 fep-024 — KL Regularization in Objectives
{a : Type"} [MeasurableSpace «]
(base weight : RSY) (approximation prior : Measure ) (843)
base < fep024_kIRegularizedObjective base weight approximation prior

{a : Type"} [MeasurableSpace o]
(base : [R;CO) (approximation prior : Measure o) (844)

fep024_kIRegularizedObjective base 0 approximation prior = base

{a : Type"} [MeasurableSpace ]

(base : RSY) {weight, weight, : RY} (hweight : weight, < weight,)

(approximation prior : Measure «) (845)
fep024_kIRegularizedObjective base weight, approximation prior

< fep024_kIRegularizedObjective base weight, approximation prior
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{a : Type"} [MeasurableSpace «]
(base weight : RSY) (prior : Measure ) [SigmaFinite prior]
fep024_klIRegularizedObjective base weight prior prior = base

17.25 fep-025 — Conserved Nonequilibrium Probability Currents
{n : N} (flow : Matrix (Finn) (Finn)R) (¢j : Finn)
fep025_probabilityCurrent flow ¢ j§ = —fep025_probabilityCurrent flow j ¢

{n : N} (flow : Matrix (Finn) (Finn) R) (¢ : Finn)
fep025_probabilityCurrent flow i ¢ = 0
{n : N} (current : Matrix (Finn) (Finn) R)
(hcurrent : Vi j, currenti j = —current j4)

Z 1, fep025_divergence current? = 0

{n : N} (stationary : Finn = R) (transition : Matrix (Finn) (Finn)R)
(hrow : Vi, Zj, transition i j = 1) (hstationary : V7, Z i, stationary i
- transition i j = stationary j) (¢ : Finn)
fep025_divergence (fep025_transitionCurrent stationary transition) i = 0
(7:Fin3)
Zj, fep025_cycleTransitionij =1

(j:Fin3)
Z 1, fep025_cycleStationary i - fep025_cycleTransition ¢ j
= fep025_cycleStationary j

(¢:Fin3)
fep025_divergence fep025_cycleCurrentt = 0

fep025_cycleCurrent01 #£ 0

17.26 fep-026 — Negative-Log Prior Complexity

{ab:R}(ha:0 < a)(hab:a <b)
Real.loga < Real.logb

{ab:R}(ha:0<a)(hb:0<b)
Real.log (a/b) = Real.loga — Real.logb

{pq:R}(hp:0<p)(q:0<q)(h:p<gq)
fep026_priorComplexity ¢ < fep026_priorComplexity p

fep026_priorComplexity 1 = 0

{ab:R}(ha:0<a)(hb:0 < b)
fep026_priorComplexity (a - b) = fep026_priorComplexity a
+ fep026_priorComplexity b

{p:R}(hp: 0 <p)
fep026_priorComplexityp =0 << p =1

{pq:R}(hp:0<p)(hpg:p<q)
fep026_priorComplexity ¢ < fep026_priorComplexity p
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17.27 fep-027 — Hierarchical Kernel Factorization

{a B~ : Type"} [MeasurableSpace o] [MeasurableSpace(3] [MeasurableSpace]
(i : Measure &) (k : Kernel a 3) [IsProbabilityMeasure p] [IsMarkovKernel k]
fep027_hierarchicalJoint ux Q2 =1

{a B~ : Type"} [MeasurableSpace o] [MeasurableSpace(3] [MeasurableSpace]
(p : Measure ) (k : Kernel a 8) [SFinite ] [IsMarkovKernel ]
(fep027_hierarchicalJoint 1 ) .fst =

{a 3 : Type"} [MeasurableSpace o] [MeasurableSpace] [MeasurableSpace~]
(p : Measure ) (k : Kernel a §) [SFinite p] [IsSFiniteKernel &]
(fep027_hierarchicalJoint 1 £).snd = K o,,, 1

{a B~ : Type"} [MeasurableSpace ] [MeasurableSpacef3] [MeasurableSpace]
(v : Measure ) (k : Kernel a 8) (1 : Kernel (a X 8)7)
(fep027_hierarchicalJoint yt £ ®,,, 17).map MeasurableEquiv.prodAssoc

= fep027_hierarchicalJoint u (k ®;, 1)

17.28 fep-028 — Support-Aware Finite Softmax Policy

(7 : R) (G : Policy = R) (policies : Finset Policy) (p : Policy)
(hne : policies.Nonempty)
0 < fep028_softmaxy G policies p

(7: R) (G : Policy = R) (policies : Finset Policy) (p : Policy)
(hne : policies.Nonempty)
fep028_softmax y G policiesp < 1

(7 : R) (G : Policy = R) (policies : Finset Policy) (hne : policies.Nonempty)
Zp € policies, fep028_softmax y G policiesp = 1

(7 : R) (G : Policy = R) (policies : Finset Policy) {p : Policy}

(hp : p ¢ policies)

fep028_softmaxy G policiesp = 0
(7 : R) (G : Policy = R) (policies : Finset Policy) (hne : policies.Nonempty)
Zp : Policy, fep028_softmaxy G policiesp = 1

(7:R) (G : Policy = R) (p : Policy)
0 < Real.exp (—y - G p)

(7 : R) (G : Policy = R) (policies : Finset Policy) (hne : policies.Nonempty)
0< Zp’ € policies, Real.exp (—y - G'p’)

17.29 fep-029 — Quadratic Bregman Divergence

(abt:R)(ht0:0<¢t)(,t1:t<1)(hab:a <b)
(1—t)-a+t-b>a

(abt:R)(,t0:0<¢t)(htl:t <1)(hab:a <)
(I1—=t)-a+t-b<b

(ab:R)
(1-0)-a+0-b=a

(ab:R)
(1-1)-a+1-b=b
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(zy:R)

fep029_quadraticBregmanzy = (z — 1)

(zy:R)
0 < fep029_quadraticBregmanz y

(zy:R)
fep029_quadraticBregmanzy =0z =y
17.30 fep-030 — Maximum Entropy Principle
(p:R)
Real.binEntropy p < Real.log 2

(»:R)
Real.binEntropy p = Real.log2 «» p = (2: R)~!

m:N)(n:0<n)
0<(1:R)/n
(n:N)(hn:0<mn)
Z_ € Finset.rangen, (1 : R)/n=1

(n:N)(hn:1<mn)
0 < Real.logn
(n:N)(hn:0<mn)
— Z_ € Finset.rangen, (1: R)/n - Real.log ((1 : R)/n) = Real.logn

17.31 fep-031 — Finite Boltzmann—-Gibbs Weights
(BE:R)
0 < Real.exp (=3 - F)

(BELE; :R) (hB:0<B)(hE: By < Ey)
Real.exp (—3 - F5) < Real.exp (—3 - E;)

(B:R)(n:N)(E:Finn=R)(S : Finset (Finn)) (hS : S.Nonempty)
0< i€ S, Realexp(—3-Ei)

(B:R)(n:N)(FE:Finn = R)(S : Finset (Finn)) (hS : S.Nonempty)
(7 : Finn)

0 < fep031_gibbsProbability Sn E S'i

(B:R)(n:N)(E:Finn=R)(S: Finset (Finn)) (hS : S.Nonempty)
> i €S, fep031_gibbsProbability fn £ Si = 1

241

(877)

(878)

(879)

(880)

(881)

(882)

(883)

(884)

(885)

(886)

(887)

(888)

(889)

(890)



17.32 fep-032 — Exact Quadratic Gradient-Descent Dynamics

(stepcenterz : R) )
fep032_quadraticUpdate step center z — center = (1 — step) - (z — center)

(step center : R)
. (892)

fep032_quadraticUpdate step center center = center
(stepcenterz : R) (n : N)
((fep032_quadraticUpdate step center)!n]) z — center = (1 — step)™ (893)
- (z — center)
{step centerz : R} (hstep0 : 0 < step) (hstep2 : step < 2) 854)
(fep032_quadraticUpdate step center z — center)? < (x — center)?
{step : R} (hstep0 : 0 < step) (hstep2 : step < 2) (centerx : R)
Filter. Tendsto (An — ((fep032_quadraticUpdate step center)ln]) ) (895)
Filter.atTop (nhds center)

17.33 fep-033 — Finite-Horizon Bellman Recursion
tate : Type iscount : stageCost : State =
S Type*} (di RS C S RS
(step : State = State) (terminalCost : State = R})) (horizon : N)
(state : State) (896)
fep033_value discount stageCost step terminalCost (horizon + 1) state
= stageCost state + discount - fep033_value discount stageCost step terminalCost

horizon (step state)

{State : Type"} (discount : R})

{stage, stage, terminal, terminal, : State = Ry} (step : State = State)

(hstage : Vstate, stage, state < stage, state)

(hterminal : Vstate, terminal; state < terminal, state) (horizon : N) (897)
(state : State)

fep033_value discount stage; step terminal; horizon state < fep033_value

discount stage, step terminal, horizon state

{State : Type"} (discount : RY)) (step : State = State) (horizon : N)
(state : State) (898)
fep033_value discount (A _ +— 0) step (A_ > 0) horizon state = 0

{State : Type} (stageCost : State = R%})) (step : State = State)
(terminalCost : State = R3j) (horizon : N) (state : State) (899)
fep033_value 0 stageCost step terminalCost (horizon + 1) state = stageCost state

17.34 fep-034 — Normalized Bayesian Filtering
{QX : Type"} [MeasurableSpace(}] [MeasurableSpaceX]
(7 : Kernel Q) (11 : Measuref2) [IsMarkovKernel 7] (900)
fep034_predictivePrior 7 Q = 1 Q)

{QX : Type"} [MeasurableSpace(?] [MeasurableSpaceX]

(1 : Kernel Q) (k : Kernel Q1) (11 : Measure(?) [StandardBorelSpace (2]
[Nonempty Q] [IsFiniteMeasure y] [IsFiniteKernel 7] [IsFiniteKernel ] (z : X')
fep034_filtertk px Q =1

(901)
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{QX : Type"} [MeasurableSpace(2] [MeasurableSpaceX]

(7 : Kernel Q) (k : Kernel Q1) (1 : Measure() [StandardBorelSpace (2]
[Nonempty Q] [IsFiniteMeasure y| [IsFiniteKernel 7] [IsFiniteKernel |

(K o, fep034_predictivePrior T ;1) ®,,, fep034_filter Tk 11

= (fep034_predictivePrior 7 1 ®,,, k).map Prod.swap

{QX : Type"} [MeasurableSpace(2] [MeasurableSpaceX]

(7 : Kernel QQ) (k : Kernel QX)) (11 : Measure(?) [StandardBorelSpace (2]
[Nonempty Q] [IsFiniteMeasure y| [IsFiniteKernel 7] [IsMarkovKernel k]
fep034_filter 7k i o, k o, fep034_predictivePrior 7 1 = fep034_predictivePrior
T

17.35 fep-035 — Jensen’s Inequality for Log
StrictConcaveOn R (Set.loi 0) Real.log

{zyab:R}(hx:0<z)(hy:0<y)(hxy:z #y)(ha:0<a)(hb:0<b)
(hab:a+b=1)
a - Real.logx + b - Real.logy < Real.log (a -z +b-y)

{ab:R}(ha:0<a)(hb:0<b)
Real.log (a - b) = Real.log a + Real.logb

{a:R}(ra:0<a)(n:N)

Real.log (a") = n - Real.loga

(#:R)
Real.log (Real.expz) = x

{ab:R}(ha:0<a)(h:a<b)
Real.loga < Real.logb

Real.log(1: R) =0

17.36 fep-036 — Laplace-Smoothed Empirical Bernoulli Prior
(p:Ryp) (hp: p < 1) (trials : N) (sample : N)
(fep036_binomialModel p hp trials).real {sample} = (trials.choose sample : R)
<(p:R)®2™Ple. (1 — (p: R))ltrials — sample)

(successes trials : IN)

0 < fep036_smoothedRate successes trials

{successes trials : N} (h : successes < trials)

fep036_smoothedRate successes trials < 1

{successestrials : N} (h : successes < trials)
fep036_smoothedRate successes trials € Set.loo (0 : R) 1

(trials : N) (sample : Fin (trials + 1))
fep036_empiricalPrior trials sample € Set.loo (0 : R) 1

{81 sy trials : N} (h: 57 < s5)
fep036_smoothedRate s, trials < fep036_smoothedRate s, trials

{successes trials : N} (htrials : 0 < trials)
fep036_smoothedRate successes trials = ((successes : R) /trials)
- ((trials : R)/(trials 4+ 2)) + 1/((trials : R) + 2)
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(successes : N = N) (p : R) (hraw : Filter.Tendsto (An : N i (successesn :
R)/n) Filter.atTop (nhdsp))

Filter. Tendsto (An : N i fep036_smoothedRate (successes n) n) Filter.atTop

(nhds p)

17.37 fep-037 — Two-State Correlation—Response Law

(avariance : R) (n : N)
fep037_autocorrelation v variance (n + 1) = fep037_relaxation «

- fep037_autocorrelation a  variance n

{a: R} (ha0:0 < a) (hal : o < 1) (variance : R)
Filter. Tendsto (fep037_autocorrelation v variance) Filter.atTop (nhds0)

(Bavariance : R) (n: N)

fep037_response 3 v variancen = 2 - 3 - « - variance - fep037_relaxation o™

{Bavariance : R} (h3: 0 < ) (ha0: 0 < ) (hahalf : a < 1/2)
(hvariance : 0 < variance) (n : N)

0 < fep037_response 3 v variance n

{a: R} (ha0:0 < a) (hal : a < 1) (Bvariance : R)
Filter. Tendsto (A n > fep037_response 3 o variance n) Filter.atTop (nhds 0)

17.38 fep-038 — Bernoulli Fisher Information and Natural Gradient
(p:R)(b: Bool)

HasDerivAt (A ¢ — fep038_bernoulliMass ¢ b) (fep038_bernoulliMassDeriv b) p

(p:R)
Z b : Bool, fep038_bernoulliMasspb = 1

{p: R} (hp0: 0 <p)(hpl:p <1)
Z b : Bool, fep038_bernoulliMass p b - fep038_scorepb = 0

{p:R}(hp0:0 < p)(hpl:p<1)
fep038_fisherInformationp = 1/(p - (1 — p))

{pv:R}(hp0: 0 <p)(hpl:p <1)(hv:v+#0)
0 < fep038_fisherMetricp v v

{pgradient : R} (hp0: 0 < p) (hpl:p < 1)
fep038_fisherInformation p - fep038_naturalGradient p gradient = gradient

{p: R} (hp0:0<p)(hpl:p<1)
fep038_coordinateJacobian p? = fep038_fisherlnformation p

{pvw: R} (hp0: 0 < p)(hpl:p<1)
fep038_fisherMetric p v w = (fep038_coordinateJacobianp - v)
- (fep038_coordinateJacobian p - w)
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17.39 fep-039 — Four-Block Additive Free Energy
(local_fe : Find = R) (h : Vi,0 < local_fe )

(932)
0 < fep039_global_fe local_fe
(fg:Find=R)(h:Vi, fi<gi) 933)
fep039_global_fe f < fep039_global_fe g
fep039_global_fe (A_+— 0) =0 (934)
(fg:Find=R) 033,
fep039_global_fe (Ai > fi+ gi) = fep039_global_fe f + fep039_global_fe g
(local_fe : Fin4 = R) (hnonneg : V4,0 < local_fe?) ©36)
fep039_global_fe local_fe = 0 <+ Vi, local_fei =0
17.40 fep-040 — Native Gaussian Law and Thermal Entropy Response
mean : R) (variance : R
(mean : B) (variance  R.) o5
fep040_gaussianLaw mean variance 2 = 1
(mean : R) (variance : Ry)
(938)
/ x, x d fep040_gaussianLaw mean variance = mean
(mean : R) (variance : R) (©939)
Probability Theory.variance id (fep040_gaussianLaw mean variance) = variance
{vy vy : R} (hvy : 0 < vy) (hv: vy < vy) (040)
fep040_gaussianEntropy v; < fep040_gaussianEntropy v,
v:R}(hv:0<w
{ }'( ) | ©41)
HasDerivAt fep040_gaussianEntropy (1/(2 - v)) v
{kT:R}(h&:0<k)(hT:0<T) ©042)
HasDerivAt (fep040_thermalEntropy ) (1/(2-T)) T
T:R}(hT:0<T
(TR 4T 0<T) o
fep040_heatCapacity 7' = 1/2
17.41 fep-041 — Expected Information Gain via Measure KL,
{Obs State : Type*} [MeasurableSpaceObs] [MeasurableSpaceState]
(posterior prior : MeasureState) (944)
0 < fep041_informationGain posterior prior
{Obs State : Type"} [MeasurableSpaceObs] [MeasurableSpaceState]
(posterior prior : MeasureState) [IsFiniteMeasure posterior] (045)
[IsFiniteMeasure prior]
fep041_informationGain posterior prior = 0 <> posterior = prior
{Obs State : Type*} [MeasurableSpaceObs] [MeasurableSpaceState]
(predictive : MeasureObs) (posterior : Obs = MeasureState)
(prior : MeasureState) [SigmaFinite prior] (hposterior : V¢ observation (946)

d predictive, posterior observation = prior)

fep041_expectedInformationGain predictive posterior prior = 0

YT



1742 fep-042 — Bernoulli Sufficient-Statistic Factorization
(p : R) (data : List Bool)

fep042_bernouIIiLikeIihoodpdata — pfep042_successCount data - (1 _ p)fep042_failureCount

data

(p : R) (xsys : List Bool) (h : fep042_sufficientStatistic xs
= fep042_sufficientStatistic ys)
fep042_bernoulliLikelihood p xs = fep042_bernoulliLikelihood p ys

17.43 fep-043 — Fermat Criticality and Quadratic Curvature
{f : R= R}{zy : R} (hmin : IsLocalMin f z)
deriv fzy =0

(azgecz:R)
HasDerivAt (fep043_quadraticFreeEnergy a x, ¢) (fep043_quadraticGradient a x, )

T

{azgcz: R} (ha:0<a)
fep043_quadraticFreeEnergy a x( ¢ © = fep043_quadraticFreeEnergyaxzycxy <> o

= '1:0
{azgcz:R}(ha:0<a)
deriv (fep043_quadraticFreeEnergy a zyc) x = 0 <> © = x
(axgx:R)
HasDerivAt (fep043_quadraticGradienta x) (2 - a) z

{a:R}(ha: 0 < a)
0<2-a

17.44 fep-044 — Bernoulli Squared Hellinger Divergence

(pq:R)
0 < fep044_hellingerSq p q

(pq:R)

fep044_hellingerSq p ¢ = fep044_hellingerSq g p
{pq: R} (hp:p € Set.lecc(0: R) 1) (hq: ¢ € Set.lcc(0:R) 1)
fep044_hellingerSqpqg =0+ p=gq

(pq:R)
fep044_hellingerSq (1 — p) (1 — q) = fep044_hellingerSqp g

17.45 fep-045 — Finite Bernoulli Conjugate Closure

{ploly + R} (hpg : 0 <p) (hpy :p <1)(hly: 0 <ly) (hly:0<1y)
0 < fep045_evidencep i, [}

{ploly R} (hpg : 0 <p) (hpy :p < 1) (hly: 0 <ly) (hly : 0 <1y)

0 < fep045_posteriorParameterp [, I; A fep045_posteriorParameterpl,l; <1
{plyly : R} (hZ : fep045_evidenceplyl; # 0) (b : Bool)

fep045_bernoulliMass (fep045_posteriorParameterp iy l;) b

= fep045_bernoulliMass p b - fep045_binaryLikelihood [, I; b/fep045_evidence p
loly

(plyly + R)
Z b : Bool, fep045_bernoulliMass (fep045_posteriorParameter ply ;) b =1

246

(947)

(948)

(949)

(950)

(951)

(952)

(953)

(954)

(955)

(956)

(957)

(958)

(959)

(960)

(961)

(962)



17.46 fep-046 — Finite Stick-Breaking Mass Conservation

(breaks : List R)
(fep046_stickWeights breaks).sum + fep046_remainder breaks = 1

(breaks : List R) (hbreaks : Vv € breaks, v € Set.lcc (0 : R) 1)
0 < fep046_remainder breaks

(breaks : List R) (hbreaks : Vv € breaks, v € Set.lcc (0 : R) 1)
fep046_remainder breaks < 1

17.47 fep-047 — Compositional Finite Sum-Product Propagation

(factor : Factor) (incoming : State = R) (hfactor : Va y,0 < factorz y)
(hincoming : Vy,0 < incoming y) (x : State)
0 < fep047_forward factor incoming x

(factor : Factor) (incoming, incoming, : State = R)
(hfactor : Va y,0 < factor z y) (hincoming : Yy, incoming, y < incoming, y)
(z : State)

fep047_forward factor incoming, x < fep047_forward factor incoming,

(factor : Factor)
fep047_forward factor (A_+ 0) =0

(incoming : State = R)

fep047_forward (1 : Factor) incoming = incoming

(outerinner : Factor) (incoming : State = R)
fep047_forward outer (fep047_forward inner incoming) = fep047_forward

(outer - inner) incoming

17.48 fep-048 — Contractive Policy Update Uniqueness
(ab:R)(ha:0<a)(hb:0<D)
0<a+d

(fg: R = R) (hf: Monotone f) (hg : Monotone g)
Monotone (g o f)

(f : R=R)(c: Ryq) (hcontract : ContractingWithc f) (zy : R)
(hfx : Function.IsFixedPt f x) (hfy : Function.IsFixedPt f y)
xTr =

Y

ContractingWith (1/2 : R.,) fep048_halfUpdate

(z : R) (hx : Function.IsFixedPt fep048_halfUpdate )
z=0

(2 :R)
Filter. Tendsto (An fep048_haIfUpdate[n] x) Filter.atTop (V 0)

Monotone (id : R = R)

(f g : R=R) (hf: Monotone f) (hg : Monotone g)
Monotone (Az — fx + gx)
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17.49 fep-049 — Linear Constitutive Entropy Production
{¢: Type"} [Fintype ¢] (conductanceforce : . = R)
(Z i, forcei - fep049_linearFlux conductance force 7)

= fep049_entropyProduction conductance force

{¢: Type"} [Fintype t] (conductance force : . = R)
(hconductance : Vi,0 < conductance)

0 < fep049_entropyProduction conductance force

{v: Type"} [Fintype ¢] (conductance force : ¢ = R)
(hconductance : V4,0 < conductance?)

fep049_entropyProduction conductance force = 0 <+ V1, forcei = 0

{forward reverse : R} (hforward : 0 < forward) (hreverse : 0 < reverse)

0 < fep049_edgeProduction forward reverse

{forward reverse : R} (hforward : 0 < forward) (hreverse : 0 < reverse)

fep049_edgeProduction forward reverse = 0 <+ forward = reverse

17.50 fep-050 — Logical Erasure and the Landauer Bound

—Function.Injective fep050_erasure
(kB : R)
fep050_erasureEntropyLoss kB = kB - Real.log 2

{QT kB : R} (hT : 0 < T') (hsecondLaw : 0 < fep050_totalEntropyChange Q 1" kB)
fep050_landauerBound kBT < @)

{WQTkB:R}(hT :0 < T) (hsecondLaw : 0 < fep050_totalEntropyChange Q T kB)

(hworkHeat : Q < W)
fep050_landauerBound kBT < W

{kBT : R} (hkB: 0 < kB) (hT:0< T)
0 < fep050_landauerBound kBT’

17.51 fep-051 — Likelihood-Ratio Reconstruction under Absolute Continuity
{Q : Type"} [MeasurableSpace()]

(target reference : Measure() [target.HavelebesgueDecomposition reference]
(h_ac : target < reference)

reference.withDensity (target.rnDeriv reference) = target

{Q : Type"} [MeasurableSpace()]
(target reference : Measure(Q) [target.HavelebesgueDecomposition reference]

reference.withDensity (target.rnDeriv reference) = target < target < reference

17.52 fep-052 — Posterior Density as a Likelihood Tilt

{Parameter Observation : Type"}
(prior : MeasureParameter) [IsFiniteMeasure prior]
(likelihood : Kernel Parameter Observation) [IsFiniteKernel likelihood] (h_ac :

V¢ parameter d prior, likelihood parameter < likelihood o,,, prior)

V¢ observation d likelihood o, prior, (Iikelihoodtprior) observation
= prior.withDensity (A parameter i likelihood.rnDeriv (Kernel.const Parameter

(likelihood o,,, prior)) parameter observation)
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{Parameter Observation : Type*}

{Parameter : Type"} [Countable Parameter| [MeasurableSpaceParameter]

Nonempty Parameter| [StandardBorelSpace Parameter]| (prior : MeasureParameter
y

[IsFiniteMeasure prior] (likelihood : Kernel Parameter Observation)

[IsFiniteKernel likelihood] (992)
V¢ observation d likelihood ©,,, prior, (IikelihoodTprior) observation
= prior.withDensity (A parameter - (likelihood parameter).rnDeriv (likelihood
o,, prior)observation)
17.53 fep-053 — Kernel Bayesian-Inversion Reconstruction
{Parameter Observation : Type"}
(prior : MeasureParameter) [IsFiniteMeasure prior]
(likelihood : Kernel Parameter Observation) [IsFiniteKernel likelihood] 993)
(likelihood o,,, prior) ®,, likelihood prior = (prior ®,,, likelihood).map Prod.swap
{Parameter Observation : Type*}
{FiniteParameter FiniteEvidence : Type"} [Fintype FiniteParameter]
[Fintype FiniteEvidence] (prior : FiniteLaw FiniteParameter) (likelihood :
FiniteKernel FiniteParameter FiniteEvidence) (evidence : FiniteEvidence) (094)
(hEvidence : 0 < likelihood.predictive prior evidence)
(parameter : FiniteParameter)
likelihood.posterior prior evidence hEvidence parameter - likelihood.predictive
prior evidence = prior parameter - likelihood parameter evidence
17.54 fep-054 — Bayes Involution for Finite Joint Laws
{Parameter Observation : Type"}
(prior : MeasureParameter) [IsFiniteMeasure prior|
likelihood : Kernel Parameter Observation) [StandardBorelSpace Observation 995
(995)
[Nonempty Observation] [IsFiniteKernel likelihood] [IsMarkovKernel likelihood]
likelihood" prior)T (likelihood o,,, prior) = [prior] likelihood
m
{Parameter Observation : Type"}
(prior : MeasureParameter) [IsFiniteMeasure prior|
(likelihood : Kernel Parameter Observation) [IsFiniteKernel likelihood] (996)
[IsMarkovKernel likelihood)]
likelihood ' prior o, likelihood o, , prior = prior
p m m P P
17.55 fep-055 — Composite-Kernel Bayesian Inversion
{Parameter Intermediate Observation : Type*}
(prior : MeasureParameter) [IsFiniteMeasure prior]
[StandardBorelSpace Parameter]| [Nonempty Parameter]
[StandardBorelSpace Intermediate] [Nonempty Intermediate]
(earlier : Kernel Parameter Intermediate) [IsFiniteKernel earlier] ©97)
(later : Kernel Intermediate Observation) [IsFiniteKernel later]
(later o, earlier)prior ' [later o, earlier o, prior] earlier' prioro,,
later! (earlier o, prior)
{Parameter Intermediate Observation : Type"}
(prior : MeasureParameter) [IsFiniteMeasure prior]
earlier : Kernel Parameter Intermediate) [IsFiniteKernel earlier] (998)

(
(later : Kernel Intermediate Observation) [IsFiniteKernel later]
(

later o, earlier) o, prior = later o, earlier o, prior
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17.56 fep-056 — Standard-Borel Conditional-Kernel Reconstruction
{Conditioning Conditioned : Type"}
(joint : Measure(Conditioning x Conditioned)) [IsFiniteMeasure joint] (999)

joint.fst ®,,, joint.condKernel = joint

{Conditioning Conditioned : Type"}
(joint : Measure(Conditioning x Conditioned)) [IsFiniteMeasure joint]

N . (1000)
(conditioning : Conditioning)
joint.condKernel conditioning 2 = 1
17.57 fep-057 — Conditional-Expectation Tower through a Kernel
{Conditioning Conditioned : Type"}
(joint : Measure(Conditioning x Conditioned)) [IsFiniteMeasure joint]
{observable : Conditioning x Conditioned = R}
(hintegrable : Integrable observable joint) (1001)
(/ conditioning, / conditioned, observable (conditioning, conditioned)
djoint.condKernel conditioning d joint.fst) = /pair, observable pair d joint
{Conditioning Conditioned : Type"}
(joint : Measure(Conditioning x Conditioned)) [IsFiniteMeasure joint]
observable : Conditioning x Conditioned = R
>0
(hmfasurable : Meastirable observable) (1002)
(/ conditioning,/ conditioned, observable (conditioning, conditioned)
djoint.condKernel conditioning d joint.fst) = / pair, observable pair d joint
17.58 fep-058 — Finite Gibbs Variational Principle
{State : Type*} [Fintype State]
(certificate : GibbsCertificate State) (candidate : FiniteLaw State) (1003)
— certificate.logPartition < gibbsFreeEnergy certificate candidate
{State : Type"} [Fintype State]
(certificate : GibbsCertificate State) (1004)
gibbsFreeEnergy certificate certificate.optimizer = —certificate.logPartition
{State : Type"} [Fintype State]
Nonempty State
Nonempty State] - (1005)
dvObjective (uniformZeroPotentialGibbs (a := State))
(uniformZeroPotentialGibbs (« := State)).optimizer = 0
17.59 fep-059 — Finite Donsker—Varadhan Equality with a Full-Support Gibbs Optimizer
{State : Type"} [Fintype State]
(certificate : GibbsCertificate State) (candidate : FiniteLaw State) (1006)
dvObjective certificate candidate < certificate.logPartition
{State : Type"} [Fintype State]
(certificate : GibbsCertificate State) (1007)
dvObjective certificate certificate.optimizer = certificate.logPartition
{State : Type"} [Fintype State]
(certificate : GibbsCertificate State) (candidate : FiniteLaw State) (1008)

dvObjective certificate candidate = certificate.logPartition <+ candidate

= certificate.optimizer
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17.60 fep-060 — Coordinate ELBO Decomposition
{Latent Observation : Type"}

(actualPrior referencePrior : FiniteLaw Latent) (actualKernel referenceKernel :
FiniteKernel Latent Observation) (hprior : Vlatent, 0 < referencePrior latent)
(hkernel : Vlatent observation, 0 < referenceKernel latent observation)
jointELBO actualPrior referencePrior actualKernel referenceKernel = —finiteKL
actualPrior referencePrior — conditionalKL actualPrior actualKernel

referenceKernel

{Latent Observation : Type*}
(prior : FiniteLaw Latent) (actual reference : FiniteKernel Latent Observation)

0 < conditionalKL prior actual reference

17.61 fep-061 — Mean-Field Coordinate Free-Energy Optimum
{Fixed Coordinate : Type"}
(fixed : FiniteLaw Fixed) (candidate target : FiniteLaw Coordinate)
(hfixed : V2,0 < fixed x) (htarget : Vy,0 < targety)
meanFieldCoordinateFreeEnergy fixed candidate target
= FEP.Finitelnformation.finiteKL candidate target

{Fixed Coordinate : Type"}

(fixed : FiniteLaw Fixed) (candidate target : FiniteLaw Coordinate)

(hfixed : V2,0 < fixed x) (htarget : Vy,0 < targety)
meanFieldCoordinateFreeEnergy fixed candidate target = 0 <> candidate = target

17.62 fep-062 — Fixed-Sample Importance-Weighted Jensen Bound

{Sample : Type"} [Fintype Sample]
(base : FiniteLaw Sample) (sampleCount : N) [NeZero sampleCount]
(weight : Sample = R) (hweight : Vsample, 0 < weight sample)

Z sampleTuple, iidProductLaw base sampleCount sampleTuple - Real.log
(sampleMeanWeight sampleCount weight sampleTuple) < Real.log (Z sampleTuple,

iidProductLaw base sampleCount sampleTuple - sampleMeanWeight sampleCount weight

sampleTuple)

{Sample : Type"} [Fintype Sample]

(sampling : FiniteLaw Sample) (weight : Sample = R)

(hweight : Vsample, 0 < weight sample)

Zsample7 sampling sample - Real.log (weight sample) < Real.log

(Z sample, sampling sample - weight sample)

{Sample : Type"} [Fintype Sample]

[Nonempty Sample] (sampling : FiniteLaw Sample) (weight : Sample = R)
(hsampling : Vsample, 0 < samplingsample)

(hweight : Vsample, 0 < weight sample)

0< Z sample, sampling sample - weight sample
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17.63 fep-063 — Finite-Channel KL Data-Processing Inequality
{Input Output : Type"}
(actual reference : FiniteLaw Input) (channel : FiniteKernel Input Output)
(hactual : Vinput, 0 < actual input)
(hreference : Vinput, 0 < reference input) (1016)
(hchannel : Vinput output, 0 < channel input output)
finiteKL (channel.predictive actual) (channel.predictive reference) < finiteKL

actual reference

{Input Output : Type"}

(reference : FiniteLaw Input) (channel : FiniteKernel Input Output)

(hreference : Vinput, 0 < reference input) (1017)
(hchannel : Vinput output, 0 < channel input output) (output : Output)

0 < channel.predictive reference output

{Input Output : Type"}
[DecidableEq Input] (actual reference : FiniteLaw Input) (1018)
finiteKL (FiniteKernel.identity.predictive actual)

(FiniteKernel.identity.predictive reference) = finiteKL actual reference

{Input Output : Type"}

(actual reference : FiniteLaw Input) (hne : actual + reference)

finiteKL ((FiniteKernel.deterministic (A _ : Input — ())).predictive actual) (1019)
((FiniteKernel.deterministic (A _ : Input = ())).predictive reference)

< finiteKL actual reference

17.64 fep-064 — Rate-Distortion Lagrangian Weak Duality

{Source Code : Type"} [Fintype Source] [Fintype Code]

(joint : FiniteLaw (Source x Code)) (distortion : Source = Code = R)

(multiplier rateLower distortionLower : R) (hmultiplier : 0 < multiplier)

(hrate : rateLower < mutuallnformation joint) (hdistortion : distortionLower (1020)
< expectedDistortion joint distortion)

rateLower + multiplier - distortionLower < rateDistortionLagrangian joint

distortion multiplier

{Source Code : Type*} [Fintype Source] [Fintype Code]
(joint : FiniteLaw (Source x Code)) (distortion : Source = Code = R) (1021)

rateDistortionLagrangian joint distortion 0 = mutuallnformation joint

{Source Code : Type*} [Fintype Source] [Fintype Code]

(source : FiniteLaw Source) (distortion : Source = Code = R) (budget : R)

(hfeasible : Jjoint, RateDistortionFeasible source distortion budget joint)

Toptimizer : FiniteLaw (Source x Code), RateDistortionFeasible source (1022)
distortion budget optimizer A Vcandidate : FiniteLaw (Source x Code),

RateDistortionFeasible source distortion budget candidate = mutuallnformation

optimizer < mutuallnformation candidate

{Source Code : Type*} [Fintype Source] [Fintype Code]

(source : FiniteLaw Source) (distortion : Source = Code = R)

(budget multiplier : R) (hdistortion : Vx y,0 < distortion x )

(hmultiplier : 0 < multiplier) (joint : FiniteLaw (Source x Code)) (hjoint : (1023)
RateDistortionFeasible source distortion budget joint)

rateDistortionDualValue source distortion budget multiplier < mutuallnformation

joint
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{Source Code : Type*} [Fintype Source] [Fintype Code]
[Nonempty Code]| (source : FiniteLaw Source) (distortion : Source = Code = R)

(budget : R) (1624)
rateDistortionDualValue source distortion budget 0 = 0
{Source Code : Type"} [Fintype Source] [Fintype Code]
(source : FiniteLaw Source) (distortion : Source = Code = R) (budget : R) (1025)
(hdistortion : Va y, 0 < distortion z y) (hbudget : budget < 0)
—Jjoint, RateDistortionFeasible source distortion budget joint
{Source Code : Type"} [Fintype Source] [Fintype Code]
Joptimizer : FiniteLaw (Bool x Bool), RateDistortionFeasible FiniteLaw.uniform
boolHammingDistortion (1/4) optimizer A 0 < mutuallnformation optimizer A V (1026)
candidate, RateDistortionFeasible FiniteLaw.uniform boolHammingDistortion
(1/4) candidate = mutuallnformation optimizer < mutuallnformation candidate
{Source Code : Type"} [Fintype Source] [Fintype Code]
Jleft right : FiniteLaw (Bool x Bool), left # right A (RateDistortionFeasible
FiniteLaw.uniform boolHammingDistortion (1/2) left A Vcandidate,
RateDistortionFeasible FiniteLaw.uniform boolHammingDistortion (1/2) candidate (1027)
= mutuallnformation left < mutuallnformation candidate)
A (RateDistortionFeasible FiniteLaw.uniform boolHammingDistortion (1/2) right
A Vcandidate, RateDistortionFeasible FiniteLaw.uniform boolHammingDistortion (1
/2) candidate = mutuallnformation right < mutuallnformation candidate)
{Source Code : Type*} [Fintype Source] [Fintype Code]
(joint : FiniteLaw (Bool x Bool)) (hjoint : RateDistortionFeasible (1028)
FiniteLaw.uniform boolHammingDistortion 0 joint)
joint = boolZeroDistortionJoint
17.65 fep-065 — Controlled-Kernel Normalization
{State Action : Type"} [Fintype State] [Fintype Action]
(transition : ControlledKernel State Action) (action : Action) (state : State) (1029)
Z nextState, transition action state nextState = 1
17.66 fep-066 — Action-Conditioned Bayesian Belief Update
{State Action Observation : Type"}
(prior : FiniteLaw State) (transition : ControlledKernel State Action)
(emission : FiniteKernel State Observation) (action : Action)
(observation : Observation) (hEvidence : 0 < actionEvidence prior transition (1030)
emission action observation) (state : State)
actionBeliefUpdate prior transition emission action observation hEvidence state
- actionEvidence prior transition emission action observation = actionPrediction
prior transition action state - emission state observation
{State Action Observation : Type"}
(prior : FiniteLaw State) (transition : ControlledKernel State Action)
(emission : FiniteKernel State Observation) (action : Action)
(observation : Observation) (hEvidence : 0 < actionEvidence prior transition (1031)

emission action observation)
Z state, actionBeliefUpdate prior transition emission action observation

hEvidence state = 1
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{State Action Observation : Type*}

(prior : FiniteLaw State) (transition : ControlledKernel State Action)
(emission : FiniteKernel State Observation) (action : Action)

(observation : Observation) (hZero : actionEvidence prior transition emission
action observation = 0)

—0 < actionEvidence prior transition emission action observation

17.67 fep-067 — Reachable Finite-Belief POMDP Reduction
{Belief State Action Observation : Type*}
(model : ReachableBeliefPOMDP Belief State Action Observation)
(stateCost : State = Action = R) (policy : N = Belief = Action) (horizon : N)
(belief : Belief)
reducedPolicyValue model stateCost policy horizon belief

= interpretedPolicyValue model stateCost policy horizon belief

{Belief State Action Observation : Type"}

(belief action observation : Bool) (hEvidence : 0 < actionEvidence
(boolReachablePOMDP.interpret belief) boolReachablePOMDP.transition
boolReachablePOMDP.emission action observation)
boolReachablePOMDP.interpret

(boolReachablePOMDP.update belief action observation) = actionBeliefUpdate
(boolReachablePOMDP.interpret belief) boolReachablePOMDP .transition

boolReachablePOMDP.emission action observation hEvidence

17.68 fep-068 — Soft Bellman Recursion
{State Action : Type"}
(temperature : R) (hTemperature : 0 < temperature)
(stageCost : State = Action = R) (transition : ControlledKernel State Action)
(horizon : N) (state : State)
(0 < Z action, Real.exp (—((softBellmanActionEnergy temperature stageCost
transition horizon state action) /temperature))) A (softBellmanValue
temperature stageCost transition (horizon + 1) state = —temperature - Real.log
(Z action, Real.exp (—((softBellmanActionEnergy temperature stageCost transition
horizon state action) /temperature)))) A Vaction, softBellmanValue temperature
stageCost transition (horizon + 1) state < softBellmanActionEnergy temperature

stageCost transition horizon state action

17.69 fep-069 — KL-Control Desirability Recursion
{State : Type"} [Fintype State]
(passive : FiniteKernel State State) (stateCost desirability : State = R)
(state : State)
desirabilityStep passive stateCost desirability state = Real.exp
(—stateCost state) - Z nextState, passive state nextState - desirability

nextState

{State : Type"} [Fintype State]

(passive : FiniteKernel State State) (stateCost desirability : State = R)
(hDesirability : Vstate, 0 < desirability state) (state : State)

0 < desirabilityStep passive stateCost desirability state

{State : Type"} [Fintype State]
(passive : FiniteKernel State State) (state : State)
desirabilityStep passive (A_ > 0) (A_+> 1)state =1
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17.70 fep-070 — Control-as-Inference Policy Posterior
{Action : Type"} [Fintype Action]
(prior : FiniteLaw Action) (precision : R) (cost : Action = R) (1039)

E action, controlPosterior prior precision cost action = 1

{Action : Type*} [Fintype Action]

(prior : FiniteLaw Action) (precision : R) (cost : Action = R) (action : Action)

controlPosterior prior precision cost action - boltzmannPartition prior (1040)
(A candidate > precision - cost candidate) = boltzmannWeight prior

(A candidate > precision - cost candidate) action

{Action : Type"} [Fintype Action|
(prior : FiniteLaw Action) (precision : R) (1041)

controlPosterior prior precision (A _ + 0) = prior

17.71 fep-071 — Sophisticated Expected-Free-Energy Backward Induction
{Belief Action Observation : Type"}
(model : SophisticatedEFEModel Belief Action Observation) (horizon : N)
(belief : Belief)
sophisticatedEFEValue model (horizon + 1) belief = model.stageEFE horizon belief

(1042)
(sophisticatedEFEAction model horizon belief) + Z observation,
model.observationLaw belief (sophisticatedEFEAction model horizon belief)
observation - sophisticatedEFEValue model horizon (model.update belief
(sophisticatedEFEAction model horizon belief) observation)
{Belief Action Observation : Type”} (1043)

twoStageFeedback false # twoStageFeedback true

{Belief Action Observation : Type*}
(action : Bool) (1044)
twoStageFeedbackExpectedCost < twoStageOpenlLoopExpectedCost action

17.72 fep-072 — Hidden-Markov Forward Filtering Recursion

{State Observation : Type"}
(prior : FiniteLaw State) (transition : FiniteKernel State State)
(emission : FiniteKernel State Observation) (observation : Observation)

(hEvidence : 0 < forwardEvidence prior transition emission observation)

1045
(state : State) ( )
forwardFilter prior transition emission observation hEvidence state
- forwardEvidence prior transition emission observation = forwardPrediction
prior transition state - emission state observation
State Observation : Type”
{ _ ype'} (1046)
boolForwardFilter true = 20/23
{State Observation : Type"}
(prior : FiniteLaw State) (transition : FiniteKernel State State)
(emission : FiniteKernel State Observation) (observation : Observation) (hZero : (1047)

forwardEvidence prior transition emission observation = 0)

—0 < forwardEvidence prior transition emission observation
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17.73 fep-073 — Backward Information-Message Recursion

{State Observation : Type"}

(transition : FiniteKernel State State)

(emission : FiniteKernel State Observation) (observation : Observation)

(future : List Observation) (state : State) (1048)
backwardMessage transition emission (observation :: future) state

= backwardMessageStep transition emission observation

(backwardMessage transition emission future) state

{State Observation : Type"}
(transition : FiniteKernel State State)

(emission : FiniteKernel State Observation) (observation : Observation)

(1049)
(nextMessage : State = R) (hMessage : Vstate, 0 < nextMessage state)
(state : State)
0 < backwardMessageStep transition emission observation nextMessage state
17.74 fep-074 — Forward-Backward Smoothing Factorization
{State : Type"} [Fintype State]
(filtered : FiniteLaw State) (backward : State = R)
(hBackward : Vstate, 0 < backward state) (hNormalizer : 0 < smoothingNormalizer (1050)
filtered backward) (state : State)
forwardBackwardSmoothing filtered backward hBackward hNormalizer state
- smoothingNormalizer filtered backward = filtered state - backward state
{State : Type"} [Fintype State]
{Observation : Type™} [Fintype Observation] (prior : FiniteLaw State)
(transition : FiniteKernel State State) (1051)
(emission : FiniteKernel State Observation) (observation : Observation)
forwardEvidence prior transition emission observation = backwardEvidence prior
transition emission observation
17.75 fep-075 — Smoothing-Marginal Normalization
{State : Type"} [Fintype State]
(filtered : FiniteLaw State) (backward : State = R)
(hBackward : Vstate, 0 < backward state) (hNormalizer : 0 < smoothingNormalizer
filtered backward) (1052)
Z state, forwardBackwardSmoothing filtered backward hBackward hNormalizer state
=1
{State : Type"} [Fintype State] 1053)
boolSmoothing false + boolSmoothing true = 1
{State : Type"} [Fintype State]
(filtered : FiniteLaw State) (backward : State = R) (1054)
(hZero : smoothingNormalizer filtered backward = 0)
—0 < smoothingNormalizer filtered backward
17.76 fep-076 — One-Step Normalized Variational State Update
{State : Type"} [Fintype State]
(prior : FiniteLaw State) (energy : State = R) (1055)

Z state, variationalStateUpdate prior energy state = 1
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{State : Type"} [Fintype State]
(prior : FiniteLaw State) (energy : State = R) (state : State) (1056)
variationalStateUpdate prior energy state - boltzmannPartition prior energy

= boltzmannWeight prior energy state

{State : Type*} [Fintype State]
(prior : FiniteLaw State) (1057)
variationalStateUpdate prior (A_ — 0) = prior

17.77 fep-077 — Two-Level Hierarchical Predictive Factorization

{Upper Middle Observation : Type"}

(top : FiniteLaw Upper) (upperKernel : FiniteKernel Upper Middle)

(lowerKernel : FiniteKernel Middle Observation) (1058)
hierarchicalPredictive top upperKernel lowerKernel

= (FiniteKernel.comp lowerKernel upperKernel).predictive top

17.78 fep-078 — Bayesian Model-Averaging Predictive Law

{Model Observation : Type*} [Fintype Model] [Fintype Observation]

(modelPrior : FiniteLaw Model)

(modelPredictive : FiniteKernel Model Observation) (observation : Observation) (1059)
modelAverage modelPrior modelPredictive observation = Z model, modelPrior model

- modelPredictive model observation

{Model Observation : Type*} [Fintype Model] [Fintype Observation]
(modelPrior : FiniteLaw Model)

(modelPredictive : FiniteKernel Model Observation) (1060)

Z observation, modelAverage modelPrior modelPredictive observation = 1

{Model Observation : Type"} [Fintype Model] [Fintype Observation] (1061)
modelAverage boollnitialLaw boolAccurateEmission true = 13/20

17.79 fep-079 — Blanket Factorization and Conditional-Mutual-Information Equivalence
{Blanket Internal External Sensory Active : Type"}
(model : ConditionalBlanketModel Blanket Internal External)
(hBlanket : Vblanket, 0 < model.blanketLaw blanket)

conditionalMutuallnformation model = 0 <+ Factorizes model

(1062)

{Blanket Internal External Sensory Active : Type*}
(model : StaticModel Internal Sensory Active External) (1063)

conditionalMutuallnformation (ofStaticModel model) = 0

17.80 fep-080 — Shared-Conditional Mixture Preservation
{Input Output : Type"} [Fintype Input] [Fintype Output]
(weight : R) (hWeightNonneg : 0 < weight) (hWeightLeOne : weight < 1)
(left right : FiniteLaw Input) (kernel : FiniteKernel Input Output) (1064)
kernel.joint (mixLaw weight hWeightNonneg hWeightLeOne left right) = mixLaw
weight hWeightNonneg hWeightLeOne (kernel.joint left) (kernel.joint right)

{Input Output : Type*} [Fintype Input] [Fintype Output]

. . (1065)
boolHalfMixture false = 1/2 A boolHalfMixture true = 1/2
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17.81 fep-081 — Coupled-Subsystem Blanket Composition

{Blanket, Blanket, Internal, Internal, External, External, : Type"}
(blanketLaw : FiniteLaw (Blanket, x Blanket,))

(internal, : FiniteKernel Blanket, Internal;)

(internaly : FiniteKernel Blanket, Internal,)

(external; : FiniteKernel Blanket, Externaly)

(external, : FiniteKernel Blanket, Externalsy) (blanket : Blanket; X Blanket,)
mutuallnformation (conditionalJoint (coupledBlanketModel blanketLaw internal;

internaly external, externalsy) blanket) = 0

{Blanket, Blanket, Internal, Internaly, External, Externaly : Type*}
correlatedBoolBlanket (false, false) = 1/2 A correlatedBoolBlanket
(true,true) = 1/2 A 0 < mutuallnformation correlatedBoolBlanket

17.82 fep-082 — Finite Intervention-Kernel Normalization

{Context Value : Type"} [Fintype Context| [Fintype Value]

(chosen : Value) (context : Context)

Z value, interventionKernel (Context := Context) chosen context value = 1

{Context Value : Type*} [Fintype Context] [Fintype Value]
(chosen : Value) (context : Context)

interventionKernel (Context := Context) chosen context chosen = 1

{Context Value : Type"} [Fintype Context] [Fintype Value]
(chosen other : Value) (hOther : other # chosen) (context : Context)

interventionKernel (Context := Context) chosen context other = 0

17.83 fep-083 — Non-Descendant Intervention Invariance

{Root NonDescendant Mediator Outcome : Type*}
(model : OrderedFourNodeModel Root NonDescendant Mediator Outcome) (root : Root)

nonDescendantMarginal (interventionalJoint model root) = model.nonDescendantLaw

{Root NonDescendant Mediator Outcome : Type”}

mediatorMarginal (interventionalJoint boolOrderedModel false) true = 0
A mediatorMarginal (interventionalJoint boolOrderedModel true) true = 1
A nonDescendantMarginal (interventionalJoint boolOrderedModel false)

= nonDescendantMarginal (interventionalJoint boolOrderedModel true)

17.84 fep-084 — Ordered Finite Causal Factorization

{Root NonDescendant Mediator Outcome : Type”}

(model : OrderedFourNodeModel Root NonDescendant Mediator Outcome) (root : Root)
(nonDescendant : NonDescendant) (mediator : Mediator) (outcome : Outcome)
orderedJoint model (((root, nonDescendant), mediator), outcome)

= ((model.rootLaw root - model.nonDescendantLaw nonDescendant)

- model.mediatorGivenRoot root mediator) - model.outcomeGivenParents

(nonDescendant, mediator) outcome

{Root NonDescendant Mediator Outcome : Type”}
(model : OrderedFourNodeModel Root NonDescendant Mediator Outcome)

Z state, orderedJoint model state = 1
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17.85 fep-085 — Local Markov Property from Ordered Factorization

{Root NonDescendant Mediator Outcome : Type*}

(model : OrderedFourNodeModel Root NonDescendant Mediator Outcome)
(nonDescendant : NonDescendant) (mediator : Mediator)

(hEvidence : 0 < mediatorEvidence model mediator)

localMarkovConditional model nonDescendant mediator hEvidence

= (model.mediatorGivenRoot.posterior model.rootLaw mediator hEvidence).product

(model.outcomeGivenParents.row (nonDescendant, mediator))

{Root NonDescendant Mediator Outcome : Type”}

(model : OrderedFourNodeModel Root NonDescendant Mediator Outcome)
(nonDescendant : NonDescendant) (mediator : Mediator)

(hEvidence : 0 < mediatorEvidence model mediator)

mutuallnformation (localMarkovConditional model nonDescendant mediator
hEvidence) = 0

{Root NonDescendant Mediator Outcome : Type”}
mutuallnformation (localMarkovConditional boolOrderedModel false true (by rw

[boolMediatorEvidence_true|; norm_num)) = 0

{Root NonDescendant Mediator Outcome : Type”}
(model : OrderedFourNodeModel Root NonDescendant Mediator Outcome)
(mediator : Mediator) (hZero : mediatorEvidence model mediator = 0)

—0 < mediatorEvidence model mediator

17.86 fep-086 — Precision-Weighted Prediction-Error Energy
{precision : R} (hPrecision : 0 < precision) (observation estimate : R)

0 < precisionEnergy precision observation estimate

{precision : R} (hPrecision : 0 < precision) (observation estimate : R)

precisionEnergy precision observation estimate = ( <+ estimate = observation
precisionEnergy210 =1

17.87 fep-087 — Hierarchical Predictive-Coding Energy Decomposition
{depth : N} (precision error : Fin (depth + 1) = R)
hierarchicalEnergy precision error = precision 0/2 - error 02 + Z level :
Fin depth, precision level.succ/2 - error level.succ®
{Level : Type"} [Fintype Level] (precision error : Level = R)

(hPrecision : Vlevel, 0 < precision level)

0 < hierarchicalEnergy precision error

hierarchicalEnergy (A level : Fin2 i iflevel = Othen2else4)
(Mlevel : Fin2 - iflevel = Othen3elsel) =11

17.88 fep-088 — Prediction-Error Gradient Identity

(precision observation estimate : R)
HasDerivAt (A candidate — precisionEnergy precision observation candidate)

(—precision - predictionError observation estimate) estimate

(precision observation estimate : R)
HasDerivAt (A candidate — precisionEnergy precision observation candidate)

(precisionEnergyGradient precision observation estimate) estimate

precisionEnergyGradient210 = —2
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17.89 fep-089 — Finite Generalized-Coordinate Shift Semigroup

{order : N} (first second : N) (jet : FiniteJet order)

e o . e . . (1088)
shift (first + second) jet = shift first (shift second jet)

{order : N} (jet : FiniteJet order)

s - (1089)
(shift 1 jet).coefficient order = 0

(value velocity : R)
(shift 1 (firstOrderJet value velocity)).coefficient 0 = velocity (1090)
A (shift 1 (firstOrderJet value velocity)).coefficient 1 = 0

17.90 fep-090 — Finite-Jet Generalized-Filtering Correction Equation

{order : N} (stepSize : R) (precision : N = R)

(target estimate : FiniteJet order) (degree : N)

(generalizedFilteringStep stepSize precision target estimate).coefficient degree (1091)
= estimate.coefficient degree + stepSize - ((shift 1 estimate).coefficient
degree — precisionEnergyGradient (precision degree) (target.coefficient degree)

(estimate.coefficient degree))

{order : N} (precision : N = R) (target estimate : FiniteJet order) (degree : N)

HasDerivAt (A candidate > precisionEnergy (precision degree)

(target.coefficient degree) candidate) (precisionEnergyGradient (precision (1092)
degree) (target.coefficient degree) (estimate.coefficient degree))

(estimate.coefficient degree)

{order : N} (precision : N = R) (target estimate : FiniteJet order)
(generalizedFlow precision target estimate).coefficient order (1093)
= —precisionEnergyGradient (precision order) (target.coefficient order)

(estimate.coefficient order)

let corrected (1094)

17.91 fep-091 — Precision Modulation of Prediction Error

{lower upper : R} (hLowerNonneg : 0 < lower) (hPrecision : lower < upper)
(observation estimate : R)

. , . - (1095)
0 < precisionEnergy lower observation estimate A precisionEnergy lower

observation estimate < precisionEnergy upper observation estimate

(scale precision observation estimate : R)
precisionEnergyGradient (scale - precision) observation estimate = scale (1096)

- precisionEnergyGradient precision observation estimate

precisionEnergy 210 = 2 - precisionEnergy 1 10 A precisionEnergy 110

. (1097)
< precisionEnergy 210

17.92 fep-092 — Quadratic Predictive-Coding Convergence

(precision stepSize target estimate : R)
precisionEnergy precision target (predictionUpdate stepSize target estimate) (1098)

=(1- s‘cepSize)2 - precisionEnergy precision target estimate

{precision stepSize target estimate : R} (hPrecision : 0 < precision)

(hStepPositive : 0 < stepSize) (hStepBelowTwo : stepSize < 2)

(hError : target # estimate) (1099)
precisionEnergy precision target (predictionUpdate stepSize target estimate)

< precisionEnergy precision target estimate
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{stepSize : R} (hStepPositive : 0 < stepSize) (hStepBelowTwo : stepSize < 2)
(target estimate : R)

1100
Tendsto (A iterations - predictionError target (iteratePredictionUpdate ( )
stepSize target iterations estimate)) at Top (nhds 0)
precisionEnergy 210 = 1 A predictionUpdate (1/2)10 = 1/2 (1101)
A precisionEnergy 2 1 (predictionUpdate (1/2) 10) = 1/4
17.93 fep-093 — Forward and Reverse Finite Path-Law Ratio
{Path : Type"} [Fintype Path]
(protocol : FinitePathProtocol Path) (1102)
(hReverse : Vpath, 0 < protocol.reverseAligned path) (path : Path)
pathRatio protocol path - protocol.reverseAligned path = protocol.forward path
{Path : Type"} [Fintype Path]
(protocol : FinitePathProtocol Path) (1103)

(Z path, protocol.forward path = 1) A Z path, protocol.reverseAligned path = 1

{Path : Type*} [Fintype Path]
(protocol : FinitePathProtocol Path) (path : Path) (1104)

protocol.reversal (protocol.reversal path) = path

17.94 fep-094 — Entropy Production as Path KL
{Path : Type*} [Fintype Path]
(protocol : FinitePathProtocol Path) (1105)

entropyProduction protocol = finiteKL protocol.forward protocol.reverseAligned

{Path : Type*} [Fintype Path]

(protocol : FinitePathProtocol Path)

(hForward : Vpath, 0 < protocol.forward path)
(hReverse : Vpath, 0 < protocol.reverseAligned path) (1106)
entropyProduction protocol = Z path, protocol.forward path

- pathwiseEntropyProduction protocol path

{Path : Type*} [Fintype Path]
(protocol : FinitePathProtocol Path) (1107)
0 < entropyProduction protocol

17.95 fep-095 — Detailed Fluctuation Symmetry

{Path : Type*} [Fintype Path]
(protocol : FinitePathProtocol Path)
(hForward : Vpath, 0 < protocol.forward path)

, (1108)
(hReverse : Vpath, 0 < protocol.reverseAligned path) (path : Path)
protocol.reverseAligned path - Real.exp
(pathwiseEntropyProduction protocol path) = protocol.forward path

{Path : Type"} [Fintype Path]

(protocol : FinitePathProtocol Path)

(hForward : Vpath, 0 < protocol.forward path)

(hReverse : Vpath, 0 < protocol.reverseAligned path) (hExchangeForward : V

path, protocol.forward (protocol.reversal path) = protocol.reverseAligned path) (1109)

(hExchangeReverse : Vpath, protocol.reverseAligned (protocol.reversal path)
= protocol.forward path) (path : Path)
pathwiseEntropyProduction protocol (protocol.reversal path)

= —pathwiseEntropyProduction protocol path

261



17.96 fep-096 — Integral Fluctuation Theorem

{Path : Type"} [Fintype Path]
(protocol : FinitePathProtocol Path)
(hForward : Vpath, 0 < protocol.forward path)

(hReverse : Vpath, 0 < protocol.reverseAligned path) (1110)
Z path, protocol.forward path - Real.exp
(—pathwiseEntropyProduction protocol path) = 1
17.97 fep-097 — Finite Jarzynski Equality
{Path : Type™} [Fintype Path]
(law : FiniteLaw Path) (beta deltaFreeEnergy : R) (work : Path = R) ain
(hNormalization : HasJarzynskiNormalization law beta deltaFreeEnergy work)
exponentialWorkAverage law beta work = Real.exp (—beta - deltaFreeEnergy)
17.98 fep-098 — Local Detailed Balance and Current Cancellation
{State : Type"} [Fintype State]
(law : FiniteLaw State) (kernel : FiniteKernel State State) 1112)
(hReversible : IsReversible law kernel) (source target : State)
probabilityCurrent law kernel source target = 0
{State : Type”} [Fintype State]
(law : FiniteLaw State) (kernel : FiniteKernel State State) (1113)
(source target : State) (hZero : kernel target source = 0)
local Affinity law kernel source target = 0
17.99 fep-099 — Reversible-Chain One-Step KL Dissipation
{State : Type"} [Fintype State]
[Nonempty State] (actual stationary : FiniteLaw State)
(kernel : FiniteKernel State State) (hActual : Vstate,0 < actual state)
(hStationary : Vstate, 0 < stationary state) (1114)
(hKernel : Vsource target, 0 < kernel source target)
(hReversible : IsReversible stationary kernel)
finiteKL (kernel.predictive actual) stationary < finiteKL actual stationary
{State : Type"} [Fintype State]
[DecidableEq State] (actual stationary : FiniteLaw State) a11s)
finiteKL ((FiniteKernel.identity : FiniteKernel State State).predictive actual)
stationary = finiteKL actual stationary
{State : Type*} [Fintype State] a116)
0 < entropyProduction irreversibleBoolProtocol
17.100 fep-100 — Categorical Fisher Positivity on Simplex Tangents
@)
(carrier : CategoricalFisherCarrier d) (tangent : Find = R) a117)
(hTangent : IsSimplexTangent tangent) (hNonzero : tangent # 0)
0 < fisherMetric carrier.model tangent tangent
{d: )
tangent : Fin2 = angent : IsSimplexTangent tangent
g Fin2 = R) (hTang IsSimplexTang g (1118)

(hNonzero : tangent # 0)

0 < fisherMetric twoCategoricalFisherCarrier.model tangent tangent
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{dsn}
(tangent : Fin2 = R) (hTangent : IsSimplexTangent tangent) (1119)

tangent = A coordinate — tangent 0 - twoCategorical Tangent coordinate

{d: N}
IsSimplexTangent twoCategorical Tangent A twoCategorical Tangent # 0 (1120)
A fisherMetric twoCategoricalFisherCarrier.model twoCategorical Tangent

twoCategoricalTangent = 4

{d: N}
duplicatedScoreNullTangent # 0 A fisherMetric duplicatedFairBernoulliScoreModel (1121)
duplicatedScoreNull Tangent duplicatedScoreNull Tangent = 0

17.101 fep-101 — Fisher Pullback under Reparameterization

{Outcome : Type*} [Fintype Outcome] {d k : N}

(model : ScoreModel Outcome d) (outer : Matrix (Find) (Fin k) R)

(inner : Matrix (Fin k) (Find) R) (leftright : Find = R) (1122)
pullbackMetric model (outer - inner) left right = pullbackMetric model outer

(inner.mulVec left) (inner.mulVec right)

{Outcome : Type"} [Fintype Outcome] {d k : N}
(model : ScoreModel Outcome d) (jacobian : Matrix (Find) (Fin k) R) 1123)
(tangent : Fink = R) (

0 < pullbackMetric model jacobian tangent tangent

17.102 fep-102 — Unbiased Scalar Cramér-Rao Bound under Score Regularity

{Outcome : Type"} [Fintype Outcome]
(model : ScoreModel Outcome 1) (estimator : Outcome = R) (target : R) (1124)
(certificate : ScalarCramerRaoCertificate model estimator target)

1 < estimatorVariance model.law estimator target - scalarFisher model

17.103 fep-103 — Natural-Gradient Equivariance under an Invertible Full-Rank Chart

{Outcome : Type*} [Fintype Outcome] {d : N}

(model : ScoreModel Outcome d) [Invertible (fisherMatrix model)]
(jacobian : Matrix (Fin d) (Fin d) R) [Invertible jacobian]
(covector : Find = R)

chartPullbackLower model jacobian (chartCoordinates jacobian (naturalGradient

(1125)

model covector)) = chartCovector jacobian covector

{Outcome : Type*} [Fintype Outcome] {d : N}
(law : FiniteLaw Outcome) (left right : Outcome = R) (hRight : 0 < Zoutcome7

law outcome - right outcome?)

, , (1126)
(Z outcome, law outcome - left outcome - right outcome)

< (Z outcome, law outcome - left outcomeQ) . Z outcome, law outcome - right

outcome?
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17.104 fep-104 — Mirror-Descent Three-Point Identity
{d:n}
(potential : (Find = R) = R) (gradient : (Find = R) = Find = R)
(left middleright : Find = R)
bregmanDivergence potential gradient left right — bregmanDivergence potential
gradient left middle — bregmanDivergence potential gradient middle right
= coordinatePairing (\ coordinate - gradient middle coordinate — gradient

right coordinate) (A coordinate > left coordinate — middle coordinate)

17.105 fep-105 — Bregman Pythagorean Law for an Affine Information Projection
{d: N}
(potential : (Find = R) = R) (gradient : (Find = R) = Find = R)
(affineSet : Set (Find = R)) (base projection candidate : Find = R)
(hProjection : AffineBregmanProjection potential gradient affineSet base
projection) (hCandidate : candidate € affineSet)
bregmanDivergence potential gradient candidate base = bregmanDivergence
potential gradient candidate projection 4+ bregmanDivergence potential gradient

projection base

{d: N}

(potential : (Find = R) = R) (gradient : (Find = R) = Find = R)
(affineSet : Set (Find = R)) (base projection candidate : Find = R)
(hProjection : AffineBregmanProjection potential gradient affineSet base
projection) (hCandidate : candidate € affineSet) (hNonnegative : 0

< bregmanDivergence potential gradient candidate projection)
bregmanDivergence potential gradient projection base < bregmanDivergence

potential gradient candidate base

17.106 fep-106 — Replicator-Natural-Gradient Equivalence
{d: N}
(carrier : CategoricalFisherCarrier d) (fitness : Find = R)
IsNaturalGradient carrier.model (A coordinate + fitness coordinate

— meanFitness carrier.law fitness) (replicatorVector carrier.law fitness)

{d: N}
(law : FiniteLaw (Fin d)) (fitness : Find = R)

Z coordinate, replicatorVector law fitness coordinate = (0

{d:n}
twoCategoricalFitness 0 # twoCategoricalFitness 1 A replicatorVector
twoCategoricalLaw twoCategoricalFitness # 0 A IsNaturalGradient
twoCategoricalFisherCarrier.model (\ coordinate > twoCategoricalFitness
coordinate — meanFitness twoCategoricalLaw twoCategoricalFitness)

(replicatorVector twoCategoricalLaw twoCategoricalFitness)

17.107 fep-107 — Product-Agent Generative Law

{State, Statey Observation; Observation, : Type*}
(left : FiniteKernel State; Observation, )
(right : FiniteKernel State, Observation,) (state : State; x State,)

Z observation, FEP.Collectivelnference.productKernel left right state

observation = 1
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{State, Statey Observation,; Observations : Type*}

priorLeft : FiniteLaw State,) (priorRight : FiniteLaw State,)
kernelLeft : FiniteKernel State, Observation,)

kernelRight : FiniteKernel State, Observation,) (stateleft : Statey)
stateRight : State,) (observationLeft : Observation, )

observationRight : Observation.,)

(
(
(
(
(
(FEP.Collectivelnference.productKernel kernelLeft kernelRight).joint
(FiniteLaw.product priorLeft priorRight) ((stateLeft, stateRight),
(observationLeft, observationRight)) = kernelLeft.joint priorLeft
(stateleft, observationLeft) - kernelRight.joint priorRight

(

stateRight, observationRight)

17.108 fep-108 — Additive Collective Variational Free Energy

{State, State, : Type"} [Fintype State,] [Fintype State,]

(actualleft referenceLeft : FiniteLaw State; )

(actualRight referenceRight : FiniteLaw State,) (leftCost : State; = R)
(rightCost : Statey = R) (referenceLeftPositive : Vstate, 0 < referenceLeft
state) (referenceRightPositive : Vstate, 0 < referenceRight state)
FEP.Collectivelnference.collectiveVFE actualleft referenceleft actualRight
referenceRight leftCost rightCost

= FEP.Collectivelnference.variationalFreeEnergy actualleft referenceleft
leftCost + FEP.Collectivelnference.variationalFreeEnergy actualRight
referenceRight rightCost

{State, State, : Type*} [Fintype State, ] [Fintype State,)

(left : FiniteLaw State, ) (right : FiniteLaw State,) (leftCost : State; = R)
(rightCost : State, = R)

FEP.Collectivelnference.expectedCost (FiniteLaw.product left right)
(Astate > leftCost state.1 + rightCost state.2)

= FEP.Collectivelnference.expectedCost left left Cost

+ FEP.Collectivelnference.expectedCost right rightCost

17.109 fep-109 — Independent-Agent Expected-Free-Energy Additivity

{State, State, : Type"} [Fintype State,] [Fintype State,)

(predictiveLeft preferenceLeft : FiniteLaw State, )

(predictiveRight preferenceRight : FiniteLaw State,)

(ambiguityLeft : State; = R) (ambiguityRight : State, = R)
(preferenceleftPositive : Vstate, 0 < preferenceleft state)
(preferenceRightPositive : Vstate, 0 < preferenceRight state)
FEP.Collectivelnference.independentCollectiveEFE predictiveleft preferenceleft
predictiveRight preferenceRight ambiguityLeft ambiguityRight

= FEP.Collectivelnference.expectedFreeEnergy predictiveleft preferencelLeft
ambiguitylLeft + FEP.Collectivelnference.expectedFreeEnergy predictiveRight
preferenceRight ambiguityRight

{State, State, : Type"} [Fintype State,] [Fintype State,]

(left : FiniteLaw State, ) (right : FiniteLaw State,)

(ambiguityLeft : State; = R) (ambiguityRight : State, = R)
FEP.Collectivelnference.expectedCost (FiniteLaw.product left right)
(A state — ambiguitylLeft state.1 + ambiguityRight state.2)

= FEP.Collectivelnference.expectedCost left ambiguitylLeft

+ FEP.Collectivelnference.expectedCost right ambiguityRight
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17.110 fep-110 — Unit-Weight Product-of-Experts Pool Normalization

{State : Type"} [Fintype State]
(left right : FiniteLaw State) (normalizerPositive : 0
< FEP.Collectivelnference.productOfExpertsNormalizer left right)

Z state, FEP.Collectivelnference.unitWeightProductOfExpertsPool left right

normalizerPositive state = 1

{State : Type"} [Fintype State]

(left right : FiniteLaw State) (normalizerPositive : 0

< FEP.Collectivelnference.productOfExpertsNormalizer left right) (state : State)
FEP.Collectivelnference.unitWeightProductOfExpertsPool left right
normalizerPositive state = left state - right state

/FEP.Collectivelnference.productOfExpertsNormalizer left right

17.111 fep-111 — Consensus Mass Conservation

{State : Type*} [Fintype State]

(leftright : FiniteLaw State) (state : State)
FEP.Collectivelnference.consensusLeft left right state

+ FEP.Collectivelnference.consensusRight left right state = left state + right

state

{State : Type"} [Fintype State]
(left right : FiniteLaw State)

(Z state, FEP.Collectivelnference.consensusLeft left right state) + Z state,

FEP.Collectivelnference.consensusRight left right state = 2

17.112 fep-112 — Contractive Belief-Consensus Convergence

{State : Type"} [Fintype State]

(left right : FiniteLaw State) (state : State)
FEP.Collectivelnference.beliefGap
(FEP.Collectivelnference.consensusLeft left right)
(FEP.Collectivelnference.consensusRight left right) state = (1/2 : R)
- FEP.Collectivelnference.beliefGap left right state

{State : Type"} [Fintype State]

(left right : FiniteLaw State) (state : State)

Tendsto (A iterations — FEP.Collectivelnference.beliefGap
(FEP.Collectivelnference.consensuslterate (left, right) iterations).1
(FEP.Collectivelnference.consensuslterate (left, right) iterations).2 state)
atTop (nhds0)
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{State : Type"} [Fintype State]

FEP.Collectivelnference.beliefGap (FiniteLaw.pointMass true)
(FiniteLaw.pointMass false) true = 1 A FEP.Collectivelnference.beliefGap
(FEP.Collectivelnference.consensusLeft (FiniteLaw.pointMass true)
(FiniteLaw.pointMass false)) (FEP.Collectivelnference.consensusRight
(FiniteLaw.pointMass true) (FiniteLaw.pointMass false)) true = 1/2 A 0
< FEP.Collectivelnference.beliefGap (FEP.Collectivelnference.consensusLeft
FiniteLaw.pointMass true) (FiniteLaw.pointMass false))
FEP.Collectivelnference.consensusRight (FiniteLaw.pointMass true)
FiniteLaw.pointMass false)) true A FEP.Collectivelnference.beliefGap
FEP.Collectivelnference.consensusLeft (FiniteLaw.pointMass true)

FiniteLaw.pointMass false)) (FEP.Collectivelnference.consensusRight

A~ N N~ S

FiniteLaw.pointMass true) (FiniteLaw.pointMass false)) true
< FEP.Collectivelnference.beliefGap (FiniteLaw.pointMass true)

(FiniteLaw.pointMass false) true

17.113 fep-113 — Coupled-Agent Potential Descent

{State : Type*} [Fintype State]

(leftright : FiniteLaw State) (state : State)
FEP.Collectivelnference.coupledPotential
(FEP.Collectivelnference.consensusLeft left right)
(FEP.Collectivelnference.consensusRight left right) state = (1/4 : R)
- FEP.Collectivelnference.coupledPotential left right state

{State : Type"} [Fintype State]

(leftright : FiniteLaw State) (state : State)

(separated : left state # right state)
FEP.Collectivelnference.coupledPotential
(FEP.Collectivelnference.consensusLeft left right)
(FEP.Collectivelnference.consensusRight left right) state

< FEP.Collectivelnference.coupledPotential left right state

17.114 fep-114 — Sub-Gaussian Empirical-Mean Tail Bound

{Q : Type"} [MeasurableSpace()] (11 : Measure(2) {sampleCount : N}

(observables : FinsampleCount = Q2 = R) (independent : ilndepFun observables (1)
(proxyVariance : FinsampleCount = R > 0) (subGaussian : Vindex,
HasSubgaussianMGF (observables index) (proxyVariance index) p) {deviation : R}

(deviationNonnegative : 0 < deviation)
p.real {outcome|(sampleCount : R) - deviation < Z index, observables index
outcome} < Real.exp (—((sampleCount : R) - deviation)? /(2 - Z index,

proxyVariance index))

{Q : Type"} {sampleCount : N} (observables : FinsampleCount = Q) = R)
(outcome : Q)

FEP.LearningTheory.empiricalMean observables outcome

= (Z index, observables index outcome) /sampleCount
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17.115 fep-115 — Simultaneous Finite-Alphabet Frequency Bound

{Q Alphabet : Type"} [MeasurableSpace(}] [Fintype Alphabet]

[DecidableEq Alphabet] (11 : Measure(2) [IsProbabilityMeasure y]

{sampleCount : N} [NeZero sampleCount] (sample : {2 = Fin sampleCount = Alphabet)
(target : Alphabet = R) (deviation perSymbolFailure : R) (perSymbolBound : V

symbol, pi.real (FEP.LearningTheory.frequencyDeviationEvent sample target (1150)

deviation symbol) < perSymbolFailure)
w.real (U symbol, FEP.LearningTheory.frequencyDeviationEvent sample target
deviation symbol) < Fintype.card Alphabet - perSymbolFailure

{Q Alphabet : Type*} [Fintype Alphabet] [DecidableEq Alphabet] {sampleCount : N}
[NeZero sampleCount] (sample : 2 = Fin sampleCount = Alphabet)

(target : Alphabet = R) (deviation : R) (symbol : Alphabet) (outcome : §2) a1sn
outcome € FEP.LearningTheory.frequencyDeviationEvent sample target deviation

symbol « deviation < |FEP.LearningTheory.empiricalFrequency (sample outcome)

symbol — target symbol|

17.116 fep-116 — Finite-Hypothesis PAC-Bayes Loss-Gap Bound

{Hypothesis : Type"} [Fintype Hypothesis]

(prior posterior : FiniteLaw Hypothesis) (certificate :
FEP.VariationalDuality.GibbsCertificate Hypothesis)

(referencelsPrior : certificate.reference = prior)

(empiricalLoss populationLoss : Hypothesis = R) (inverseTemperature : R)
(inverseTemperaturePositive : 0 < inverseTemperature) (potentiallsLossGap : V
hypothesis, certificate.potential hypothesis = inverse Temperature

- (populationLoss hypothesis — empiricalLoss hypothesis)) (confidence : R) (1152)

(confidencePositive : 0 < confidence) (confidenceBelowOne : confidence < 1)

(logMGFBound : certificate.logPartition < Real.log confidencefl)
FEP.VariationalDuality.expectation posterior populationLoss

< FEP.VariationalDuality.expectation posterior empiricalLoss

+ (FEP.Finitelnformation.finiteKL posterior prior + Real.log confidence_l)

/inverseTemperature

{Hypothesis : Type"} [Fintype Hypothesis| (prior : FiniteLaw Hypothesis)
(priorPositive : Vhypothesis, 0 < prior hypothesis) (hypothesis : Hypothesis) (1153)
prior hypothesis # 0

17.117 fep-117 — Posterior-Odds Multiplicative Recursion

{Hypothesis Evidence : Type"} [Fintype Hypothesis] [Fintype Evidence]

(prior : FiniteLaw Hypothesis) (likelihood : FiniteKernel Hypothesis Evidence)

(evidence : Evidence) (evidencePositive : 0 < likelihood.predictive prior

evidence) (favored reference : Hypothesis)

(referencePriorPositive : 0 < prior reference) (referenceLikelihoodPositive : 0 (1154)
< likelihood reference evidence)

FEP.LearningTheory.posteriorOdds prior likelihood evidence evidencePositive

favored reference = (prior favored/prior reference) - (likelihood favored

evidence/likelihood reference evidence)

{Hypothesis Evidence : Type"} [Fintype Hypothesis] [Fintype Evidence]

(prior : FiniteLaw Hypothesis) (likelihood : FiniteKernel Hypothesis Evidence)

(evidence : Evidence) (evidencePositive : 0 < likelihood.predictive prior (1155)
evidence) (hypothesis : Hypothesis) (priorZero : prior hypothesis = 0)

likelihood.posterior prior evidence evidencePositive hypothesis = 0
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17.118 fep-118 — Exponential Posterior Concentration from a Likelihood Gap

(priorGood priorBad likelihoodGood likelihoodBad likelihoodGap : R)

(sampleCount : N) (priorGoodPositive : 0 < priorGood)

(priorBadNonnegative : 0 < priorBad)

(likelihoodGoodPositive : 0 < likelihoodGood)

(likelihoodBadNonnegative : 0 < likelihoodBad)

(likelihoodGapNonnegative : 0 < likelihoodGap) (gapBound : likelihoodBad

< Real.exp (—likelihoodGap) - likelihoodGood)
FEP.LearningTheory.twoHypothesisPosteriorBad priorGood priorBad likelihood Good
likelihoodBad sampleCount < (priorBad/priorGood) - Real.exp

(—((sampleCount : R) - likelihoodGap))

FEP.LearningTheory.twoHypothesisPosteriorBad (1/2) (1/2) (3/4) (1/4) 2
=1/10

17.119 fep-119 — Bayesian-Mixture Log-Loss Regret Bound
{Hypothesis : Type"} [Fintype Hypothesis]
(prior : FiniteLaw Hypothesis) (likelihood : Hypothesis = R)
(likelihoodNonnegative : Vhypothesis, 0 < likelihood hypothesis)
(selected : Hypothesis)
prior selected - likelihood selected < FEP.LearningTheory.mixtureEvidence prior
likelihood

{Hypothesis : Type"} [Fintype Hypothesis]

(prior : FiniteLaw Hypothesis) (likelihood : Hypothesis = R)
(likelihoodNonnegative : Vhypothesis, 0 < likelihood hypothesis)

(selected : Hypothesis) (priorPositive : 0 < prior selected)

(likelihoodPositive : 0 < likelihood selected)

— Real.log (FEP.LearningTheory.mixtureEvidence prior likelihood) < —Real.log
(likelihood selected) — Real.log (prior selected)

17.120 fep-120 — Bayes-Factor Multiplicativity and Model-Evidence Update

(priorOdds firstFavored firstReference secondFavored secondReference : R)
(firstReferenceNonzero : firstReference # 0)

(secondReferenceNonzero : secondReference # 0)

FEP.LearningTheory.bayesFactor (firstFavored - secondFavored)

(firstReference - secondReference) = FEP.LearningTheory.bayesFactor firstFavored
firstReference - FEP.LearningTheory.bayesFactor secondFavored secondReference

A FEP.LearningTheory.updatedModelOdds priorOdds (firstFavored - secondFavored)
(firstReference - secondReference) = FEP.LearningTheory.updatedModelOdds
(FEP.LearningTheory.updatedModelOdds priorOdds firstFavored firstReference)

secondFavored secondReference

FEP.LearningTheory.bayesFactor (3/4) (1/4) = 3
A FEP.LearningTheory.updatedModelOdds 1 (3/4) (1/4) = 3

(favored : R)
FEP.LearningTheory.bayesFactor favored 0 = 0
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17.121 fep-121 — Laplace-Smoothing Error Identity
(successes sampleCount : N) (target : R) (sampleCountPositive : 0 < sampleCount)
(successesAtMost : successes < sampleCount)
(targetBounds : target € Set.lcc (0 : R) 1)
laplaceEstimate successes sampleCount — target = shrinkage sampleCount
- (empiricalRate successes sampleCount — target) + laplaceBias sampleCount

target

(sampleCount : N)
shrinkage sampleCount € Set.lcc (0 : R) 1

17.122 fep-122 — Laplace-Smoothing Bias Bound

(sampleCount : N) (target : R) (targetBounds : target € Set.lcc (0: R) 1)
|laplaceBias sampleCount target| < 1/((sampleCount : R) + 2)

laplaceBias20 = 1/4 A laplaceBias20 # 0

17.123 fep-123 — Absolute-Error Transfer through Laplace Smoothing

(successes sampleCount : N) (targeterror : R)

(sampleCountPositive : 0 < sampleCount)

(successesAtMost : successes < sampleCount)

(targetBounds : target € Set.lcc (0 : R) 1) (empiricalErrorBound :

|empiricalRate successes sampleCount — target| < error)

|laplaceEstimate successes sampleCount — target| < shrinkage sampleCount - error
+ 1/((sampleCount : R) + 2)

(successes sampleCount : N) (target error : R) (empiricalErrorBound :
|empiricalRate successes sampleCount — target| < error)

0 < error

17.124 fep-124 — Squared-Risk Transfer through Laplace Smoothing
(successes sampleCount : N) (target : R) (sampleCountPositive : 0 < sampleCount)
(successesAtMost : successes < sampleCount)
(targetBounds : target € Set.lcc (0 : R) 1)
(laplaceEstimate successes sampleCount — target)? < 2 - shrinkage

sampIeCount2 - (empiricalRate successes sampleCount — target)? + 2

- (1/((sampleCount : R) + 2))2

{Q : Type"} [Fintype 2] (sampling : FiniteLaw ) (successes : {2 = N)
(sampleCount : N) (target : R) (sampleCountPositive : 0 < sampleCount)
(successesAtMost : Voutcome, successes outcome < sampleCount)
(targetBounds : target € Set.lcc (0 : R) 1)
FEP.VariationalDuality.expectation sampling (A outcome — (laplaceEstimate
(successes outcome) sampleCount — target)2) < 2 - shrinkage sampleCount”

- FEP.VariationalDuality.expectation sampling (A outcome — (empiricalRate
(successes outcome) sampleCount — target)?) + 2

- (1/((sampleCount : R) + 2))?

17.125 fep-125 — Bernoulli Brier Excess-Risk Identity

(target forecast : R)
bernoulliBrierScore target forecast — bernoulliBrierScore target target

= (forecast — target)?
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(target : R)

bernoulliBrierScore target target — bernoulliBrierScore target target = 0

17.126 fep-126 — Finite-Law Laplace Brier-Risk Bound
{Q : Type"} [Fintype Q] (sampling : FiniteLaw Q) (successes : Q2 = N)
(sampleCount : N) (target : R) (sampleCountPositive : 0 < sampleCount)
(successesAtMost : Voutcome, successes outcome < sampleCount)
(targetBounds : target € Set.lcc (0: R) 1)
brierExcessRisk sampling (A outcome > laplaceEstimate (successes outcome)
sampleCount) target < 2 - shrinkage sampleCount2
- FEP.VariationalDuality.expectation sampling (A outcome — (empiricalRate
(successes outcome) sampleCount — target)?) 4 2
- (1/((sampleCount : R) + 2))?

{Q : Type™} [Fintype 2] (sampling : FiniteLaw Q)

Z outcome, sampling outcome = 1

17.127 fep-127 — Concentration-Event Transfer through Smoothing
{Q : Type™} [Fintype Q] (successes : 2 = N) (sampleCount : N) (target error : R)

(sampleCountPositive : 0 < sampleCount) (successesAtMost : Voutcome, successes
outcome < sampleCount) (targetBounds : target € Set.lcc (0 : R) 1)
laplaceBadEvent successes sampleCount target error C empiricalBadEvent successes

sampleCount target error

{Q : Type*} [Fintype Q2] (sampling : FiniteLaw 2) (successes : 2 = N)
(sampleCount : N) (target error failure : R)

(sampleCountPositive : 0 < sampleCount) (successesAtMost : Voutcome, successes
outcome < sampleCount) (targetBounds : target € Set.lcc (0 : R) 1)
(rawProbabilityBound : finiteEventProbability sampling (empiricalBadEvent
successes sampleCount target error) < failure)

finiteEventProbability sampling

(laplaceBadEvent successes sampleCount target error) < failure

17.128 fep-128 — Observation-Contingent Policy-Tree Recursion
{Belief Action Observation : Type"} [Fintype Belief] [Fintype Action]
[Fintype Observation] (model : Policy TreeModel Belief Action Observation)
{depth : N} (action : Action) (continuation : Observation = PolicyTree Action
Observation depth) (belief : Belief)
policyTreeValue (depth := depth + 1) model (action, continuation) belief
= model.stageCost depth belief action + Z observation, model.observationLaw
belief action observation - policy TreeValue model (continuation observation)

(model.update belief action observation)

{Belief Action Observation : Type*} [Fintype Belief] [Fintype Action]
[Fintype Observation] (model : Policy TreeModel Belief Action Observation)
(belief : Belief)

policy TreeValue (depth := 0) model

(PUnit.unit : PolicyTree Action Observation 0) belief = 0
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17.129 fep-129 — Finite Policy-Tree Bellman Minimum

{Belief Action Observation : Type"} [Fintype Belief] [Fintype Action]

[Fintype Observation] [Nonempty Action]

(model : Policy TreeModel Belief Action Observation) (depth : N)

(belief : Belief)

optimalTreeValue model (depth + 1) belief = model.stageCost depth belief (1179)
(optimal TreeAction model depth belief) + Z observation, model.observationLaw

belief (optimalTreeAction model depth belief) observation - optimalTreeValue

model depth (model.update belief (optimal TreeAction model depth belief)

observation)

{Belief Action Observation : Type"} [Fintype Belief] [Fintype Action]
[Fintype Observation] [Nonempty Action]

(model : Policy TreeModel Belief Action Observation) (depth : N)
(belief : Belief) (alternative : Action)

model.stageCost depth belief (optimal TreeAction model depth belief) + Z

observation, model.observationLaw belief (optimal TreeAction model depth belief) (1180)
observation - optimalTreeValue model depth (model.update belief

(optimalTreeAction model depth belief) observation) < model.stageCost depth
belief alternative + Z observation, model.observationLaw belief alternative

observation - optimalTreeValue model depth

(model.update belief alternative observation)

17.130 fep-130 — Optimal Finite Policy-Tree Existence

{Belief Action Observation : Type*} [Fintype Belief| [Fintype Action]
[Fintype Observation] [Nonempty Action|

(model : PolicyTreeModel Belief Action Observation) (depth : N)
(belief : Belief)

1181
Jtree : Policy Tree Action Observation depth, policy TreeValue model tree belief ( )
= optimalTreeValue model depth belief A Valternative : Policy Tree Action
Observation depth, policy TreeValue model tree belief < policy TreeValue model
alternative belief
{Action Observation : Type"} [Fintype Action| [Fintype Observation] (depth : N) (1182)

Finite (Policy Tree Action Observation depth)

17.131 fep-131 — Open-Loop Plan Embedding into Policy Trees

{Belief Action Observation : Type"} [Fintype Belief] [Fintype Action]

[Fintype Observation] (model : Policy TreeModel Belief Action Observation)

{depth : N} (plan : OpenLoopPlan Action depth) (belief : Belief) (1183)
policy TreeValue model (openLoopEmbedding (Observation := Observation) plan)

belief = openLoopValue model plan belief

{Action Observation : Type*}

openLoopEmbedding (depth := 0) (Action := Action) (Observation := Observation)
(PUnit.unit : OpenLoopPlan Action 0)

= (PUnit.unit : PolicyTree Action Observation 0)

(1184)
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17.132 fep-132 — Closed-Loop Policy-Tree Dominance over Open Loop
{Belief Action Observation : Type"} [Fintype Belief] [Fintype Action]
[Fintype Observation] [Nonempty Action|
(model : Policy TreeModel Belief Action Observation) {depth : N}
(plan : OpenLoopPlan Action depth) (belief : Belief)
optimalTreeValue model depth belief < openLoopValue model plan belief

(depth : N)
depth < depth + 1

17.133 fep-133 — Treewise Expected-Free-Energy Decomposition

{Belief State Action Observation : Type”} [Fintype Belief] [Fintype State]
[Fintype Action] [Fintype Observation] (model : EFEPolicy TreeModel Belief State
Action Observation) {depth : N} (tree : PolicyTree Action Observation depth)
(belief : Belief)

policy TreeValue (efePolicy TreeModel model) tree belief = policy TreeValue
(riskAmbiguityPolicy TreeModel model) tree belief

{Belief State Action Observation : Type”} [Fintype Belief] [Fintype State]
[Fintype Action] [Fintype Observation] [Nonempty Action] (model :
EFEPolicyTreeModel Belief State Action Observation) (depth : N)

(belief : Belief)

optimalTreeValue (efePolicy TreeModel model) depth belief = optimalTreeValue
(riskAmbiguityPolicy TreeModel model) depth belief

17.134 fep-134 — Strict Boolean Feedback Advantage

(action : Bool)

policy TreeValue boolFeedbackModel boolFeedbackTree false = 0 A openLoopValue
boolFeedbackModel (boolOpenLoopPlan action) false = 1/2 A policyTreeValue
boolFeedbackModel boolFeedbackTree false < openLoopValue boolFeedbackModel
(boolOpenLoopPlan action) false

(boolFeedbackTree.2 false).1 # (boolFeedbackTree.2 true).1

17.135 fep-135 — Finite-Law Measure Embedding

{State : Type*} [Fintype State]
(law : FiniteLaw State) (state : State)
FEP.NativeBlanket.embeddedLaw law {state} = ENNReal.ofReal (law state)

{State : Type"} [Fintype State]
(law : FiniteLaw State)
FEP.NativeBlanket.embeddedLaw law {2 = 1

17.136 fep-136 — Finite-Law Embedding Injectivity and Expectation Transfer

{State : Type"} [Fintype State]
Function.Injective (FEP.NativeBlanket.embeddedLaw : FiniteLaw State = Measure
State)

{State : Type"} [Fintype State]
(law : FiniteLaw State) (observable : State = R)

/ state, observable state d FEP.NativeBlanket.embeddedLaw law = Z state, law

state - observable state
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17.137 fep-137 — Embedded Finite-Kernel Composition

{Input Output : Type"} [Fintype Input] [Fintype Output]

(prior : FiniteLaw Input) (kernel : FiniteKernel Input Output)
FEP.NativeBlanket.embeddedLaw (kernel.predictive prior)

= FEP.NativeBlanket.embeddedKernel kernel o,, FEP.NativeBlanket.embeddedLaw prior

17.138 fep-138 — Markov-Blanket Rectangle Factorization

{Internal Sensory Active External : Type*}

(model : StaticModel Internal Sensory Active External)

(blanket : Blanket Sensory Active) (internal : Internal) (external : External)
FEP.NativeBlanket.embeddedLaw (staticJoint model)

(FEP.NativeBlanket.blanketCoordinate ' {blanket}N
FEP.NativeBlanket.internalCoordinate ' {internal }N

FEP.NativeBlanket.externalCoordinate ' {external}) = ENNReal.ofReal
(model.blanketLaw blanket) - ENNReal.ofReal
(model.internalGiven blanket internal) - ENNReal.ofReal

(model.externalGiven blanket external )

17.139 fep-139 — Native Markov-Blanket Conditional Independence

{Internal Sensory Active External : Type*}

(model : StaticModel Internal Sensory Active External)

CondIndepFun (MeasurableSpace.comap FEP.NativeBlanket.blanketCoordinate
inferlnstance) FEP.NativeBlanket.blanketCoordinate_measurable.comap_le
FEP.NativeBlanket.internalCoordinate FEP.NativeBlanket.externalCoordinate
(FEP.NativeBlanket.embeddedLaw (staticJoint model))

{Internal Sensory Active External : Type*}

letl : MeasurableSpaceBool

17.140 fep-140 — Conditional Independence under Measurable Coarsening

{Internal Sensory Active External : Type*}

{Internallmage Externallmage : Type"} [MeasurableSpacelnternallmage]
[MeasurableSpaceExternallmage]

(model : StaticModel Internal Sensory Active External)

(internallmage : Internal = Internallmage)

(externallmage : External = Externallmage)

(internalMeasurable : Measurable internallmage)

(externalMeasurable : Measurable externallmage)

CondIndepFun (MeasurableSpace.comap FEP.NativeBlanket.blanketCoordinate
inferlnstance) FEP.NativeBlanket.blanketCoordinate_measurable.comap_le
(internallmage o FEP.NativeBlanket.internalCoordinate)

(externallmage o FEP.NativeBlanket.externalCoordinate)
(FEP.NativeBlanket.embeddedLaw (staticJoint model))

17.141 fep-141 — Native Blanket-Transition Closure

{Internal Sensory Active External : Type*}

(dynamics : Dynamics Internal Sensory Active External) (current : DynamicState
Internal Sensory Active External)

CondIndepFun (MeasurableSpace.comap FEP.NativeBlanket.blanketCoordinate
inferlnstance) FEP.NativeBlanket.blanketCoordinate_measurable.comap_le
FEP.NativeBlanket.internalCoordinate FEP.NativeBlanket.externalCoordinate
(FEP.NativeBlanket.embeddedLaw (staticJoint (nextStaticModel dynamics current)))
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17.142 fep-142 — Finite Exponential-Family Normalization and Support

{Outcome : Type"} [Fintype Outcome] [Nonempty Outcome]

(family : ScalarExponentialFamily Outcome) (parameter : R)

E outcome, family.law parameter outcome = 1

{Outcome : Type*} [Fintype Outcome] [Nonempty Outcome]
(family : ScalarExponentialFamily Outcome) (parameter : R) (outcome : Outcome)

0 < family.law parameter outcome

17.143 fep-143 — Affine Exponential-Family Log-Density Ratio

{Outcome : Type*} [Fintype Outcome] [Nonempty Outcome]

(family : ScalarExponentialFamily Outcome) (left right : R) (outcome : Outcome)
Real.log (family.law left outcome/family.law right outcome) = (left — right)

- family.statistic outcome

— (family.logPartition left — family.logPartition right)

17.144 fep-144 — Finite Log-Partition Gradient

{Outcome : Type*} [Fintype Outcome] [Nonempty Outcome]
(family : ScalarExponentialFamily Outcome) (parameter : R)

HasDerivAt family.logPartition (family.mean parameter) parameter

17.145 fep-145 — Centered Exponential-Family Score Identity
{Outcome : Type"} [Fintype Outcome] [Nonempty Outcome]

(family : ScalarExponentialFamily Outcome) (parameter : R) (outcome : Outcome)
family.score parameter outcome = family.statistic outcome — family.mean

parameter

{Outcome : Type"} [Fintype Outcome] [Nonempty Outcome]

(family : ScalarExponentialFamily Outcome) (parameter : R)

E outcome, family.law parameter outcome - family.score parameter outcome = 0

17.146 fep-146 — Log-Partition Hessian—Variance-Fisher Identity
{Outcome : Type"} [Fintype Outcome] [Nonempty Outcome]

(family : ScalarExponentialFamily Outcome) (parameter : R)

HasDerivAt family.mean (family.variance parameter) parameter

{Outcome : Type"} [Fintype Outcome] [Nonempty Outcome]
(family : ScalarExponentialFamily Outcome) (parameter : R)

family.fisher parameter = family.variance parameter

{Outcome : Type"} [Fintype Outcome] [Nonempty Outcome]

0 < ScalarExponentialFamily.threeStateFamily.variance 0

{Outcome : Type"} [Fintype Outcome] [Nonempty Outcome]

(base : Outcome = R) (hBase : Voutcome, 0 < base outcome)

(constant parameter : R)

(ScalarExponentialFamily.constantStatisticFamily base hBase constant).fisher

parameter = (
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17.147 fep-147 — Exponential-Family KL-Bregman Identity

{Outcome : Type"} [Fintype Outcome]| [Nonempty Outcome]

(family : ScalarExponentialFamily Outcome) (left right : R)

finiteKL (family.law left) (family.law right) = family.logPartitionBregman left
right

{Outcome : Type*} [Fintype Outcome] [Nonempty Outcome]
(family : ScalarExponentialFamily Outcome) (parameter : R) (outcome : Outcome)

0 < family.law parameter outcome

17.148 fep-148 — Natural-to-Mean Coordinate Injectivity

{Outcome : Type*} [Fintype Outcome] [Nonempty Outcome]
(family : ScalarExponentialFamily Outcome) {lower upper : R} (hVariance : V
parameter € Set.lcc lower upper, 0 < family.variance parameter)

StrictMonoOn family.mean (Set.lcc lower upper)

{Outcome : Type"} [Fintype Outcome] [Nonempty Outcome]
(family : ScalarExponentialFamily Outcome) {lower upper : R} (hVariance : V
parameter € Set.lcc lower upper, 0 < family.variance parameter)

Set.InjOn family.mean (Set.lcc lower upper)

17.149 fep-149 — Two-State Continuous-Time Markov Kernel
(rates : TwoStateRates) (time : R) (source : Bool)

Z target, rates.transition time source target = 1

(rates : TwoStateRates) {time : R} (hTime : 0 < time) (source target : Bool)

0 < rates.transition time source target

TwoStateRates.benchmarkRates.forward = 0.7
A TwoStateRates.benchmarkRates.backward = 0.3

17.150 fep-150 — Continuous-Time Identity at Zero

(rates : TwoStateRates) (source target : Bool)

rates.transition O source target = if source = target then 1 else 0

17.151 fep-151 — Two-State Chapman—Kolmogorov Semigroup
(rates : TwoStateRates) (left right : R) (source target : Bool)
rates.transition (left + right) source target = Z middle, rates.transition left

source middle - rates.transition right middle target

17.152 fep-152 — Two-State Continuous-Time Master Equation
(rates : TwoStateRates) (time : R) (source target : Bool)
HasDerivAt (A candidate 1 rates.transition candidate source target) (Z middle,
rates.generator source middle - rates.transition time middle target) time
A HasDerivAt (A candidate — rates.transition candidate source target) (Z

middle, rates.transition time source middle - rates.generator middle target)

time
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17.153 fep-153 — Continuous-Time Stationarity and Detailed Balance
(rates : TwoStateRates) (time : R) (target : Bool)
(Z source, rates.stationaryLaw source - rates.transition time source target)

= rates.stationarylLaw target

(rates : TwoStateRates) (time : R) (sourcetarget : Bool)
rates.stationarylLaw source - rates.transition time source target

= rates.stationarylLaw target - rates.transition time target source

17.154 fep-154 — Exact Two-State Exponential Relaxation
(rates : TwoStateRates) (initial : FiniteLaw Bool) (time : R)

rates.trueMass initial time — rates.stationary True = rates.rho time

- (initial true — rates.stationaryTrue)

TwoStateRates.benchmarklnitial true

#+ TwoStateRates.benchmarkRates.stationary True

17.155 fep-155 — Exact Two-State Quadratic Lyapunov Decay
(rates : TwoStateRates) (initial : FiniteLaw Bool) (time : R)
rates.lyapunov initial time = rates.rho time®

- (initial true — rates.stationaryTrue)?

(rates : TwoStateRates) (initial : FiniteLaw Bool) (time : R)
HasDerivAt (rates.lyapunov initial)

(—2 - rates.decayRate - rates.lyapunov initial time) time

— 2 - TwoStateRates.benchmarkRates.decayRate
- TwoStateRates.benchmarkRates.lyapunov TwoStateRates.benchmarklnitial 0 < 0

17.156 fep-156 — Planning as Inference: the EFE Policy-Selection Bridge

{Action State Outcome Policy Belief Observation : Type*}
(prior : FiniteLaw Action) (prior_pos : Vpolicy, 0 < prior policy) (7 : R)
(h7y : 0 < 7) (cost : Action = R) (Q : FiniteLaw Action)
efeControlObjective prior 7y cost (controlPosterior prior 7y cost)
< efeControlObjective prior 7y cost @ A (efeControlObjective prior «y cost ()
= efeControlObjective prior 7y cost (controlPosterior prior vy cost) <> Q

= controlPosterior prior 7y cost)

{Action State Outcome Policy Belief Observation : Type"}

(prior : FiniteLaw Action) (prior_pos : Vpolicy, 0 < prior policy) (7 : R)
(h7y : 0 <) (cost : Action = R)

efeControlObjective prior -y cost (controlPosterior prior 7 cost)

= —(y7! - Real.log (efeControlPartition prior y cost))

{Action State Outcome Policy Belief Observation : Type*}

(prior : FiniteLaw Action) (prior_pos : Vpolicy, 0 < prior policy) (7 : R)
(hy : 0 < 7y) (cost : Action = R) (Q : FiniteLaw Action)
efeControlObjective prior y cost Q = y~! - gibbsFreeEnergy
(efeGibbsCertificate prior prior_pos y cost) @

{Action State Outcome Policy Belief Observation : Type"}

(prior : FiniteLaw Action) (prior_pos : Vpolicy, 0 < prior policy) (v : R)

(h7y : 0 < ) (cost : Action = R) (Q : FiniteLaw Action)

efeControlObjective priory cost Q = y~1 - (finiteKL Q (controlPosterior prior 7y
cost) — Real.log (efeControlPartition prior -y cost))
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{Action State Outcome Policy Belief Observation : Type*}

(prior : FiniteLaw Action) (prior_pos : Vpolicy, 0 < prior policy) (7 : R)

(h7y : 0 < 7y) (cost : Action = R) (@ : FiniteLaw Action)

efeControlObjective prior -y cost () — efeControlObjective prior v cost (1232)
(controlPosterior prior y cost) = ! - finiteKL Q

(controlPosterior prior 7y cost)

{Action State Outcome Policy Belief Observation : Type*}
(model : GenerativeModel Policy State Outcome) (support : FullSupport model)
olicy : Polic
(policy . y) _ _ 1233)
(Valternative : Policy, expectedFreeEnergy model policy < expectedFreeEnergy
model alternative) <> (Valternative : Policy, risk model policy + ambiguity

model policy < risk model alternative + ambiguity model alternative)

{Action State Outcome Policy Belief Observation : Type*}

(model : GenerativeModel Policy State Outcome) (support : FullSupport model)
[Nonempty Policy| (alternative : Policy) (1234)
risk model (finiteArgmin (expectedFreeEnergy model)) + ambiguity model

(finiteArgmin (expectedFreeEnergy model)) < risk model alternative + ambiguity

model alternative

{Action State Outcome Policy Belief Observation : Type"}
(model : GenerativeModel Policy State Outcome) [Nonempty Policy] (1235)
dpolicy : Policy, Valternative : Policy, expectedFreeEnergy model policy

< expectedFreeEnergy model alternative

{Action State Outcome Policy Belief Observation : Type”}

[Nonempty Action] (model : EFEPolicy TreeModel Belief State Action Observation)

(depth : N) (belief : Belief)

policy TreeValue (riskAmbiguityPolicy TreeModel model) (optimalPolicy Tree

(efePolicy TreeModel model) depth belief) belief = optimalTreeValue (1236)
(riskAmbiguityPolicy TreeModel model) depth belief A policy TreeValue

(efePolicy TreeModel model) (optimalPolicy Tree (riskAmbiguityPolicy TreeModel

model) depth belief) belief = optimalTreeValue (efePolicy TreeModel model) depth

belief

17.157 fep-157 — The Perception-Action Loop as a Closed-Loop Active-Inference Theorem

{Policy State Outcome : Type"}

[Nonempty Policy] (model : GenerativeModel Policy State Outcome)

(belief : FiniteLaw State) (outcome : Outcome) (hEvidence : 0

< model.likelihood.predictive belief outcome) (support : FullSupport
(withInitialState model (filteredBelief model belief outcome hEvidence)))

— Real.log (model.likelihood.predictive belief outcome) < perceptionVFE model
belief outcome hEvidence belief A perceptionVFE model belief outcome hEvidence
belief = —Real.log (model.likelihood.predictive belief outcome) + finiteKL (1237)
belief (filteredBelief model belief outcome hEvidence) A expectedFreeEnergy
(withInitialState model (filteredBelief model belief outcome hEvidence))
(selectedPolicy model (filteredBelief model belief outcome hEvidence)) = risk
(withInitialState model (filteredBelief model belief outcome hEvidence))
(selectedPolicy model (filteredBelief model belief outcome hEvidence))

+ ambiguity (withInitialState model (filtered Belief model belief outcome
hEvidence)) (selectedPolicy model (filteredBelief model belief outcome
hEvidence))
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{Policy State Outcome : Type"}

(model : GenerativeModel Policy State Outcome)

(actual reference : FiniteLaw State) (hReference : Vs, 0 < reference s)
(hLikelihood : Vs 0,0 < model.likelihood s 0)

finiteKL actual reference = finiteKL (model.likelihood.predictive actual)
(model.likelihood.predictive reference) + Z o : Outcome,

model.likelihood.predictive actual o - finiteKL (filteredBelief model actual o
(predictive_pos_of_fullLikelihood model actual hLikelihood 0)) (filteredBelief

model reference o (predictive_pos_of_fullLikelihood model reference hLikelihood

0))

{Policy State Outcome : Type"}

(model : GenerativeModel Policy State Outcome)

(actual reference : FiniteLaw State) (hReference : Vs, 0 < reference s)
(hLikelihood : Vs 0,0 < model.likelihood s 0)

Z o : Outcome, model.likelihood.predictive actual o - finiteKL (filteredBelief

model actual o (predictive_pos_of_fullLikelihood model actual hLikelihood 0))
(filteredBelief model reference o (predictive_pos_of_fullLikelihood model

reference hLikelihood 0)) < finiteKL actual reference

{Policy State Outcome : Type"}

[MeasurableSpaceState| [MeasurableSpaceOutcome]

[DiscreteMeasurableSpace State] [DiscreteMeasurableSpace Outcome]

(model : GenerativeModel Policy State Outcome)

(actual reference : FiniteLaw State)

InformationTheory.kIDiv (FEP.NativeBlanket.embeddedLaw

(model.likelihood.predictive actual)) (FEP.NativeBlanket.embeddedLaw
(model.likelihood.predictive reference)) < InformationTheory.kIDiv
(FEP.NativeBlanket.embeddedLaw actual) (FEP.NativeBlanket.embeddedLaw reference)

{Policy State Outcome : Type”}

[DecidableEq State] (model : GenerativeModel Policy State Outcome)
(policy : Policy) {coefficient : R} (hBound :
FEP.FiniteMarkovDynamics.HasDobrushinBound (model.transition policy)
coefficient) (left right : FiniteLaw State)
FEP.FiniteMarkovDynamics.totalVariation

((model.transition policy).predictive left)

((model.transition policy).predictive right) < coefficient

- FEP.FiniteMarkovDynamics.totalVariation left right

{Policy State Outcome : Type"}

(model : GenerativeModel Policy State Outcome) (belief : FiniteLaw State)
(outcome : Outcome) (hEvidence : 0 < model.likelihood.predictive belief outcome)
perceptionVFE model belief outcome hEvidence belief = —Real.log
(model.likelihood.predictive belief outcome) + finiteKL belief

(filteredBelief model belief outcome hEvidence)

{Policy State Outcome : Type"}

(precision : R) (model : GenerativeModel Policy State Outcome)

(support : FullSupport model)

policyPosterior precision model support = controlPosterior model.policyPrior

precision (expectedFreeEnergy model)
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{Policy State Outcome : Type"}

(precision : R) (model : GenerativeModel Policy State Outcome)

(support : FullSupport model) (energy : R) (hflat : Vpolicy, expectedFreeEnergy (1244)
model policy = energy)

policyPosterior precision model support = model.policyPrior

{Policy State Outcome : Type*}

[Nonempty Policy] (model : GenerativeModel Policy State Outcome)

(belief : FiniteLaw State) (alternative : Policy) (1245)
expectedFreeEnergy (withlnitialState model belief) (selectedPolicy model belief)

< expectedFreeEnergy (withInitialState model belief) alternative

{Policy State Outcome : Type"}

[DecidableEq State| (model : GenerativeModel Policy State Outcome)

(belief : FiniteLaw State) (outcome : Outcome) (hEvidence : 0

< model.likelihood.predictive belief outcome) (1246)
filteredBelief model belief outcome hEvidence = forwardFilter belief

FiniteKernel.identity model.likelihood outcome (identity_forwardEvidence belief

outcome FiniteKernel.identity rfl model.likelihood hEvidence)

{Policy State Outcome : Type"}

[Nonempty Policy] [DecidableEq State]

(model : GenerativeModel Policy State Outcome) (belief : FiniteLaw State)

(outcome : Outcome) (hEvidence : 0 < model.likelihood.predictive belief outcome) (1247)
perceptionActionStep model belief outcome hEvidence = (model.transition

(selectedPolicy model (filteredBelief model belief outcome

hEvidence))).predictive (filteredBelief model belief outcome hEvidence)

{Policy State Outcome : Type"}

[Nonempty Policy] [DecidableEq State]

(model : GenerativeModel Policy State Outcome) (belief : FiniteLaw State)

(hEvidence : Vo : Outcome, 0 < model.likelihood.predictive belief 0) (1248)
(outcome : Outcome) (state : State)

perceptionActionKernel model belief hEvidence outcome state

= perceptionActionStep model belief outcome (hEvidence outcome) state

{Policy State Outcome : Type*}

(model : GenerativeModel Policy State Outcome) (prior : FiniteLaw State)

(hEvidence : Vo, 0 < model.likelihood.predictive prior o) (o : Outcome)

(s : State) (1249)
(posteriorKernel model prior hEvidence).joint

(model.likelihood.predictive prior) (0, s) = (model.likelihood.joint prior)

(

$,0)

17.158 fep-158 — Bayesian Model Reduction

{Parameter Evidence : Type"} [Fintype Parameter| [Fintype Evidence]

(prior : FiniteLaw Parameter) (weight : Parameter = R)

(kernel : FiniteKernel Parameter Evidence) (data : Evidence) (1250)
(hwl : Va,weightz < 1) (hE : 0 < maskedEvidence prior weight kernel data)

evidenceFreeEnergy (kernel.predictive prior data) < evidenceFreeEnergy

(maskedEvidence prior weight kernel data)
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{Parameter Evidence : Type*} [Fintype Parameter] [Fintype Evidence]
(prior : FiniteLaw Parameter) (weight : Parameter = R)

(kernel : FiniteKernel Parameter Evidence) (data : Evidence)

(hwl : Vz, weightx < 1)

maskedEvidence prior weight kernel data < kernel.predictive prior data

{Parameter Evidence : Type*} [Fintype Parameter] [Fintype Evidence]
(prior : FiniteLaw Parameter) (weight : Parameter = R)

(kernel : FiniteKernel Parameter Evidence) (data : Evidence)

(hw : Va,0 < weightx) (hZ: 0 < Zw,weightaz - prior x)

kernel.predictive (maskedPrior prior weight hw hZ) data = maskedEvidence prior

weight kernel data/ Z y, weight y - priory

{Parameter Evidence : Type*} [Fintype Parameter] [Fintype Evidence]
(prior : FiniteLaw Parameter) (weight : Parameter = R)

(kernel : FiniteKernel Parameter Evidence) (data : Evidence)

(hw : Va,0 < weightx) (hZ: 0 < Zx,weightas - priorx) (hy : 0

< kernel.predictive (maskedPrior prior weight hw hZ) data) (z : Parameter)
FiniteKernel.posterior (maskedPrior prior weight hw hZ) kernel data hy z:

- maskedEvidence prior weight kernel data = weight x - prior x - kernel z data

{Parameter Evidence : Type"} [Fintype Parameter| [Fintype Evidence]

(prior : FiniteLaw Parameter) (weight : Parameter = R)

(kernel : FiniteKernel Parameter Evidence) (data : Evidence)

(hw : Va,0 < weightx) (hZ : 0 < Zx,weightx -priorz) (hy : 0

< kernel.predictive (maskedPrior prior weight hw hZ) data) (x y : Parameter)
FiniteKernel.posterior (maskedPrior prior weight hw hZ) kernel data hy =

- (weight y - priory - kernel y data) = FiniteKernel.posterior

(maskedPrior prior weight hw hZ) kernel data hy y

- (weight x - prior x - kernel z data)

{Parameter Evidence : Type"} [Fintype Parameter| [Fintype Evidence]
(prior : FiniteLaw Parameter) (weight : Parameter = R)

(kernel : FiniteKernel Parameter Evidence) (data : Evidence)

(hw : V2,0 < weightx) (hZ: 0 < Zx, weight x - prior z)

(hP : 0 < kernel.predictive prior data)

(hE : 0 < maskedEvidence prior weight kernel data) (hy : 0 < kernel.predictive
(maskedPrior prior weight hw hZ) data) (x : Parameter)

FiniteKernel.posterior (maskedPrior prior weight hw hZ) kernel data hy

= FiniteKernel.posterior prior kernel data hP x - weight z - (kernel.predictive

prior data/maskedEvidence prior weight kernel data)

{Parameter Evidence : Type"} [Fintype Parameter| [Fintype Evidence]
(c : GibbsCertificate Parameter) (cand : FiniteLaw Parameter)

gibbsFreeEnergy c cand = —dvObjective c cand

{Parameter Evidence : Type"} [Fintype Parameter] [Fintype Evidence]
(c : GibbsCertificate Parameter) (cand : FiniteLaw Parameter)
gibbsFreeEnergy c cand — gibbsFreeEnergy ¢ c.optimizer = finiteKL cand

c.optimizer

{Parameter Evidence : Type"} [Fintype Parameter| [Fintype Evidence]
(c : GibbsCertificate Parameter) (cand : FiniteLaw Parameter)

gibbsFreeEnergy c c.optimizer < gibbsFreeEnergy c cand
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{Parameter Evidence : Type*} [Fintype Parameter] [Fintype Evidence]

(family : FixedVarianceGaussian) (natural z : R)

Real.log (gaussianPDFReal (family.naturalToMean natural) family.variance (1259)
/gaussianPDFReal 0 family.variance ) = natural - =

— family.naturalLogPartition natural

17.159 fep-159 — EFE and Entropy-Production Time-Scale Separation

(rates : TwoStateRates) (belief : FiniteLaw Bool) (hSupport : Vi,0 < belief1)
finiteKL belief rates.stationaryLaw < productionRate rates belief (1260)
/rates.decayRate

(rates : TwoStateRates) (belief : FiniteLaw Bool) (hSupport : Vi, 0 < belief7)
(time : R) (hTime : 0 < time) (policy : Bool)

1261
expectedFreeEnergy (twoStateModel rates belief time hTime) policy ( )
< productionRate rates belief /rates.decayRate
(rates : TwoStateRates) (belief : FiniteLaw Bool) (time : R) (hTime : 0 < time)
epistemicGain rates belief time hTime < rates.rho time® - ((belief true (1262)

— rates.stationary True)? /(rates.stationary True - rates.stationaryFalse))

(rates : TwoStateRates) (belief : FiniteLaw Bool) (time : R) (hpos : 0 < time)
Vd:R,0< = TJeps: R,0 < epsAV(hTime:0 < time) (heps: 0 < eps), (1263)

epistemicGain (scaledRates rates eps heps) belief time hTime < ¢

(rates : TwoStateRates) (belief : FiniteLaw Bool) (hSupport : Vi,0 < belief1)
(time : R) (hTime : 0 < time) (hpos : 0 < time)

. : o . (1264)
entropyProduction (slicePathProtocol rates belief time hTime)
= (1 — rates.rho time) - productionRate rates belief/rates.decayRate
(rates : TwoStateRates) (belief : FiniteLaw Bool) (hSupport : Vi,0 < belief1)
(time: R) (hTime : 0 < time)
. - . - . (1265)
beliefAffinity rates belief = local Affinity belief
(rates.certifiedSemigroup.kernel time hTime.le) false true
(rates : TwoStateRates) (belief : FiniteLaw Bool) (hSupport : Vi,0 < belief1) (1266)
0 < productionRate rates belief
(rates : TwoStateRates) (belief : FiniteLaw Bool) (hSupport : Vi,0 < belief7)
(time : R) (hTime : 0 < time) (policy : Bool) (1267)
expectedFreeEnergy (twoStateModel rates belief time hTime) policy
= epistemicGain rates belief time hTime
(rates : TwoStateRates) (belief : FiniteLaw Bool) (time : R) (hTime : 0 < time)
(eps : R) (heps : 0 < eps)
epistemicGain (scaledRates rates eps heps) belief time hTime < Real.exp (1268)

(—(rates.decayRate/eps) - time)? - ((belief true — rates.stationaryTrue)?

/(rates.stationaryTrue - rates.stationaryFalse))
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17.160 fep-160 — Helmholtz—Ao Decomposition of Nonequilibrium Steady Currents

{State : Type"} [Fintype State]
{n:N}(Q : Finn = Finn = R) (¢ : Finn = R) (hQ : SkewSymmetric Q) (1269)
dotg (mulVecQg) =0

{State : Type"} [Fintype State]
{n:N}(QH : Finn = Finn = R) (hQ : SkewSymmetric @) (hH : SymmetricOf H) (1270)
traceOf (mulOfQ H) =0

{State : Type"} [Fintype State]
{rate : State = State = R} {law : FiniteLaw State} (hSupport : V7,0 < law )
(i j : State)

rate? j = symmetricPart ratelaw ¢ j + circulationPart rate law ¢ j

(1271)

{State : Type"} [Fintype State]

(generator : FiniteRateGenerator State) (law : FiniteLaw State)

(hSupport : Vi,0 < law i) (i j : State) (1272)
generator.probabilityCurrentlaw ¢ j = 2 - law ¢ - circulationPart

generator.ratelaw ¢ j

{State : Type"} [Fintype State]
{rate : State = State = R} {law : FiniteLaw State} (hSupport : V7,0 < law i)

1273
(77 : State) ( )
law i - circulationPart rate law i j = —(law j - circulationPart rate law 5 7)
{State : Type"} [Fintype State]
{rate : State = State = R} {law : FiniteLaw State} (hSupport : Vi,0 < law1) (1274)
(77 : State)
law ¢ - symmetricPart ratelawi j = law j - symmetricPart rate law j ¢
{State : Type"} [Fintype State]
{rate : State = State = R} {law : FiniteLaw State} (hSupport : Vi,0 < law1) 1275)
(i j : State)
circulationNum ratelaw ¢ j = 2 - law - circulationPart rate law ¢ j
{State : Type"} [Fintype State]
{rate : State = State = R} {law : FiniteLaw State} (hSupport : V7,0 < law ) (1276)
(77 : State)
law ¢ - symmetricPart ratelawi j — law j - symmetricPartratelaw j¢ =0
{State : Type"} [Fintype State]
{rate : State = State = R} {law : FiniteLaw State} (hSupport : V7,0 < law ) 1277

(Vij,lawi - rateij = lawj - rate j i) <> Vi j, circulationPart rate law i
j=0

{State : Type*} [Fintype State]

{rate : State = State = R} {law : FiniteLaw State} (hSupport : V7,0 < law )

{ij : State} (hij: 0 < ratei j) (hji : 0 < ratej) (1278)
Real.log (lawi - ratei j/(law j - rate ji)) = aoPotential law j

— aoPotential law i + Real.log (rate i j/rate j i)

{State : Type"} [Fintype State]

(generator : FiniteRateGenerator State) (law : FiniteLaw State)

(hStat : generator.IsStationary law) (i : State) (1279)

Zj, generator.probabilityCurrentlaw ji = 0
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{State : Type"} [Fintype State]
(generator : FiniteRateGenerator State) (law : FiniteLaw State)
(hStat : generator.IsStationary law) (hSupport : Vi,0 < law i) (¢ : State)

Zj, 2 - law j - circulationPart generator.ratelaw j7 = 0

{State : Type"} [Fintype State]
threeCycleGenerator.IsStationary threeCycleStationaryLaw A (V4 : Fin 3, ZL

threeCycleGenerator.probabilityCurrent threeCycleStationaryLaw ji = 0)
A circulationPart threeCycleGenerator.rate threeCycleStationaryLaw (0 : Fin 3)
(1:Fin3)#£0

17.161 fep-161 — Skew Bilinear Cancellation of the Trace and Quadratic Terms

{n:N}(QH : Finn = Finn = R) (hQ : SkewSymmetric Q) (hH : SymmetricOf H)
traceOf (mulOfQ H) =0

{n:N}(Q: Finn = Finn = R) (¢g: Finn = R) (hQ : SkewSymmetric Q)
dotg (mulVecQg) =0

17.162 fep-162 — The Discrete Hessian as a Symmetrization Construction
{n:N} (H : Finn = Finn = R)
SymmetricOf (symmetrize H)

{n:N}(QH : Finn = Finn = R) (hQ : SkewSymmetric ()
traceOf (mulOf @) (symmetrize H)) = 0

{n: N} (H : Finn = Finn = R) (hH : SymmetricOf H)
symmetrize H = H

17.163 fep-163 — The Three-Term Solenoidal Expansion and Its Conditional Drop
{n: N} (QHDQ: Finn = Finn = R) (gdlogp : Finn = R)
weightedDivergence Q H DQ g dlogp = traceOf (mulOf @ H) + dot (divQ DQ) g + dot
(mulVec @ g) dlogp

{n:N} (QHDQ : Finn = Finn = R) (¢gdlogp : Finn = R)

(hcoup : Vi, dlogpi = —g1i)

weightedDivergence Q H DQ g dlogp = traceOf (mulOfQ H) — dot g (mulVec Q g)
+ dot (divQ DQ) ¢

{n:N}(Q HDQ : Finn = Finn = R) (gdlogp : Finn = R)

(hQ : SkewSymmetric Q) (hH : SymmetricOf H) (hcoup : Vi,dlogpi = —g )
(horth : dot (divQ DQ) g = 0)

weightedDivergence Q H DQ g dlogp = 0

{n: N} (QHDQ : Finn = Finn = R) (gdlogp : Finn = R)

(hQ : SkewSymmetric Q) (hH : SymmetricOf H) (hcoup : Vi,dlogpi = —g )
(hconst : VkI,DQkI = 0)

weightedDivergence () H DQ g dlogp = 0

dot (divQ remainderDQ) remainderG = 1
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17.164 fep-164 — Graph Divergence of the Candidate Solenoidal Current
{n: N}{Q : Finn = Finn = R} (hQ : SkewSymmetric Q) (¢ : Finn)
nodeDivQ i = 2 - rowSum Qi
{n:N}(Q : Finn = Finn = R)(g: Finn = R) (hQ : SkewSymmetric Q)
(7 : Finn)
nodeDiv (currentOf Q g) i = mulVec@Q gi + gi - rowSum Q ¢
{n:N} (W :Finn = Finn=R){p:Finn= R} (hp:Vi,0 <pi)(i:Finn)
weightedNodeDivp W i = nodeDiv Wi + Zj, (I1—pj/pi) - Wji
{n:N}(Q:Finn = Finn=R)(g: Fihn=R){p: Finn = R}
(hQ : SkewSymmetric Q) (hp : V4,0 < pi) (i : Finn)
weightedNodeDiv p (currentOf Q g) i = mulVecQ gi + gi - rowSum Qi + gi - Z
J,(L=pj/pi)-Qji
17.165 fep-165 — Necessity Witness for the Unconditional Solenoidal Drop

SkewSymmetric witnessQ
mulVec witnessQ witnessG = A4 = ifi = OthenQelse — 1
nodeDiv witnessQ = A7 = if i = Othen2else — 2
nodeDiv (currentOf witnessQ witnessG) = A4+ ifi = Othenlelse — 1

nodeDiv (currentOf witnessQ witnessG) 0 = 1

17.166 fep-166 — Uniqueness of the Law-Weighted Reversible/Circulation Split

{State : Type"} [Fintype State| {rate S A : State = State = R}
(hSupport : Vi,0 < lawi) (hS : Vij, lawi- Sij=lawj-Sji)
(hA: Vijlawi- Aij=—(lawj- Aji))

(hSum : Vij rateij=Sij+ Aij)

S = symmetricPart ratelaw A A = circulationPart rate law

{State : Type"} [Fintype State| {rate S A : State = State = R}
(hSupport : Vi,0 < lawi) (hRev : Vi j,lawi - ratei j = law j - rate j 1)

rate = symmetricPart ratelaw A (Vi j, circulationPart rate law i j = 0)

{State : Type"} [Fintype State] {rate S A : State = State = R}
(i : Fin2)
0 < twoByTwolaw?

{State : Type"} [Fintype State] {rate S A : State = State = R}

(Vij: Fin2,twoByTwolLaw i - twoByTwoS i j = twoByTwolLaw j - twoByTwoS j )

A (Vij: Fin2, twoByTwolLawi - twoByTwoA ¢ j = —(twoByTwolaw j - twoByTwoA j
1)) A (Vi : Fin 2, twoByTwoW i j = twoByTwoS i j + twoByTwoA i j)

{State : Type"} [Fintype State] {rate S A : State = State = R}
twoByTwoS = symmetricPart twoByTwoW twoByTwolLaw A twoByTwoA = circulationPart
twoByTwoW twoByTwolLaw

{State : Type"} [Fintype State] {rate S A : State = State = R}
circulationPart twoBy TwoW twoByTwolLaw (0 : Fin2) (1: Fin2) =1/2

{State : Type"} [Fintype State] {rate S A : State = State = R}
circulationPart twoBy TwoW twoByTwoLaw (1 : Fin2) (0 : Fin2) = —1/4
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17.167 fep-167 — Frobenius Least-Squares Projection of the Symmetrizer

{n: N} (H S : Finn = Finn = R) (hS : SymmetricOf S)
frobeniusSq (H — S) = frobeniusSq (H — symmetrize H) + frobeniusSq
(symmetrize H — 5)

{n:N}(H S : Finn = Finn = R) (hS : SymmetricOf.S)
frobeniusSq (H — symmetrize H) < frobeniusSq (H — S) A (frobeniusSq (H
— symmetrize H) = frobeniusSq (H — S) <> S = symmetrize H)

{n:N}(H S : Finn = Finn = R) (hS : SymmetricOfS) (hmin : VT : Finn = Fin
n = R, SymmetricOf T' = frobeniusSq (H — S) < frobeniusSq (H — T'))
S = symmetrize H

frobeniusSq (fep167ResidualH — symmetrize fep167ResidualH) = 1/2 A frobeniusSq
(fep167ResidualH — symmetrize fep167ResidualH) # 0
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17.168 fep-168 — Quantitative Control of the Uncancelled Divergence Remainder
{n: N} (QHDQ: Finn = Finn = R) (gdlogp : Finn = R)
(hQ : SkewSymmetric Q) (hH : SymmetricOf H) (hcoup : Vi, dlogpi = —g1)
weightedDivergence @ H DQ g dlogp = dot (divQ DQ) g

{n: N} (QHDQ: Finn = Finn = R) (gdlogp : Finn = R)
(hQ : SkewSymmetric Q) (hH : SymmetricOf H) (hcoup : Vi,dlogpi = —g )
(weightedDivergence Q H DQ g dlogp)? < dot (divQ DQ) (divQ DQ) - dot g g

{n:N} (Q HDQ : Finn = Finn = R) (gdlogp : Finn = R)

(hQ : SkewSymmetric Q) (hH : SymmetricOf H) (hcoup : Vi,dlogpi = —g )
abs (weightedDivergence Q H DQ g dlogp) - abs

(weightedDivergence Q H DQ g dlogp) < dot (divQ DQ) (divQ DQ) - dotg g

(weightedDivergence witnessQ fep168AlignedH remainderDQ fep168AlignedG (A i > —fepl68AlignedG
i))? = dot (divQ remainderDQ) (divQ remainderDQ) - dot fep168AlignedG
fepl68AlignedG A dot fep168AlignedG fep168AlignedG # 0
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